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1. Introduction

Assume that a random sample of n observations has been made from
a multinomial population with uniform cell probabilities, that is, cell <
has probability N~!, ¢=1,2,--., N. Let s be the number of cells which
occur exactly 7 times in the sample. Then, we clearly have

(1) is,=N and i}isi:n .
i=0 =0
The random variables s;,, i=0,1,---,n will be called the (sample)

occupancy numbers in agreement with usage in past publications of the
authors. (Wilks [10] refers to these as the cell frequency counts).

Our interest in the behavior of the occupancy numbers is motivated
by their significant role in non-parametric tests of the hypothesis F'(x)
=F(z), where F(x) is an absolutely continuous cumulative distribution
function and Fi(x) is a specified absolutely continuous cumulative distri-
bution function. In particular, the y! goodness of fit test, the empty
cell test, and the likelihood ratio test (based on the multinomial distri-
bution) all are expressible in terms of occupancy numbers. For each of
these tests, the customary procedure (but not the only one possible) is
to select an integer N in advance of the experiment; then divide the
real line into N consecutive intervals each of which has probability N~
under Fiy(z). Thus, when the hypothesis is true, the distribution of the
observations, when classified only by the interval in which they fall and
ignoring the natural ordering of the intervals, is the multinomial distri-
bution with equal cell probabilities.

In this paper, we will study the limiting distribution of s;, i1=1, 2,
..., k; k fixed and independent of m and N, as n, N—oo so that n/N
—a, 0<a<<oo,
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Under the hypotheses of this paper, I. Weiss [9] and M. Okamoto
[6] established independently that (80— E(sy))/a., has a limiting standard
normal distribution. Weiss and Okamoto both employed the method of
moments in their investigation. Subsequently, Renyi [7] reexamined the
limiting distribution of s, using generating functions. The limiting dis-
tribution of s, under alternative hypotheses was examined by S. Kita-
batake [5] and V. P. Chistyakov [1].

Sevast’yanov and Chistyakov [8], using saddlepoint methods, estab-
lished the joint asymptotic normality of any subset of (s, s;,- -, s,) and
this was extended to alternative hypotheses by Chistyakov and Viktorova
2.

In this paper, we study the asymptotic distribution of s, by using
the method of moments. Despite the fact that the asymptotic normality
has been previously established, it was felt that information concerning
the rate of convergence of the standardized central moments would prove
useful and lead to improvements in probability estimates over those spe-
cifically given by the limiting normal distribution. In the Sevast’yanov
and Chistyakov [8] and the Chistyakov and Viktorova [2] papers only
the moments of order one and two are reported and for these only the
leading terms of their asymptotic development are reported. The methods
of this paper can be extended to exhibit the joint asymptotic normality
of any subset of (s, s;,- -+, 8,), but this extension would be very tedious.
The complete asymptotic expansion of the standardized central moments
of s, is implicit in Weiss’s paper [9], but the specific details are not pro-
vided therein. 4 -

In another paper (Harris and Park [3]), we havé studied the limit-
ing distribution of linear combinations of the occupancy numbers, since
this is precisely the form in which the occupancy numbers enter into
various non-parametric tests. The results in this paper have been useful
in pursuing that investigation.

2. The moments of the occupancy numbers
In Wilks ([10], p. 433), the joint distribution of s,,s,, s;,---, 8, is
given by ’ :

n!N!
NI (Ll - (nl)nals] - -5, °

(2) p(soysl""ysn)=

where 8,20, i‘,si=N, i} 18,=n. The vth factorial nioment'('W'ilks [10],
i=1 i=1
p. 153 or 433) is given by

® o= ) )

(2ly w
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where y<N, tw=n. Thus, we can write

(4) E(s‘”’)—-ﬁ)—< n )‘"(1—_15_)"""}»(N, n i),

where

1 =0
h Ny ] -, = L .
( n, v v) [%f(]_—%) >0,

t=0

Let 4 be the kth central moment of s, and let a;, and B, be the
Stirling numbers of the first and second kind respectively, defined by

]
)=Z aj’kx!
j=1
and
k
mt:jzl ﬁj,xw(j) ,

where 2™ =gz(x—1)---(x—m+1). We adopt the conventions that a; .=
B;:=0 unless j=k=0, or 0<j<k. In particular ayy=p,,=1. Then,

(5) pP=E(s,—E(s))\
=5 (-1(*)-X (i)"(l—i)""'”[h(N, n, i, DI

@y N
1— %)""'"(1-%)"”"[}»(1\7, n, i, DIRN, 1, 4, D) .
We set p+r=s and j+r=I obtaining

. <1—%>r(n-i)<1 ) i(s—1)
- [MN, n, 1, DI'K(N, n, , 8—7) .

In the asymptotic analysis of (6), we will frequently employ the fol-
lowing relationships. If N, n—oco so that n/N—a, 0<a<oo, then for
each fixed u, :
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D e e
—exp{ _ l( ) ](1+0(N"))
i=1 3

We will also employ the convention that 2 a;=0, whenever b<a.

Now apply (7) to (6) and let n, N— oo, so that n/N—»a, 0<a< oo,
obtaining for each fixed ¢, 1<i<gq,

(8) ( —%>"""’(1— s—r )"'“’"’[h(N, n, 4, VIR(N, n, 3, s—7)

N
_ = 1 T ‘”l(s—r)‘
—exp{ t=1 tN* t=1t\ N
i-1 t  {(8-1r)-1 t
CEEHE T 8
u=0¢t=t £t \ @ u=0 ¢=1 ¢

+(8 ,r)l+l L ,r+(s ,'.)t+l
A Dy AR T o
i-1 t t co {(s—r)—1 t t
SIS AT

n t=1 u=0 N 7

(9) (1—%’_)“"'”(1— 3“") "IN, m, 5, DITRN, m, 4, s—7)
(

) r+(s—r)t! —i r+(s—r)*t
t+1 t

=1
i-1 N t mt i(s—r)—1 N t ut —
2 () T E () avow-.
Observe that the exponent in (9) is of the form

—8 243 Po(r)/N'

where P, (r) is a polynomial in » of degree at most t+1 with coeffici-

ents depending on n/N, i, and s. Now we expand exp {Z‘, PH,('r)/N‘}
t=1

obtaining

10)  exp {3} PtNY =5 (5 P.r)IN') /it
=5 (2 P,“(r)/N‘) / j!+R(po, N) .

We now estimate R(p, N). Clearly, since 1=q, s—r=k, r<k, we have
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Pt S n (k+kt+l) q(k+kt+l) k qt+l
| Belr) | t+1 t +<n> t t+1

+(-;;> rEs
Now let max (%, <%>t> =pB. Then

| Pesir) |22 (ghy ™
Thus, for N sufficiently large,

|31 P | <1208V

and
1B, M) =| 3 (5PN /i) 5 (L) /at

where y=12¢*k*8. Thus, we can easily establish that
(11) [ R(o, N)|=O(N""") .

Hence, combining (9), (10), and (11), we have in fact established the
following lemma.

LEMMA 1. If N, n— oo s0 that n/N—a>0 and 1=q, then for any
pair of positive integers p and t,

1 r(n—1) 8s—7r n—1i(s—7r) . , .
(12) 1—W 1— N [M(N, n, 1, DI"R(N, n, 1, s—1)

=lexp(—s 2 % (S PN’/ 140N |+ 0,

where P, (r) is a polynomial of degree at most t+1 in r.

We now establish the followmg

LEMMA 2. Under the hythses of Lemma 1,
(19) £ (3PN [it=F Kulr, s—r, DIN",

where for each m=<p, K,(r,s—r,1) is a polynomial in r of exact degree
2m whenever n#1iN. The coefficient of r™ 1is

SRR
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PROOF.

B(EPae) [n=] p m g (PR (BR)

(_P#)"‘, k20, Sk=j.

Collecting terms by powers of N, we get

&1 [Pr)]1 [Py(r)]*2- - - [P, yu(r)]
D Tulke! - .} ’

the second sum running over k,, k;,- - -, k. with Z} Jk;=m and jﬁ:k,gp.
j=1 " =1

The degree « of each K, satisfies
ng'? G+LDk,<m+p<2m .
=1

Further, for each m=<p, set k;=m, ky=ky=---=k.=0 obtaining the
term [Py(r)]™ which is of degree 2m, since the coefficient of ™ is
(=1)™n/2N—1i+ Ni*/2n)™ and is non-zero by hypothesis. This is clearly
the only term of degree 2m.

The following lemma can now be established.

LEMMA 3. For N, n sufficiently large, n#1iN, and m=<p,

a4 Sk‘_'( 1 (k) K. ) { 0 u>k[2
-1) utm—r,s—rPs—r, k—r ", 8—7T, =
r=0 r * ‘B e t ck! ’u=k/2 1}
where
_ C,_g - Dk—: (—l)m 1 __n__ — ﬁ_l! "
(15) o= [2(s—k/é2—m)]! [2(k—3)]!  m! <?< N> "2 n) ’

C.=(—1y D,=(—1y }jl(zj—l) :

PROOF. It is well known (see Jordan [4], p. 151 and p. 171) that
@,-,. and B,_,, are polynomials in 7 of degree 2v with leading coefficients
C./(2v)! and D,/(2v)! respectively. Then,

f(r)=au+m—r,l—rﬁl-—r,k—r Km('r) 8_7', i)

is a polynomial in r of degree 2(k—u). Thus, the left-hand side of (14) is

: k 0 u>kf2
5 (F)rm=1raro=|
7= " okl u=k/2.
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We now return to our examination of the central moments and obtain
the following theorem.

THEOREM 1. If N, n— oo so that n/N—a>0, then for every fixed
1<q and each fixed k,

(16) pS:"=Nk/’Dk,z<%e-")""’[1— (ﬁi-(i;@i)?—‘e—~]"’+0(Nw-l) ,

o 3!
k even;
H@-1 &
. Y — even
7) lim L #(ﬂ;])m ={
n, N—co
pat 0 k odd .

ProOF. From (6), (12), and (13), we have

18 =323 (-0 (F ) () b

r=038=r l=7 r (1:!)'

* K,(r,s—r, 13) —p1 —
5 Halne=nnd) Loy )](1+0(N ))} .

m=0

. e—m/N|:

Letting w=Il—m and interchanging the order of summation, we have,
k k min(s—u,rp) u+m , k Nu n is
DD ISP DI <r> @) (W)
¢ au+m—r,a—rﬁl—r,k—re-‘n/N(Km('r7 8""", i)
+O(N™*"))(L+O(N)) .

Since a,,=0 for p<0, we can extend the upper limit of the sum on r
to k, obtaining

19 Ho=

k k min(s—u,rp) is ,—sn/N
(1) — u nmye
(20) Pk u=2-—rp N :z=;4 m=max(0, —u) < N) (’i!)‘
k k .
* E (—1)'< r >au+m—r,:—r .B:—r,k—r Km(r’ 8$—17, 7/)
min(rp,k—u.

+ 3 0N+ 3 C O(Nwme)

u=—rp u=—rp m=max(0, —u)

Let

min(s—u,zrp)

k

al.u(i’ k)= 2 Z (—1)’( icn )au-f-m—r,l-r ﬁs—r,k—er(rv S—"r, 'I/) ’
m=max(0, —-u) r=0

then, since a,,(?, k)=0 for s<0

21) pP= 5’3 N i,l (i)f'ﬂa. (G, B)+O(N* ) +O(N*~*~1) .
u=-—rp s=max(0,uw) \ N (1:!)' 4
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If n+#iN, we can apply Lemma 8. Here we choose r and p larger than
k so that the upper limit of summation on m is s—u for u>0. Then,
a,,.(1, k)=0, u>k/2. Thus, the upper summation limit of becomes [k/2].
Hence, for k even

e—m/N

22)  pP=N*" 3 <%)“a.,,,,,(i, 1)+ R(k, N, n, 9)+O(N*"")

=%z (i)

where A=min (¢, p+1) and

u=-—rp ‘lsu (’L!)'

Rk, N, m, )= S5 Noso €7 (%)a(z k).

For k odd, we have,

(23) P = N2 e—m/N_ <ﬁ>“a -2, k)
k = (’L')' N s, (k—1)/20 0y

+R(k, N, n, i) +O(N*) .

From the proof of Lemma 3, since a,,(t, k) is a sum of polynomials of
degree =<2(k—u), a,.(i, k) is itself a polynomial of degree <2(k—wu).
Further for n and N both sufficiently large, a, (3, k) is uniformly bounded
in w, —rp<u=<k. Hence R(k, N,n,i)=O(N™*-1), Choose A>2k+1.
Then, for k even

. . 8—k/2 (__1):-k/2—m
=k!
(24) Nl’lnrilw as,k/z(zy k) k. ME—O 2‘-"/2""‘(8 k/2 m)! 2‘:_'(10 _ s)!

( l)m m
i (50 2a>
_ '3-11/2 (_l)l—k/Z(a__zi_{_iz/a)m
it Z, 243 —k/2—m)\(k—s)!m!
k!( — 1)3—1:/2 2—k/2

_ —kf2 .
= 2 — )N (s — /)] = () a2t )

D[ 72 iy iy

Thus for & even,

: #ﬁi) — (2 k/2 i a+(a— ’&)2 k2
(25) ,.,1}31‘“ N k/z'zm " ( k/2>( 1) (———)

' et \*2 (. a+(a-—-z)’)e “a )"/z
‘D"’z( il ) (1 ( a il '

For k odd, the conclusion for N+#in follows from (23) and R(k, N, n, 1)
_O(N[k/ZJ l)
For N=1n, the conclusion follows from the continuity of HPIN* in a.
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To see this, observe that (21) is a finite sum and that for N sufficiently
large, n=aN+o(N). Substitution of this into (21) and application of
some elementary analysis permits one to verify the continuity of the
limit (25) in a.

COROLLARY. Under the hypotheses of Theorem 1, (s,—E(s)))/s,, has
a limiting standard mormal distribution.

PROOF. This is immediate upon noting that lim pg/[£°]** are the

y N—00

moments of the standard normal distribution.

Remark. The methods of this section are a direct extension of those
used by I. Weiss [9]. We have however extended the analysis to s,
1#0, whereas Weiss restricted his attention to s,. The procedure used
herein also gives a complete asymptotic expansion for g and thus con-
tains additional information on the limiting behavior beyond the state-
ment of the corollary.
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