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1. Introduction and summary

Some distribution problems of the complex multivariate normal dis-
tribution appear in time series analysis (see e.g. Goodman [4], Hannan
[6], p. 295-307). It is known that some distributions in the case of
complex multivariate normal distributions can be obtained in the same
manner as those in the case of real multivariate normal distributions.
Such examples have been seen in the papers, e.q. Goodman [4], James
[8] and Khatri [9], [10]. Recently, Hayakawa [6] has extended the
asymptotic formulas for some distributions obtained by Fujikoshi [2] and
Sugiura and Fujikoshi [14] to the complex variates by deriving some
formulas of weighted sums of zonal polynomials of hermitian matrices.
In this paper we derive asymptotic expansions of the distributions of
Pillai’s and Hotelling’s criteria for the linear hypothesis concerning com-
plex normal populations which are extensions of author [3] to the com-
plex variates. For the purpose, we give the needed results on complex
variates in a way parallel to one method of obtaining the asymptotic
distributions of real multivariate analysis due to author [3].

2. Preliminaries

We list some necessary results on zonal polynomials of hermitian
matrices and others which are used in the present paper. The hyper-
geometric function of matrix argument in complex case is defined by
James [8] as follows:

21) | F@ e aibebi S 2)=5 5 aloolal CEICE)
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where C‘,(Z ) is a zonal polynomial of a hermitian matrix Z correspond-
ing to a partition « of k, i.e., x={k, ks, -, k,}, Bs=ks=---2k, 20,
ky+ky+---+k,=Fk and is defined by

(2.2) CAZ) =1e(Vx1a(2)

in which y,,(1) is the dimension of the representation [¢] of the sym-
metric group on k symbols and y,(Z) is the character of the representa-
tion {r} of the linear group GL(p). Further

23)  ll=[T@—atl), @.=a@+D):-(@+k-1).

If either S or Z is I, then we write as F(-++; --; I, Z)=F(--+;--+; Z).
Special cases of ,I7’, are

(2.4) Fi2)=5 5 Cz)ki=etr 7,

(2.5) Fa; 2)=3 5 [@.CA2)k=| - Z| .

The most properties of a zonal polynomial are of the same form as
in the real case, i.e.,

(2.6) SW CAT'SUZ)HU)=C(S)CLZ)/C) ,

@n |, letr(~Z8)ISICSTMS=TOELIZI"CATZ) ,

a-p| — __L@l®)lal s
2.8 S| I-S|?C(ST)dS=—=2—"2 c(T),
(2.8) SI>§’=S>0 IS | (8T) I'(a+b)[a+Db]. ( )

where z is the invariant measure on the unitary group U(p) normalized
to make the total measure unity, the second formula (2.7) holds for
any positive definite hermitian matrix Z and any hermitian matrix T

with R(t)>p—1, and the complex multivariate gamma function f’,,(t) is
defined by

(2.9) Fy=eoo2 [ (t—a+1) .
a=1
The differential relations for C.(Z), which are derived by a slight modi-
fication of Fujikoshi [3], are (see Hayakawa [6]),
(2.10) {@r)+5}CAZ)=tr (0Y'CAZ) |54 ,

(2.11) {86,(k)*— 284(x) +6d,(x) (k—1)+ 3k — 2k} C.(Z)
=[3{tr (49)*}*+8 tr (40)°1C.(Z) |51 ,



ASYMPTOTIC EXPANSIONS OF THE NON-NULL DISTRIBUTIONS 479

where o denotes the matrix of differential operators having (1+34,,)/2-
d/0a%+1((1—34,,)/2)-9/dat, as its (r, 8) element for a hermitian matrix ¥=
(o) +1i(e%,), A=diag (4, 4, -+, 2,) is a diagonal matrix with p character-
istic roots of Z as its non-zero elements, and G,(x) (7=1, 2) are defined
by

(2.12) al(;)=z:‘{ kk.—2d),  @yr)=2 5’31 . (l: — Sake,+3a%) .

Let f(2) be a real valued function of hermitian matrix 3 and an-
alytic about X=4. Then the following formula with the same notations
as (2.10) and (2.11) has been recognized by Hayakawa [6]:

2.13 "
19 F T Voo

B 1 2 1 2)2
= [1 ot (40— L (8 (40))

{etr (—nZ'SH|S|**£(S)dS

+8 tr (40} +0(n)]| D),

where Z is a hermitian positive definite matrix.
The Laguerre polynomial of matrix argument in complex case is
defined by

@14 L@=-222_{  fetr(~S)ISICWFir+p; —S9S ,
Frtp) 5o |

where y> —1.

3. Some useful formulas

We will use the following abbreviated notations:

(3.1) L n=ZE 0 fetr(—zs)ISIr{ 1S,
PP(Q) §=5>0

for any matrix Z=X+1Y such that X is a hermitian positive definite

matrix and Y is a hermitian matrix, and

Fy(g)2re-?

3.2) IT{ 1= (27":)1" Sz:XuHY

(etr 2)| Z|™{ }dZ,

where ¢ is any number satisfying R(q)>p—1. In (8.2) the integration
is taken over Z=X,+1Y with X, fixed positive definite hermitian matrix
and Y ranges over all hermitian matrices. From (2.7) we can get

(3.3) L,[C29)=[a.C2Z7),



480 YASUNORI FUJIKOSHI

for any hermitian matrix 2. Applying the general Cauchy inverse for-
mula (see Bochner [1]) to (3.3) and using the same method as in the
derivation of (3.4) in Fujikoshi [3] with the help of (2.6), we can write

(3.4) fiC.(@z-91=C.(2)/lq). -

By using (38.3), (3.4) and the explicit formulas of zonal polynomials up
to order 4 in Appendix 1, we get the following Lemmas 1 and 2.

LEMMA 1. Put §;=tr(2S) and Z,=tr (RZ7')Y (=1, 2,8,4), then
the following identities hold :

8.5) L,8]=qz ,

Lz[§f]] [q 1][23}
3.6 ,
( ) Lz[32] e 1 q Z
" L[5 ¢ 8¢ 2 2
3.7 L,[83)] |=qi ¢ &+2 2¢ Zz |,
' _Lz[§3] 1 3¢ q2+1 2
i Ilz[§14] ¢ 6¢° 3q 8q 6 z!
L,[825,) ¢ a(@®+5) ¢+2  4(g*+1) 6q 2%,
(3.8) L8]] |=q| q 2(¢’+2) 9(¢*+2) 8¢ 2(2¢°+1) || 27
L,[33] q 3(¢*+1) 3¢ q(@®*+7) 3(¢*+1) || z2z
L L,[8] 1 6q 2¢°+1  4(¢*+1) q(¢*+5) Z,

LEMMA 2. The following identities hold :

3.9 dzl=w,

RiEA| g —17[ e
@10 af 71 ]- [_ J[ it
Ricil 471 o
(8.11) d,| I[z3] |= -—q q’+2 —2¢ || @ |,
RicAM ¢ || o
(1171 | [¢'—8¢+6 —6e(@'—4)  3(¢+6)
{ [2i2.] —q(@®—4)  ¢(¢*+1) —q(¢*+6)
(3.12) d,| Iz |= ¢*+6 —2q(¢*+6) ¢*—6q*+18
Itzz)] 2¢°—3 —3q(¢*+1) 3(2¢°—3)
LI[Z] —bq 10¢® —q(2¢*—3)
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8(2¢'-3) —30g)[ @i
—4q(¢*+1) 10¢* || wiw,
8(29"—3) —2¢(2¢'—3) || wi
¢'+3¢*+12 —3q(¢*+1) || vy

—49(¢+1)  ¢(@+1) Il o

where w;=tr 2 (§=1,2,3,4) and d; are given by
(3.13) di=q(g*-1), d.=q(¢®-1)(¢"—4),
d=¢"(¢"-1)("—4)(¢"—9) .

The following Lemma 3 obtained by Hayakawa [6] has been used
for obtaining some asymptotic distributions in the complex variates.

LEMMA 3. Put z;=trZ’ (j=1,2,3), then the following identities
hold :

@14 2 SC@DIk-=de,

@15 2 SCDa@k=@—a)e,

316 2 2C2aE/(k—1) (oAt 2t azen,
(3.17) k% 3 CAZ)ay(k) k! = (2 + 322 — 42, — 22,2, + 42, + 22 €™t
(8.18) ki_’;) by CA(Z)as(x) ! = (22, + 8321 — 82,4+ 22;) e1 .

By using the above Lemmas 1, 2 and 3, we obtain the following
Lemmas 4 and 5 which play an important role in derivation of asym-
ptotic expansions of the distributions of Pillai’s and Hotelling’s criteria
for the linear hypothesis in the complex variates, respectively.

LEMMA 4. Let Z be any hermitian matrix such that all the absolute
values of the characteristic roots are less than ome and put v,=tr {Z(I—
Z) Y (7=1,2,38,4). Then the following identities hold :

(319 35 CE)Nk-1)=qu| -2,
(320 35 [@CDIk—2)!=algri+v)| [~ 2],

(3.21) é; > [9).CA2)a(x)/k! =g(— v+ vi+qu) | I- Z| 2,
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322) 33 eC2)aw)/k—1)
=¢{—v—(@—2)vi+(2q—1)v+qvi+ (¢ + 2w,
+2qu}| - 2],
32) 3 [qlCDaly k!

=¢{v,+(3¢—4)vi— (49— 3)v,—2(q—2)v}
—2(¢*—6q+2)v,v,+4(¢* —q+1)vy+qut
+2(¢* + 2)viv,+q(g* +2)vi +8qu v,
+22¢+ 1w} I-Z|,

B2 32 [CZ)awIk

=q{2v,+3(g—1)vi—3(g—1)v,+ 24}
+6qvv,+2(g*+ 1)y} | - Z| 2 .

PrRoOOF. It is sufficient to prove that the formulas (3.19)~(3.24)
hold for R(g)>p—1. From (2.7) and (3.15) we can get the following
reductions for (3.21):

(3.25) 2 2 qCA2)a skl
=3 3 LIC(Z8)ae)k!
=L, ;[—tr Z8—(tr ZS)*+2tr (SZ)*
+(tr Z8) tr (ZS)7] .

By Lemma 1 we can see that (3.21) is true. Similarly, we can derive
the another formulas by using Lemmas 1 and 8.

LEMMA 5. Let x be any number such that |x|<1 and put y=q—p
>—1, y=2(1—z)" and t,=tr {(1—2)"'2} (j=1,2,3). Then the follow-
ing tdentities hold :

(3.26) i‘, S L)k =1 —x) e
(3.27) 3 S 2 Li@)/(k— 1) =(1—2)"y(pg—t)e s,

(3.28) S 3 L 2)/(k—2)!

k=2 «

=(1—x)""y* {pe(pg+1)—2(pg+ 1)t +ti}e™ ,

(3.29) 31 31 2+ L), (e) k!

k=0 «
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=1—2)"y[pg{—1+(p+q)y} + {1 —2(p+ gy}t
+ ytZ} e—ul ’

(3.30) ;’__’j} S 2 LD (x) (e —1)!

=1—2)"y[—pe{l+((¢—2)p—29+1)y
—(gP’'+ (¢ +2)p+29)y'} + {1+2((¢—2)p—2¢+1)y
—3(aP’+(@*+2)p+29)y'}t,+ {— 1+ 2(p+y)yl ot
+ {2+ (pg+ Dyl yt.—y'tits] e,

(3.31) ki > 2L 2)a(x)Y k!

=(1—x)""y[pg{1+((3¢—4)p—4q+3)y
—2((g—2)p"+(¢*—69+2)p—2(¢*—q+1))y*
(g0’ +2(¢’+2)p* +9(¢* +10)p+2(2¢* + 1))y}
— {1+2((8¢—4)p—49+3)y—6((g—2)p*
+(¢*—6g9+2)p—2(¢°—q+1))y’ +4(gp* + 2(¢* +2)p*
+49(¢*+10)p+2(2¢*+ 1))’} ¢, + {3— 4(p+q—3)y
+4(p*+2pg+¢*+3)y’}yti+2{—2—((q—6)p
—6g+4)y+(qp’+(¢*+10)p+10q)y*} yt,
+2{1—-2(p+q)y} ¥’tit.— 41+ 2y)y'ts +1'til e,

(3.32) i} > 2 Li(Q)dy(x) /!
=(1—x)""y[pg{2+3((¢g—1)p—q+1)y+2(p*+3pq
+¢+1)y’} —2{1+3((¢—1)p—gq+1)y
+3(p*+3pg+ '+ 1)y}, + 3(1 +2y)yti
+3{—14+2(p+q)y}yt.— 2t e~ .

PrOOF. The proof is done completely same way as one of Lemma
8 Fujikoshi [3] with the help of Lemmas 1, 2 and 3.

LEMMA 6. The following identities hold :

(3.33) 11”:’1(04; b; S)=___['~1’(b)—

I S _ (etr SB)| B|**|I-B|*-%dB
@)l yb—a) r>5-n>0

(3.34) Li.F(a,---,a,;by, -, b;ST,U)
=r+lﬁ'l(a1" 0y Ary G5 bl" ] ba;Tr U) ’

(3.35) I[Fiay, -+, a,;b,--,b,; Z"'S, U)]
=r ~:+1(a1""’ a,; bl9' %y bn q, S9 U) .
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Proor. The above formulas follow from (2.8), (8.3) and (3.4), re-
spectively.

4. Asymptotic expansion of the non-null distribution of Pillai’s cri-
terion

The multivariate linear hypothesis model in the complex variates is
reduced to the following canonical form: Let the each column vector

of pxX N matrix X'=(X/(p+q), XJ(pX N—s), X{(pXs—q)) with ¢<s have
the complex p-variate normal distribution with the common p X p hermi-
tian positive definite covariance matrix 3 and expectations given by

E[X]=Mgxp), E[X)=0N—-sxp), E[X]=I(s—qxp).
Then the hypothesis H and the alternative K are specified by
4.1) H: M=0, K: M+0.

The Pillai’s criterion with an appropriate constant multiplier is express-
ed by

(4.2) V=2m tr S\(S,+S.)™",

where m=N—s+q, S,=X/X, and S,=X/X,. Under K, S, has the com-
plex Wishart distribution with n=N—s degrees of freedom and S, has
the non-central complex Wishart distribution with ¢ degrees of freedom

and non-centrality parameter matrix 2=3"V2M'M>-"*. The Laplace

transform of a density function of V under alternative K with p=<q is
is expressed as follows:

(4.3) Mit) = {etr (— )} [ [ = (1m) S“ {etr (—8)}|S|™-*

- Fiq; m; —2mtI+-Q‘/2S.Q‘/’Z“‘)dS:| ,

where I[ ] is defined by (3.2). This expression is obtained by the same
method as in Pillai [18] with the help of Lemma 6. Now we expand (4.3)

as before. By Lemma 4, expanding F, in the above expression as
|(14-2t) — 2V°*m 1 SQEZ |~ {1 —q(2m) " Uy(m™1S, Z)+q(24m?)Uy(m™S, Z)
+0(m)f(m™'8S, Z)}, and using (2.13), we can write the part in the
brackets [ ] in (4.3) as

4.4) ¢”"lZI"IZ—¢9l"‘[1—§1—n—{qU1(I,Z)

— | Z—¢R|% tr 3| Z—pQ2Z Q2|7 |51} +ﬁ{qU2(I’ Z)
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—6q|Z—¢R|* tr &*| Z— 22 Q|7 UL, Z)|z-1
+|Z—¢R2|%8 tr *+3(tr 0°)7) | Z — RV T Q22|75 1} +O(m"’)] )
which holds for sufficiently small |¢| such that all the absolute values

of the characteristic roots of —2tI+4+QV*3Q'2Z~' are less than one and
large m, where ¢=(1+2t)' and

“4.5) UQ, Z)=witqw,,
(4.6) U2, Z)=12qw?+12w,+ 16w} + 48qw,w,+16(g* + 1)w; + 3qwi
+6(q*+2)wiw, + 3q(q* + 2)w; + 24qw,w, + 6(29° + 1w,

with w,;=tr [(—2¢tI+ VI Z){1+2)[-2ZQZ7'}Y (=1, 2,3, 4).
From the formulas on @ in Appendix 2 and Lemma 2, we finally obtain
the following asymptotic formula for the Laplace transform of a density
function of V:

—2t 1
Trer 1)[1—%—{pq(p+q)—2pq(p+q)¢

+(pa(p+9) — 2(p+ @), — ;) + 2P+ @)’ + w9}
+ 3 Aug}+0m)|

A7) Mt)=(1+2t)™ exp(

24{

which holds for all t=x+1y satisfying |z|<x, for some small &,
<0<xo<—;—>, where w,=tr £/ and A, («=0,1,---,8) are given by

(4.8) A(,:pqho N A,:: —pth ’
A;=pgh;—h,0,—6p9(p+ Qs ,
A3 = — pqh3 + 2h2(1)1 + 12(p +q) (pq + 2)0)2 + 8(!)3 y

+12(p+q) o0+ 303

A;=4ho,—24(p* 4+ 2pg+¢* + 1)l — 12(gp* + (¢* + 6)p+ 6) @,
—12(p+ @Q)ow;— 24w ,

A;=12(p*+2pg+q*+ 3)wi+6(gp*+ (¢*+10)p+10g)w,
—_ 12(p + q)ﬂ)la)z -_ 8(03 - 6(0% y

A=12(p+ Qo +24w; ,  Ay=30;},
with &, (@=0,1,---, 4) given by
(4.9) hy=3qp’+2(3¢’—2)p*+3q(¢*—2)p—4¢*+2 ,
h=12pq(p+q)*,
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h,=6{3qp’+2(3¢*+2)p* + (3¢’ +8)p+4¢’} ,
hy=4{3qp’+2(3¢*+ 4)p*+3¢(¢"+6)p+2(4¢*+ 1)} ,
hi=3{gp'+2(¢'+2)p*+¢(¢* +10)p+2(2¢*+ 1)} . -

We note that the asymptotic expansion of M(t) in the case of g<p is
also given by (4.7). By inverting (4.7) we obtain the following,

THEOREM 1. The mon-null distribution of Pillai’s criterion 4.2
for the multivariate linear hypothesis (4.1) can be approximated asym-
ptotically up to order m™ by

(4.10)  P(V<z)=P(¢(8") <x)— % [pa(p+9) Py (8°) <)

—2pa(p+q) P(x} +(0") <)+ {pg(p+q)
—2(p+ Q)0 — @} P(xy 1 (0Y) < )
+2(p+ Q)0 P(x} 1(0%) <) + 0, Py 1 (0% < )]

8

1 2 -
i 2 AP ) <2) +0(m™) ,
where m=N—s+q, f=2pq, *=w,=tr 2 and the coefficients h, (azO, 1,
e, 4) and A, (@=0,1,---,8) are given by (4.8) and (4.9), respectively.
The non-central y-variate with f degrees of freedom and non-centrality
parameter & is denoted by x*(6%).

COROLLARY 1. The null distribution of V can be approximated
asymptotically up to order m=* by the following distribution :

(4.11) P(V<x)=P(x*,<x)—§;17<p+q){P(x}<x>—2P(x=,+z<x>

2 g < _1)e 2
P <))+ 5P S (1R PG <)

+0(m™3) .

The formula (4.11) is immediately obtained by putting 2=0 and 6=
0 in (4.10).

3. Asymptotic expansion of the non-null distribution of Hotelling's
criterion

The Hotelling’s criterion with an appropriate constant multiplier
for the testing problem (4.1) is expressed as

(5.1) T¢=2ntr S,S;!,
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where n=N-—s. For the definition of S, and S,, see Section 4. Under
the alternative K with p=<gq, the Laplace transform g(t) of a density
function of 77 can be expressed asymptotically as (5.2).

(n) 2t k!
- [14 5 B0+ a1+ (80— 284()

(5.2)  g(t)=letr (—2)) {%’l%}}(zt)-m 53 (-L) @

1
24n?

+6(29+1) (k—1)it,() + 3(4q* + 4g + 1)le(e— 1) + k)
+0(n-’)] ,

for |t|>1/2 and large n. The formula (5.2) is obtained by the same
method as (6.6) in Fujikoshi [3] with the help of (2.10), (2.11), (2.13)
and (16) in Hayakawa [7]. Therefore, by the completely same way as
Fujikoshi [3] with the help of Lemma 5 we obtain the following The-

orem 2 and Corollary 2 (for the inversion, see e.g. Constantine [1963,
A.M.S. p. 1274~1275]).

THEOREM 2. Under alternative K the distribution of Hotelling’s cri-
terion (5.1) for the multivariate linear hypothesis (4.1) can be expressed
asymptotically as follows :

(:3)  P(Ti<a)=Pii () <x)+5——pap—a) P (#)<2)

—2q(pq — ;) P(x’; +2(0") <) +(pg(p+9)
—2(p+29)w; + w2) P(y} 1 (3°) <)
+2((p+q)o— wz)P(Xzf+s(52) <z)+ sz(x’f+s(5z) <)}

1 8 ) g .
24mt { Z‘—(') B.P(x} +3.(0) <7) } +0(n7%) ,

where n=N—s, f=2pq, *=w,=tr 2 and the coefficients B, (a=0,1,---, 8)
are given by

(5.4) Bozpqlo N Blz —ll(pq—-wl) y
B;=pgl,—(,+2l,)o,+ 12¢*w} —6q(p*— pg—2)w; ,
By= —pgly+ (2,4 3ls)o, — 24(pg +2¢* + 1) o}
+12{gp*—2(¢*+1)p—8q} 0, + 12w, + 8wy ,
B=pqli— (3l +4l)0, +12(p*+ 6pg + 6¢* + T) ]
+36{(¢*+3)p+6q} w,— 12(p+4q)w,0;— 4803+ 3w; ,

Bs=4l,0,—24{p*+3pg+2(¢*+2)} 0} —12{qp*+2(¢*+ 6)p+ 164} w;
+36(p+29)0y@,+ 960y — 120 ,

+
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By=12(p*+2pq+¢*+3)wi+ 6 {gp* +(¢*+10)p+10g} w,
—12(3p+49)0,0,— 80w, +180} ,
B,=12(p+qQ)oyw;+24w;— 1203,  By=30},
with 1, (@=0,1,---, 4) given by
(5.5) Lh=3qp"'—2(3¢'+2)p*+3¢(¢* + 2)p—2(2¢*—1) ,
Li=—12pg'(p—q) ,
li=—6q{p’—(3¢’+2)p—4q} ,
L=4{(3¢"+2)p'+34(¢’ +4)p+2(4¢’+1)} ,
Li=3{aP’+2(¢+2)p’+q(¢*+10)p+2(2¢*+ 1)} .

COROLLARY 2. Under hypothesis H, the distribution of T? can be
expressed asymptotically as follows :

(5.6) P(Tz<x)=P(x2,<w)+%{—(p—q)P(x”f<w)
—2¢P(x} 1< %)+ 0+ ) Py} 14 < 7))}

B S~ LPG <) +O()
2n’ iz

Nete : Inverting the expanded series of Laplace transform, we need
to check that the series converges in a uniform sense. However the
verification of the problem is left. To examine that the remainder
terms in (4.10) and (5.3) converge in what regions is important. It may
be pointed that the bound of the convergence for T? is 0< T¢<n as in
real case (c.f. T. Hayakawa. On the derivation of the asymptotic dis-
tribution of the generalized Hotelling’s T?, to appear in this journal.).

Appendix 1. Table of zonal polynomials of a hermitian matrix Z
up to order 4

It is well known (see e.g. James [3]) that
2o =L [T Gei—ky—i+3) /T (ot m— i1

for k= {ky, ks, -, kn} such that k=k,+k,+---+k, and k=k,=>-- =k,
>0. An explicit usable formula for X,(Z) is only available in special
cases (see e.g. Littlewood [12], p. 86, p. 265). Therefore, we get the
following,
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Degree Partition Zonal polynomial
k K k1CA(2)
1 (1) 21
2 (2) 2tz
(19) 23—z
(3) 213432123+ 223
3 (21) 423 —4z;
(1) 28—32123+ 22
(4) 21'+ 621223+ 3214+ 8z1z3+ 624
(31) 9214+ 1821223 — 922 —182
4 (29) 4zt +1223—16212
(21%) 9214 —182223— 9z + 182
(14 21— 621223+ 3z2+ 8z123— 6z

(25 is the sum of the jth power of the characteristic
roots of Z.) :

The referee kindly pointed out that the table of zonal polynomials
of hermitian matrix up to 5 order appeared in the paper of Khatri [11].

Appendix 2. Formulas for tr é*|Z—¢R° 32|~ 1|;_,, etc.

In this appendix we use the notations appeared in Section 4. Put
9(2)=Z—¢R2*3Q'* and tr,=tr {AZ—¢2)'} (j=1,2,8,4). Then, the
following formulas are obtained by the same method as in the case of
real differential operators of Fujikoshi [3]:

(A1) trd*|g(2)|"s-r=0q¢"| Z— 2| {(tr))*+q trs},
(A.2) trd*|g(2)[s-r=q¢'| Z— 2| *{(tr))*+3q tr, tr,+(g*+1) try} ,
(A.3) (tr ¥ g(2) |79 s=s

=q¢'| Z— 2|7 {q(tr) +2(¢*+2) (tr,)} tro+q(g* +2) (tr.)*
+8q tr, tr;+2(29°+1) tr,},
(A4) trd*|g(2)| UL, Z)|5-s
=¢*| Z—gQ| [ fultr,)’ + fi tro+ fi(tr)* + f; try tr+ f; try
+¢*{g(tr)* +2(¢*+2) (tr,)? try+q(g*+ 2) (try)
+8q tr, try+2(2¢9°+1) tr,}] ,

where f, (@¢=2, 3,---, 6) are given by
(A.5) fi=pa(p+9)—2(p+4q)(pe+2)p+ {gp*+(¢*+4)p+6q} ¢* ,
fs=pg'(p+q)—2q(p+9) (pg+2)p+ {¢’P*+q(¢*+4)p+4¢*+ 2} ¢,
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fi=2¢{—q(p+q)+(pg+a+2)¢} ,
[5=2¢'[—(*+2)(p+q)+ {(¢*+2)p+q(g*+8)} 4] ,
fi=4¢{—a(p+9)+(pg+2¢°+1)p} .
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