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1. Introduction

Let S(=X'X, X:nXp) be a pXp noncentral Wishart matrix having
W, (Z,n; Q). Here we shall define the matrix of noncentrality param-
eters 2 by Z'M’'MJ2 instead of Z~'M'M, for M=E(X). Asymptotic
expansion of the distribution of |SX~!/n| was obtained by Fujikoshi [3],
[4], when 2=0(1) and 2=0(y %), respectively, based on the moments
expressed by the hypergeometric function of matrix argument in Con-
stantine [2]. Under a natural assumption of 2=0(n), however, this ap-
proach was not successful and only the limiting distribution was derived.
Using the characteristic function of S and the standard procedure ex-
plicitly recognized by Nagao [5] in another problem, we can get the
asymptotic expansion of the distribution.

2. Preliminary lemmas

So far as we are concerned with the distribution of the statistic
given by the characteristic roots of 3-":SY-'?, we may assume that S
has W, (I, n; 2) and further we may take Q=nf=ndiag(f;, --,0,).
Putting T'=(1/2-(1+6;,)t;,), the characteristic function of S was obtained
by Anderson [1] as

2.1) Eletr iTS)]=|I—2iT|* etr [—2+2(I—2iT)™],

by which it is easy to see that when 2=0(n), the statistic U=vn {S/n
—(I+26)} converges in law to a p(p+1)/2 variate normal distribution
as n tends to infinity.

LEMMA 2.1. Let S have W, (I, n; 2) and let f(4) be an analytic
Ffunction with respect to positive definite matriz A=(4,). Put 9=(1/2-
(148,,)3/04;;). Then for any diagonal matrix A, we have
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2.2) ELf(S/n) etr (it AU)]
—etr [—t3(I+46) AY] [1 o1 {2it tr (I+46)Ad

+:;-(it)= tr (I+ 60)A°} et z’% (i£)"g,.(9)

H
A=I+28

Y éﬂ (it)ﬂ~+lhz,+x(8)+0(n")]f (1)

where
9u(0)=tr (I+46)7* ,
9:(0)=4 tr (I+66)A%+2{tr (I+46)Ad)?,

9d0)=2 tr (I+80)A*+= tr (I446)Ad tr (I+66)4°

0:0)=¢-{tr (I+60)4')*,
2.3)  hy(3)=4 tr (I+40)A3"+8 tr 0943+ 2 tr (I+46)Ad tr (I-+46)% ,
ho(3) =8 tr (I-+86) A%+ 8 tr (I+40)Ad tr (I+66)A%
+% tr (I+66)A° tr (I+4a)a2+% {tr (I+46)Ad)*
he(@) =% tr (I4+-106) A%+ 4 tr (I+40)Ad tr (I+86) A*
+% tr (I+60)A% tr (I+66)A®

+_§_ {tr (I+46)Ad)* tr (I+60)A°

h,(a)zg tr (I4-66)A° tr (I+86)A*

+% tr (I+46) A3 {tr (I+66)4%}?

hg(a)=§_f{tr (I+60)A%) .

The term of order m~* in (2.2) contains the fourth order derwatwes as
the highest and 1is expressed by

(2.4) n‘z{ ékz,(a) (i)’ +the lower order derivatives}—i—O(n‘S/’) )

where
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(@) =1 {tr (I+40)7},
(2.5) k(d)=2{tr (I+46)Ad}* tr (I+46)*,
k4(a)—_--§—{tr (I+46)Ad}* .
PROOF. Since S/n converges in probability to I+20 as n tends to
infinity, we shall expand f(S/n) in a Taylor series at I+26, giving

F(S/n)=etr [{S/n—(I+260)}0]f(A)|4=14+2- Then the left-hand side of (2.2)
is equal to

(2.6) etr [—ity/n (I+26)A] etr [— (I+260)3]
e[ L ar s}l

From (2.1) we can rewrite the above expression as

@.7) etr [—ity'n (I+20)A] etr [— (I+20)0— 2+2(I—2T)™]
| I=2T |72 f (M) | a=1420

where T=1itA/y® +d/n. Putting 2=n6 and using the well-known as-
ymptotic formulas (I—T/yn )":56‘_. n AT 4+0(n"") and |[[-T/Vn|=
a=0

etr [_é n-. T"/a-}-O(n"m)], we can expand (2.7) into asymptotic series
a=1

after some computation, which completes the proof.

Put E,,=(8:jAus)ap-1,....p TOr 3=(3;;). Then E is a diagonal matrix
having 1 at ith diagonal and 0 at other places. If i#j, Ey; is a sym-
metric matrix having 1/2 as (i, j) and (4, %) elements and 0 as all other
elements. Although the proof is easy, the following lemma will be used
frequently in the computation at the next section. Similar formulas are
used by Fujikoshi [4] in deriving the asymptotic expansion of the non-
null distribution of Pillai’s statistic for test of independence under local
alternative.

LEMMA 2.2. Let 0=diag(6,,---,0,) and I'=diag (5, -+, 7). Then
for any diagonal matrices A, B of order p,

(2.8) 3 6.7, tr AE.BE,,=tr A6BI",
Jj=

i 1

2.9) 3 6, tr AEi,BE’,-,=-i— (2 tr ABO+tr A0 vt BI'+tr AT tr B) ,
=

1 1

2.10) 3 Oltr (AE,BE,))

1,5,k 1=1
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=_512_ tr A’Bzol’+%(tr ABOI tr AB+tr AB9 tr ABT)
+% (tr A%F tr B'+tr A% tr B[ +tr AT tr B'0

+tr A*tr B%I) ,

@.11) ) 67,(tr AE,y'=tr A%I .
yJ=

1, 1

3. Derivation of the asymptotic expansion

The generalized variance |S| can be expressed by U as

1 1
. = - _—— A 2
3.1) log | S/n|=log | I+260|+ = tr AU ™ tr (AU)
-1 g (AUY+0,(n™?) ,

3nyn

where A=(I+26)"'. Hence the characteristic function of 7 log |S/n|
—+/ 7 log | I+26| is written by

(3.2) E[etr @ta0) {1+ L)+ L)} | +om)
vyn n
where
W(U)= —%it tr (AU,
(3.

MU):% tr (AU)® +%(it)’{tr (AUY})? .

Now we shall compute three expectations in (8.2), Taking f(4)=1 in
Lemma 2.1 yields immediately
(3.4) Eletr (itAU)]

—etr [—B(I+ 40)A2][1 +% n(it) tr (I+66)A°
P {2(it)4 tr (I+80)A* +% (it)[tr (I+60)A812}
+O(n"’2)] .
Taking f(4)=tr {A(A—A")}? for A=(I+26)"! in Lemma 2.1, we can see

that the terms of order 1 and »~'* in (2.2) vanish. Note that a,f(4)
=21tr (AE,;)* for 0=(9;;) and E;;=(9;;4,;). Using Lemma 2.2, we have
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(3.5) E[tr (AU)’ etr (1tAU)]
—etr [— (I +46)A%] [tr (I+46)A*+tr (I+40)A tr A

(i) 4 tr (T+46) A + -2 ) (it)z“+‘az,,+1+0(n")] ,
a=0

where
a,=4{tr (I+46)A*+tr (I4+46)A® tr A} +8(tr 043 +tr A? tr 64) ,
3.6) =16 tr (I+46) (I+60)A5+% tr (I+66)A°
- {tr (J4+46)A*+tr (I+46)A tr A},
a5=% tr (I+60) A tr (I+46)A¢ .
Similarly putting f(4)=tr{A(4—A")}® and noting that 9,0%f(4)=
6tr (AE,,))AE;; in Lemma 2.1, we can get

3.7  E[tr (AUY etr (itAU)]
—etr [—t3(I+46) A [3it (2 tr(I+40)2A' +-tr (I4-46)2A° tr A
4-tr (I4-46) A® tr (I4-46) A} +8(it)* tr (I+46) A*+-O(n7)] .

Finally for f(A4)=[tr {A(4—A™")}*]%, all terms generated from (2.3) vanish
and the leading term is given by operating (2.5) to f(4). Since

(3.8) aii»a“,ak,,,awf(/l) = 8 {tr AE,;,;!AEjj' tI‘ AEkk:AEu»
+tr AE, AE,, tr AE,,AE,,
+tr AE, AE,, tr AE,;AE,.} ,

we can get
(3.9) E[{tr (AUY}* etr (itAU)]
—etr [—3(I+40)A7] é’ (i8)by, + O(n~7) |

where
bo={tr (I4+40)A:+tr (I+40)A tr A}*+4 tr (I4-46)*A*
+2{tr (I+40)A%}*+2 tr (I+46)*A’ tr A%,
(3.10) b,=8 tr (I+46)*A*{tr (I1+460)A +tr (I+46)A tr A}

432 tr (I+46)'A°
b, =16{tr (I+46)A%)* .

Combining (3.4), (3.5), (3.7) and (3.9) together, in view of (8.2), we can
write the characteristic function of 4% {log |S/n|—log |I+260|}/r, where
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=2 tr (I+46)A?, as
@311  exp (——t’/2)[1 0 S (=it Vg
+nt él (it/r)"hg.+0(n"”):| ,
where

(3.12) gl=%{tr (I+46)A*+tr (I+46)A tr A} ,

gy=2 tr (I+49)* A" —% tr (I460)4°

h,=—2tr (I+660)A*—4 tr A*tr A0—2 tr (I+46)A%tr A

+% tr (I440) A'+tr (I-+40)24° tr A+tr (I+40)A° tr (I+49)A

+% (tr (I+46)A'+tr (I+40)A tr A)?

+711. {tr (I+40)A?) 2+% tr (I+46)2A* tr A?,
hy=2 tr (I+86)A'—8 tr (I+46) (I+60) A°

+ (tr (I+40) A +tr (I+40)A tr A)

: { —g tr (I+66)A'+tr (I+ 40)2A‘} +23—° tr (I4+40)°A°,

2 2

m:z{g tr (I+60)A'—tr (I+ 40)2A4} .
Inverting the characteristic function (3.11) yields:

THEOREM 3.1. Let S be a noncentral Wishart matriz having W,(2,
n; 2). When Q2=n8, we have

(3.13) P((vn[z)(log | SX~n|—log | I+26]) <)
=0(x)+n"? % PUHD(g)g,, , 72

+n-l é ¢(2¢)(x)hz¢1.—2¢+o(n—8/2) ,
a=1 .

where =2 tr (I+460)A’ and O“’(x) means the ath derivative of the stand-
ard normal distribution function @(x). The coefficients g. and h, are
given by (3.12) for A=(I+26)7".
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