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1. Introduction

The “affinity ” of distributions represents the likeness of the distri-
butions ([1]). To speak this in other words, this means that the affinity
represents the discrepancy among distributions, so the affinity can serve
as a measure of discrimination among distributions. Actually, it has
similar properties to those of information numbers thus far considered,
for example, Kullback-Leibler’s information for discrimination [5]. The
purpose of this paper is to show some properties of the affinity of several
distributions as a quantity which gives information for discrimination
among distributions. An optimal decision rule for discriminating distri-
butions, and bounds for the error of this rule will also be given. Em-
ploying this rule we can treat the coding problem in information trans-
mission. However, this problem will not be dealt with in this paper.
Further, by means of properties of the affinity we shall show that the
limiting statistic of a sequence of sufficient statistics for a set of distri-
butions is also sufficient for the set. ’

The affinity between two distributions is related to a distance be-
tween distributions, from which we can see that the distance has corre-
sponding properties to those of the affinity. Actually, Kirmani [2], [3]
show this fact. On the other hand, Kullback-Leibler’s information is
not symmetric in distributions. But the affinity is symmetric in distri-
butions and has direct relationship with error probability when classifi-
cation or discrimination is concerned.

Now, the definition of “affinity ” is as follows. Let F}, F;,---, F, be
distributions defined in the same space R with measure m (Lebesgue or
counting or mixed), and let p(x), pi(x),- -, p.(x) be respectively their
density functions with respect to m (p(x)=0). Then, we call the
quantity

prFy, Fyyeee, Fr)= SR (D)D) - - P, ()" dm

the affinity of F\, F},---, F,.
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2. Some theorems

In this section we shall prove some theorems concernig the affinity.

THEOREM 1. Let {F.,} (i=1,2,---,7; v=1,2,--.) be sequences of
distributions over R with density functions p,.(x) with respect to measure
m. Further, let lim p,(x)=p,(x) a.e. w.r.t. m in R, p.(x) being a density

SJunction, and let F, denote the distribution defined by p.(x). Then we have
Pr(Euy Fz»;’ * %y Fru)—’Pr(Fm, F20s ct Tty Fro) (”"")oo) .
The proof is straightforward.
THEOREM 2. Let E=XE,, E,NE,=¢, E,, E, being measurable sets
i
with respect to measure m. Then we get
[, @@wia)- -0, @)edm
1r
<31({, p@im | pa@am---|_pim)".
i E, E, E;

The equality holds when and only when
y 216 N X ()

P(E,| p) ~ P(E:|p,)
a.e. in E, with P(E,|p)---P(E,|p,)>0.

PROOF. We prove the theorem by mathematical induction.
(i) The case r=2.
By Schwarz’ inequality we get

SE (p.(x)pz(x))‘”dmzzi‘, SE, (Du(2)po()) 2 dm

The equality holds when and only when for each 1%

pi(x)=c,p(x) , x € E;, ¢; being a constant .

The constant ¢, can be determined from

P(E|p)=|, p@dm=c.| p)dm=cPElp),

that is, when P(E,|p,)+0,

c,= P(E; | p) .
P(E;|p)
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When P(E,|p;)=0, we get also P(E;|p)=0, consequently, p(x)=0,

p(x)=0 a.e. in E;. In this case, of course,
SE (2(@)po(®))*dm=P(E,| p)P(E;|p)  (=0).
i

Therefore, the above equality holds when and only when

n(@) _ 1)
P(E;|p) P(E:|p)

a.e. in E; with P(E;|p)P(E;|p;)>0.

(ii) Now, assuming that the theorem holds for r=k—1, w
the theorem for r=k. By Hélder’s inequality we get

[, G@mta)- - pula)rm

=x S _ (Di(@)py(®) - - pl))dm

k=1/k

=3 (S px(x)dm>1/k (S (o) - - .pk(x))(l/lc)(k/(k—l))dm)
i E; E,
The equality holds when and only when

(*) Di(x) =c(po() - - - D))V ED, a.e. in E,,

where ¢; are constants. According to the assumption we have
[, @) -pula))e>dm
Ey
1/Ck~1)
=(], maam | p@dm-.| pa)im)
E; E; Eq

where the equality holds when and only when

(+%) (%) . Du®)

P(E.|\p)  P(E]p)
a.e. in E, with P(E,|p,)---P(E;|p:)>0.

Thus we obtain
[, ®@)- - -pu@yram

=3 (P(E p) " [(P(Eq | p)- - - P(Eq | p)VT) 50
=33 (P(E,| p)P(E:| p)- - - P(E:| p)"* -

e prove

The equality holds when and only when () and (+*) hold. Assume that

(*) and (**) hold, and set
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1) NS /) B o

P(E|p) P(E,|p.)
a.e. in Ei with P(E.;ng)° . P(Eilpk)>0 .

Then we have

p;(x)=P(E;|p)d(x), a.e. in E,, j=2,---,k,
and
v(x)=cP(E;| p:)- - - P(E;| p))/* Pdy(x), a.e. in E,.

Consequently, we get

P(E:|p)=P(E|p) |_dam,

hence
g d(x)dm=1
E;
and
|, P@dm=c(P(E|p)- - P(E|p)* | dialdm ,
i [
that is,

P(E;| p)=c(P(E:| p,)- - - P(E;| p))V*" .
Therefore, we obtain,
pi(x)=P(E,; | p)d.(x) a.e. in E,.
Thus, when P(E,|p,)>0, we get

p@ _ . _ m -
PE\p) T PE|py @ ae in k.

Conversely, assume that this relation holds for each E, with P(E, | D)
--+P(E;|p)>0. Then we have for such an E,

SE.di(x)dm=1 ,

and when we notice that P(E,|p,)=0 implies p;(x)=0 a.e. in E,, we
obtain

|, @) - pu()2dm

=3, @@ p@)dm
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=53 {, (P(E|p)- - P(E| p))da)dm
=33 (P(E.|p)- - P(E:| )"

Thus the proof was completed.

THEOREM 3. It holds that
|, @@ -p(a))"dm=inf 5 (P(E| p)- - P(E:| p )"

where inf is taken over all partitions {E;} of E such that E E+..
+E,., E.NE;=¢ (1#9).
FEspecially, when E=R, we have

o (Fy, Fyye v v, F,):inf? (P(E;|py)- - - P(E;| p)"

where inf is taken over all partitions {E.} of R such that R=E,+---
+E,, ENE;=¢ (i+]).

PROOF. When there are zero-points of p(x), let E,={x; p,(x)=0,
2z € F}. Then we have only to prove the theorem with respect to E—
E,. Therefore, in the following, we assume that p,(x)>0 for any x € E.

Since S (p(x)p;(x))dm <1, j=1,2,.-., r, there exists a number L
R
(>1) such that for E{” = {z; p;(x)=Lp,(x)}, we have S £ (0i(2)p;(2))*dm
L
<e, where ¢ is a positive number fixed arbitrarily in advance. For

SE‘Z) (pi(@)p,(x))dm < —— I S EQ pi(x)dm= Lll e The latter tends to zero

as L— oo,
Now, for an arbitrarily fixed positive number 4§, let
0=lo<lx<"‘<ln=L y li+1—“l¢<5

and

Ei(“={x; lié—p"(x) <li1, a:eE’} 1=0,1,---,n—1
()

and

E,,w:{x; LsPD) | g eEl=EnEp.
(%)

Then we have

E=E0(i)+ cee +E7Ej)9 Ei(j) n Ek(J)=¢ (i#:k) .
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Set
E.=E®U---UE®™

and let E,, E;,-- -, Ey be the sets that are defined by taking intersec-
tion of E{,--+, B}, j=2,-+-, 7, i.e., Ei=E@,N---NEZY,, with 0
2, 1), -, v(n—1,1)<n—1, so that

E1+E2+"‘+EN=E_Ea= ’ Eanj=¢ (7'#:])
Then we have :
ENE.=¢, 1=1,2,---, N

and
E=E1+E2+ s +EN+E°° .

Hence, we have -

S inf (PA®) .. DAx)\"
2t (220 P )

. po) . pA) \V"
+inf (20 L) P 1)

|, (28 2@ @)am

|, @@+ () dm

IA

|
M

|, @@ -pa)dm

1

-.
I

(p() -+ - D, (%)) dm

o

+{,
<3 (P(E| p)- -+ P(E(| )"
+,

M=

i

(pi()- - - p(x))"dm .

oo

From this relation we get
05} (P(E:|p)---PEp )" + | (0i(@)-+p @) dm
B e
<3 (P D)+ PED)"+{, @@ -p@)dm

& . o) . p) \V”
‘Z=1 :clzlgt ( () (%) > P(E: lpl)

o o) . p.(x) \M"
int (B 2 P )
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=

(P(E| p)- - PEN P +| (@) --p(a)"dm

M

1

ud Yr
—> (inf P& . ing 2@ | ipp PA2) &
‘Z‘:-‘ <z12Et pi() xuelEt () xuelE‘ pl(x)> P(E:|p)

2

S [P(E: | py) L, 041 P(Ei | D) L, 001 P(E | D)+ Lo, 000 P(E | DY

i=1

+{ g 0@ D) Im+ | g _pr 0i@)- D)) dm

(pl(x) .e 'pr(x))l/'dm—l— ...

.

EW_E®(y E®

i,

ED_EDE® ... ETD (py()+ « - p,(2))""dm
~ 3 (G b " P(EL | )

S5 Caon:* beno’ — Gaor - Lol IPE: | p)
+({ 0 @@m@Yam)" + (| o G@m@)dm) +- -
+({ s W@ @yram)” "

N
§ E [(lu<2,t>+1‘ ¢ 'lu(r,t)+1)l/'_(lu(z,¢)‘ * ‘lv<r,t))1/']P(E¢ | pl)

In general, when 0<x<L—d (6>0)
y____(x+5)l/r_xl/r

is a decreasing function, because y¥'=[(x+0)V/"”'—xY"']/r<0. Hence
(o) —at <ot
Accordingly, we get

(lu(z, i)+llv(3.i)+l e lu(r, o+1)l/r - (lv(Z,i)lu(S,i) e lv(r,i))l/'
S ((la,010) La,o+0) + = Ur,0+0) — (s, ohs,0° * L, 0)V"
=(,0+0)" (Ls,p+0)""+ + - (Ler,0+0)"
- l%, i)(l»(a, ot 5)1/' e (lv(r, ot 5)”'
+06 olao+0) - (Lo +0)V”
- l%;. i)l%;,'t)(lv“, ot 5)“' tee (lu(r, ot 5)1/'

oooooooooooo

* For any measurable set E, we have

(f,, @m@mnam)'2({, @@ nnam) z - 2(f, @1)---pipram)
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+lu(8 i)° u(r—l i)(lv(r i)+5)l/r_l:é; ° lv(r—l i v(r i)
<" (a0 +5)" Y VPSP ) Rt
+ :g i)allr(lv(l [3) +5)l/ (ln(r,{) + 5)1/7

+i0e - D000
é (,r_ 1)L(r—!)/r§l/r .

Therefore, we obtain
N
=3 (P(E;|py)---P(E;| p))/"+(P(Es | D) - - P(Ew | p))V"

=\, @) - -p(2))""dm

N
é(,r_l)L(r—Z)/ral/r Z P(E¢ | pl)_l_rez,'r
i=1
§(,r__ 1)L(r—2)/ral/r+,’.s2/r .

Since ¢ and § can arbitrarily be chosen, this relation shows that the
theorem holds true.

4. Transformation and affinity

Let T'(x) be a measurable transformation from the sample space
(X, A, m) to the space (Y, B, p), where for any set G € B, we have
TYG) e A, and p(G)=m(TY(G)). Let p, be probability densities in ¥
with respect to m. Then, for G € B, the probability given by p, is de-
fined as

P@=P(T7G)|p)=| _ pdo)im .
&
Since u(G)=m(T1(G)), (G)=0 means m(T(G))=0 and P(T~Y(G)|p;)=0.
Therefore, the above P(G) is absolutely continuous with respect to g,

hence there exists a p-measurable non-negative function ¢,(y) defined in
4QJ such that

P@)=| ey .

Hereafter, we denote the above probability P(G) by P(G|q;). Then we
have

|, ewidn=| ., a(T@ym={ _  peapin.

THEOREM 4. We have
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[y @@ -a@duz, 0@- p@)dn.
The equality holds when and only when

a(T@) _ ... _ ¢T@) a.e. wrt. min X—E,
Di() p.(x)

where

E,={xz; p(x)=0 for some i, x € X} .

PrOOF. Let G be a p-measurable set in 4f and let G=G,+ -+ - +G,,
G.:NG,;=¢ (i#35), G:: p-measurable sets, be any partition of G. Then
we have

[, @®" ¢ @)"dus E PGl a)-- PGila ) -

Let )
E=TG) and E,=T7'G), 1=1,2,--+,m .
Then
E:El+"'+Ein Eanj:¢ (i¢j) )
E, E, are m-measurable sets,
and
PG,l0) = a@wdp=| _, »i=dm=PUE ),
G; =46
7:=1’ 2,--0,1; j=17 2,0,
Therefore
|, @(®): P ) rdm < 33 (P, | )~ PUE; | D)
=j§ (P@G,lq)-+-PGjla)" .
Hence

SE (pi()+ - p(x))""dm < inf E (P@Gylq)---P@Gylg))',

where inf is taken over all finite partitions of G. This implies, accord-
ing to Theorem 3, that

SE (P(®)- - - p (@) dm = SG (@) - ¢, W))""dpe .
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When G=9}, we have E=% and

S‘x (@) - - p(2))"dm < SQI (@) -¢-@)"dp .

Thus the first part of the theorem was proved.
Now, when

(%) 4T@) _ ... - ¢(TE) a.e. w.r.t. m in X—-FE,,
() p,(%)

let
Gy=1{y; ¢.(y)=0 for some i, yc Y} .
Then T74G,)CE, a.s. and we have

o @) a.w))dp

= SQ;_ G (@) - -9, () dp

@(T(x)) ... a(T(z))\'"
X—T4Gy) ( a(T(x)) q,(T(x))> P(@)dm

p(x) . pA2)\V"
r-n oy ey P@dm

(Pi(x)- - - p())"dm

|
|
- S:r—Eo
- S o (@) - - p(@))"dm. .

In fact, we have

@) -9, (y)=0  for yeG,

and
|, @@ -a.@)"dp=0,
0
consequently,
[, . 0@ B (@)rdm=0
r=key
as

[, @@ o) 2|, @@ pw)am,

—1¢

hence
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, D) - - p,(x)=0 a.e. in TYG,) .
Now, we shall prove the converse. That is, when
(+4) g @@+ 0@ du= |, 0i@)- - pA)rdm

we shall show that the relation (x) holds.
Let E be an m-measurable set in ¥ w.r.t. m. Set

pi(x) for xe &
p&l)(x)={
for x € E°,
and
0 for x € £
p9>(w)={
() for x € E°.

Then we have
pi(x)=p{P(x) + pP(x) .

pP(x)dm, defined for any p-measur-
@)

Further, as S pP(x)dm, S

e 71
able set G in 4J, are absolutely continuous set functions w.r.t. p (al-
though they are not necessarily probability measures), there exist p-

measurable non-negative functions ¢{"(y), ¢{*(y) such that

|, @@=, paim,
@ &

and

|, wadp=| _  sadm.
G T [2))

For these ¢{"(y), ¢*(y), we can prove, quite similarly to the above case
of probability measures,

|, @@y rdpz| | @@ s @) dm

—1¢

and

|, @)@ apz| @@ s @) dm

—1¢
for any p-measurable set G in 4.
On the other hand, since

S P (w)dm = S pi(x)dm ,
4@ T n

“e)nE
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S » p&”(w)dm=g , p@)dm
=&

T-XeNnE

we get

S ¢ (@ W) +aP(y))dp= ST ) p@)dm .

—1¢
This holds for any pg-measurable set G. Hence we have

(¥ =¢"y)+ ¢ ) a.e. w.or.t. p.

Consequently, we get, for any p-measurable G,

(1) | @@ e @)

, (@@ +a@)- - - @ W) +aP W) dp

v

[(@®): - - ¢ )"+ (W) - - ¢>() " 1dp

G

v

R {)) -4

S
S
|
S , Pi(@)- - p(x))"dm + S

T
T7-YeH)n [ a1 (D)

Sr-lta) (2u(®)- - - pA(x))""dm .

Now, in order that

S g @) -0 @)"dp= S.%’ (P(@)- - - p(2))"dm

(P°(x)- - - p°(x))""dm + S (Pi°(x)- - - p(x))"dm

o P1(®) - D))" dm

it is necessary and sufficient that for any g-measurable G in 4J we have

SG (@) -q.(¥) " dp= ST

From (1) we can see that this, in turn, reduces to:

(2)  (#°W)+E®): - - (@ @)+¢ W)

@) -p (@) dm. .

=("®) - €@+ (@) - -¢*(W)""  ae. w.rt. g,

and

3) |, @) @)=, 0@ e dm,

and

(4) SQ} @ @)+ -¢P@))dp = S.‘?ﬁ’ (DP(x)- - - pO(@))/"dm. .
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When, for any particular value of v,
(W) ..., (820) (),
a™(y) @(y) \0
a necessary and sufficient condition that (2) hold, is that

() ) i
(5) ((1 J ) oo, ( ) are all proportional*.
@) ()

In this case, we get

(6) @) _ W) _ a¥)
() @) a@)

149

provided that ¢(y), ¢(y) (hence ¢{°(y), ¢*(y)) are not equal to zero.
When ¢{°(y)=0, we have ¢()=0, 1=2,8,--,r, and ¢(¥)=q¢.(¥), i=1,
2,-+,r. Similarly, when ¢®(y)=0, we have ¢(y)=0, 1=2, 3,---, r, and

qsl)(?l)-‘—'@h(y), 'l:=1, 2; e, T
Now, assume that (xx) holds.
Let Gu={y; ¢™(¥)=0, y€Y}. Then we get

o @@ - a@ @) dp

B SQJ—GM (@) - 'q(rl)(y))l/rd.u

@ ... D\ o0nd
v-cu (G i) T O

|

SQI_GN (—Zﬁ%- . -%)lﬁqﬁ”(y)d#
|
|

i

X—T-YGu) ( o(T(x)  q(T(x))

E—EN T(Gu) ( a(T(x)  a(T())
Let

E ={x' q,(T(x)) > pi(xz) 5=1,2,---,7, and at least for one j
' " qT(x)) ~ p(x) = strict inequality holds; x € X —E,

W) ... alTED ) yozyam

o(T@) ... 9T() )Urpl(x)dm :

}

and put, for instance, E in place of the above E. Then, if m(E))>0, we

obtain

| @) - gw)d

* See, for example, Hardy, Littlewood, Polya, Inequalities, p. 22.
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— o(T@)) ... a(T(x)) \""
S 5 ( o(T@)  o(T(x) )" piarim

> SE, (%. : .%)1"pl(x)dm

(notice: T YGy)CE,, E.NE,=¢)
- SE (u(x)- - - p.(2))"dm

={, @@- - p@)am.

Since we have (3), this presents a contradiction. Hence, when (3) holds,
m(E;) must be zero. Similarly, when (3) holds, all m(E,) must be zero.
This means

o(T@) _ ... _ ¢.(T(x))
() ()

COROLLARY 1. When the set E, defined above has measure zero,

ae. w.ort. m in X-E,.

|y @ -0.0)"du=| . 0@ -p.@)dm

18 a mecessary and sufficient condition that T(+) be a sufficient statistic
Sfor discriminating among p(x),-- -, p,(x).

COROLLARY 2. In order that T(x) be a sufficient statistic for (),
o, D), it 18 necessary and sufficient that we have

g @) 0@ du={ . 0, @ 2, @)"dm

Sfor any s-tuple (vy,--+,v,) from {1,2,-..,r} with 2<s<r.
This corollary has a meaning in the necessity assertion.

COROLLARY 3. In order that T(x) be a sufficient statistic for (),
o+, p(x), 1t s mecessary and sufficient that we have

|y @000 ={ . 0. @) "dm

Sfor any pair (v, v,) from {1,2,---, r}.

5. Limit of a sequence of sufficient statistics

In this section we shall treat the problem of whether the limit of
a sequence of sufficient statistics is also sufficient, by means of properties
of affinity (concerning this problem, see [4]).
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Let {M,} (n=1,2,.--.) be a sequence of families of probability den-
sities in the space X’ with respect to measure m, and let M, be a family

of probability densities in ¥ with respect to m such that every member
Dy(x) of M, is the limit of a sequence {p.(x)}, where p,(z)¢€ M,, i.e.,
there exists a sequence {p.(x}, p.(x) € M,, such that lim p,(x)=p(x) a.e.
w.r.t. m. In the following, the term “w.r.t. m” will be omitted for sim-
plicity. For a sequence {p.(x)}, p.(x) € M,, which converges to py(x) €
M, a.e., let X, be a random variable with p,(x) (p=1,2,---) and X, a
random variable with py(x). Then X, tends to X, in law. Generally,
when X, tends to X, a.s., X, tends to X; in law. Let T™(x) be a
transformation from {X, 4, m} into the space {4/, B, ¢} (n=1,2,---).
Further, assume that when {X,}, X, having probability density of M,,
converges to X;, X, having a probability density of M,, in law, T™(X,)
tends to T®(X;) in law. When T™(X,)—»T®(X,) a.s. for X, tending
to X, a.s., this assumption is satisfied. Then we have:

THEOREM 5. When T™(x) gives a sufficient statistic for M, (n=1,
2,:+), so does also T(x) for M,.

ProOOF. Let py(x), q(x) be any two members of M,, and let lim p,(x)
=py(x), p.(x) € M,, and lim g, (x)=qi(x), q.(x) € M,. Further, let X, and
Y, be random variables with probability densities p,(x) and gq.(x), re-
spectively, and denote the distributions of X,, Y,, and T™(X,), T™(Y,)
by Fx,, Fy,, Fra,, Fro,, respectively. Then Fy —Fy, Fy —Fy,
Frwgy— Froxgy, Frog,—Frog,. Since T™(x) gives a sufficient
statistic for M,, we get

PZ(FT(")(Xn)y FT(">(yn>)=Pz(Fxn, Fyn) ’ n=1,2,....
Letting n— o0, we obtain
PZ(FT“’)(XO); Fr(‘”(yo)) :.Dz(Fxo, FYO)

due to the continuity of the affinity with respect to the distributions
concerned. This equality means that T®(x) gives a sufficient statistic
for M,.

6. Affinity as a measure of discrimination

As is mentioned in the Introduction, and as can be seen from the
above properties, the affinity can serve as a measure of discrimination
among distributions. When we are concerned with » distributions, F,
F,,..., F,, we can consider as such measures

PZ(FU Fz)r pZ(Fly FS)!' * %y pZ(Fr—lr Fr);
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------------------------------

pr(IPl,sz"', r);

and their weighted sums. For instance, we can consider

w12p2(F1) F'2)+w18p2(17'l, F,S)+ R +wr—l'rp2(Fr—ly F'r)
with 3 w;;=1, w,;;=0, or simply

*
oy F)+pFyy F)+ 40P, F) /(5)7

In the case when p,(F}, F},---, F,)#0, p(F}, F},---, F,) alone will
be able to serve as a quantity representing the discrepancy of the dis-
tributions. However, for two sets of distributions, {Fy,---, F,}, {Gi,
.-+, G}, with p(F},---, F,)=p(Gy,---, G,), it will be necessary to con-
sider

[PT-I(F'Zy' ) Fr)+ tee +pr—l(F'l,' * %y Fr-l)]/'r

and

. [pr-—l(GZr crty Gr)+ e +pr—l(Gl’ c ey Gr—l)]/lr

for comparison of the discrepancies of {F},---, F,} and {G,,---,G,}.
When these two are equal, we will have to proceed further.

7. Decision rule

Given distributions F\, Fy,.--, F, over (¥, J, m), assume that a
sample x comes from one of the {F;}, which, however, is not known to
the experimenter. Further, assume that the probability that a sam-

ple comes from F; is known to be w; (i=1,2,---,7) (20; i}w,:n,
i=1

Then the problem is to decide from which F; sample x comes. For that,
we partition the space X into a set of subsets {E.} (¢=1,2,---,7) so
that when « € E;, we decide on F, and that the error rate will be mini-
mum. The success rate of this case is expressed as

SE wlpl(x)dm+ et +S wrpr(x)dm ’

E,

where p(x) denotes the probability density of F; (=1, 2,---, 7). There-

* Added in proof-reading.
The idea of weighted distance is also found in [6].
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» fore, the error rate becomes
1- (SE wpy(w)dm+- - -+ SE w,pr(w)d?n)
1 r
=S , wipy(x)dm + +S . W,p(x)dm
E; EL
=|, wmn@+ - twpEHm .-
+|, wp@+- +w, ., @)im .

Now, let {A4,,---, A,} be a partition of ¥ such that
(1) for xz ¢ A,, it holds that w.p(x)=w,p,(x), J#1,
(2) AinA;=¢ (t+j); A, are m-measurable,

and ,
(8) AH+A+---+A,=X.

Then we have

THEOREM 6. The decision rule, ¢, defined by the above {A;} is op-
timum for discriminating Fi,---, F, in the sense that it gives the small-
est error rate. The error rate is bounded from above by

vV WL W, Pz(E; F2)+ ter + vV W, W, PZ(Fr—lr Fr) )
and from below by

(r_l)(wx'wz' * 'wr)P:(Flv F721' ) Fr) .
,rr-l

PrOOF. First notice that any decision rule for diseriminating F,
«++, F, is defined by a partition of . Therefore, we can consider only
partitions of X’. Let {E,,---, E,} be any partition of ¥, i.e. E, are
m-measurable, E,NE,=¢ (t+7), and E\+---E,=%. Denote the deci-
sion rule defined by this partition by ¢, that is, ¢ assigns « to F, when
x € B;. Then the success rate of ¢ is

S wlpl(x)dm"_ e +S wrpr(x)dm ’
E, E

r

which is rewritten as

S wlpl(x)dm+g wl:o;(x)dm+---+g wp(x)dm
EjN4, E ) r

N4 Ein4
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+S w,pr(w)dm+g w,p(x)dm+ - - - +S w,pAx)dm ,
E A E.NAq E,.NA

rN4y r T

hence

gg wlpl(x)dm+§ wzp,(x)dm+---+§ w,p,(x)dm
1N4, EjN4, r

E N4 En4

+ ...............

+ ...............

+ S wlpl(:v)dm+g wp(x)dm+ - - - + S w,p.(x)dm
Ern Al Er ‘42 Er r

= +SA wpy(x)dm -+ SA wypy(x)dm+ - - - +S‘4 w,p,(x)dm ,

which is the success rate of . To speak this in another way, the error
rate of ¢ is less than or equal to that of ¢.
The error rate of ¢, e(p), is:

)= wp@dmt- -+  wp@dm

c
AT

=S wp(c)dm+ - - - 4 SA wp(x)dm
2 r

+ SA w,p(x)dm+ - - - +SA w,p,(x)dm

r—1

which, in turn, is

§S v ww,py () py(x) dm+ - - - +SA ¥ wyw, py(x)p () dm

+ SA vww,py(x)p,(x)dm+- - - +S vw,_w,p,_(2)p,(x) dm

A,

= SA » Wwypy(x)po(x) dm+- - - - +S Vw,_w,p,_()p,(x) dm

A, qt+4,

é A\ ’wn’wzpz(Fn F2)+' * '+ v wr—lwrp2(Fr—17 Ff) .

On the other hand, we have
e0)= m@)t+wup@)dm .-
1

+ SA (wpy(x)+ + + - +w,_p,_(x))dm
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=(r—1) SA (W, + +w,Py(x)+ -+ D)V Pdm A+ -
+(r—1) SA (W, + ~w,_pu(x)+ + - Dy (X)) dm

z(r-1) SA w,pi(x)dm SA (W, - - w,po() - - - DALV ~Pdm
+(r—1) SA 'w,p,(a:)deA (wy+ + ~w,_Pu(E)* + + Py _1(2))VOdm

T

> “’"”HL (v, 0, @)P@): B (@) dm |

+ {S 4 (ww,- - - w,p(X)Pe() - + - D ()" dm }T]

(F'ly FZ)"'! Fr)
,'.r—l *

= (r—1) (wawy- - ~w,) &

Thanks are due to K. Takahasi for his useful comments.
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