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1. Introduction

In a previous paper [1] we proposed a method of estimation of popu-
lation means based on a two-phase sampling: First we draw m'h ele-
ments from a population and classify them into mh groups each of which
consists of m elements. Concerning the first & groups we observe only
the smallest element for each group. Concerning the next h groups we
observe the second smallest element for each group and so on. Concerning
the last h groups we observe the largest element for each group. We
use the arithmetic mean of these mh observed values as an estimate of
the population mean. In order that this method is of practical use it is
necessary that we can easily choose the elements having given rank
from each group.

In the paper [1] we mainly considered the efficiency of this estimate
by comparing the variance of this estimate with that of the sample
mean of a simple random sample of size mh. In the paper [2] we con-
sidered the effects on this estimate, of the correlation which might exist
within groups.

In this paper we treat two problems which seem to be necessary
or useful for practical application of this method of estimation. In
Section 2 it will be shown that this sampling procedure could be simpli-
fied with just a little loss of efficiency in estimation. In the procedure
described above we must measure the quantity of the element with a
specified rank in advance in each group. On the other hand, in the
simplified procedure we may measure the quantity of the element drawn
at random from each group and then we record the rank of the element
in the group.

Our procedures are of practical use when the identification of the
order of magnitude is much easier than the measurement of magnitude.
In Section 8 we consider in what cases the identification of the order
of magnitude is difficult and how difficult the identification is for some
distributions.
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2. A simplified procedure

2.1. Preliminaries

Let Fy(x),---, Fn(x) and F(x) be cumulative distribution functions
and

F@)=3w,F(@) ,

where each w,>0 and ﬁ w,=1. Let (I,Y) be a random vector having
the joint distribution defined by

PI=j]=w,
and
P[Y.gyII:j]:F!(y) (j=11 21"',m)‘

Let Z,,---, Z, be independent random variables, where Z; has the dis-
tribution F,(y) (j=1,---,m). Let (L, Y, (i=1,---,h) be independent
random vectors and let each (I;, Y;) have the same distribution as (I, Y).
We now consider the problem of estimation of g, the mean of F,
on the basis of observed values on (L, Y;) (¢=1,---,h) and Z; (=1,
.., m). It is obvious that the statistic

r=5% Y (HL0)Y+2)
" S+

is an unbiased estimate of y, where X, (I)=1 if I=j and 0, otherwise.
It should be noted that we introduced the Z’s only to avoid a trouble

h
which arises when some of 3 X,(I;) happen to be zero. Denote ﬁ x,(L)
i=1 i=1

by n; (j=1,---,m). Then (n,,---,n,) has a multinomial distribution,
that is,

Pm,, m)=Ch -, k)l == T wp

TT k:
The variance of T can easily be obtained;
Var T=E(T—p)
=EE(T—p) | (0, -+, na)=(k, - -+, kw)))

il



PRACTICAL NOTE ON ESTIMATION OF POPULATION MEANS 423

1 m
= hie w:G}(l—(lfwj)"+‘) ,

where ¢} is the variance of F; (j=1,---, m).

2.2. Application to the problem under consideration

Let F, .(x) be the cdf of the kth least order statistic of a sample
of size m from F(x). Then we have

F(x)= Z Fm A=) .

Let Xy, X, vy Xims» Xty o=y Xoms *++y Xpty -+ +» Xam be independent
random variables having the same distribution F. Denote by I; the rank
of X, in {Xy, -, Xin}, that is, the number of X;’s such that X<
X... The joint distribution of (I;, X;,) satisfies

P{L=j}=—;7 (=1,2,---, m)

and
P{Xu=Zz|L=3}=F, ).

Let Z,,---, Z, be independent random variables, where Z; has the
distributioh F, ; (7=1,---, m).
From the results described in 2.1, we can obtain an unbiased esti-
mate T of p on the basis of {(L;, X,); 1=1,--+, h} and {Z;; j=1,---, m};
1 "
r=1% 1 (2 x,(I,)Xu+Z,> .
2 %(I)+1

The variance of T is given by

Var T—(h—_‘_—ﬁ—— g ,{1— (1—_7%%_)”'} .

In practice m will be two or three. In these cases VarT becomes to
be almost equal to

(1) L 5a,

as h becomes large. (1) is the variance of the estimate given by (3.6)
of [1].
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3. Degrees of difficulty in ordering

It is essential for our estimation procedure that we can easily, in
other words, at a glance, find the elements which have the given ranks
among several elements. It is difficult to find an appropriate model which
describes under what condition we can identify the order of magnitudes
of several elements at a glance. In this section we shall consider a
simple model. Suppose that we have two elements and we can identify
the smaller or larger element when and only when |z,—x,|=d, where
x; and x, denote the magnitudes of two elements and ¢ is a positive
number.

Let X; and X; be independent random variables having the same
absolutely continuous distribution with cdf Fi(x) and pdf f(x). Let us
consider the probability that X; and X, satisfy | X,—X,|=d. Denote
the random variable | X,—X;| by D, the cdf of D by G(x) and its den-
sity function by g(x). The random variable D is the sample range of a
sample of size 2 from F(x). The following results are well known (for
example, see [3], [4]):

(2) Gw)=2|"_(F(t+)-F@) st
and
(3) o@=2"_fe+aret.

It is almost obvious that
(4) sup P(D<d)=1 for each >0,

where sup is over all continuous distributions. Furthermore, (4) holds
even if sup is over all continuous distributions with variance 1. In fact,
let

1 1 if oce<a<t,
a

(5) f(x)= o 12—df 12—a?

0 otherwise .

It is easily seen that the variance of this distribution is 1 and

P(D<d)=z(1—a)+a?, if a<é.
Therefore
sup P(D<d)zlim (1 -af'+a’)=1,




PRACTICAL NOTE ON ESTIMATION OF POPULATION MEANS 425

where sup is over all continuous distributions with variance 1.

For small 6>0, we can, however, give an upper bound for P(D<J),
smaller than 1 over the family of distributions which have bounded den-
sity functions. Assume that f(z)<K. Then F(t+z)—F({t)<Kx for
every t and . Therefore, from (2) we have

G(x)<2Kz .

If we further assume that the distribution with cdf F(x) is unimodal
and the mode is m, then we have

Gs2z " {sup re+u) @iy

o
oo
m

<20{("” fu+o) fiy+|" | - f@dy+2arm)
" rwa+{” ray+2erm) .

§2x{ "

Therefore, for sufficiently small * we have approximately
G@=2 " rwdy.

In general, for sufficiently small x we have approximately
G(x)=9(0)x .
Thus from (3) we have
G(x)=2x Sm Fut)dt .
Therefore, we are interested in the values of Sm SHt)dt.

Considering the distribution defined by (5) we have
sup |*_fipdt=co,

where sup is over all continuous distributions with variance 1.
On the other hand, we can obtain the minimum of Sm Si(t)dt for

the family of all absolutely continuous distributions with a given bounded
carrier. Let f(x) be a density function such that f(x)=0 if z ¢ [a, b]
and let fi(x) be the pdf of the rectangular distribution on [a, b]:
1
fl@)={ b-a

0 otherwise .

if z €[a, b]
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Then we have
[ r@de={ (h+(r-forda

|

Sa fodz= :

—a

L)

It

Haddat | (F— frda+2£(1-1)

)

Example 1. (i) (cf. [4]) For normal distributions with variance
1 we have

1 —x2/4 :
——e if =0
g(x)= T

0 otherwise

and

Glx)=20 (-—%—> -1
(3]

where &(x) is the cdf of the standard normal distribution and erf(x) is

the error function, that is, 2 Sz e~ "dt.

NEIRN
(ii) For rectangular distributions with variance 1 we have

_z, 1
g@)={ & V3

0 otherwise ,

if 0<e<v 12

and

@)= 455 (275 -

(iii) For the exponential distribution with variance 1, we have

g(x)=e*
and
Gx)=1—e" if £>0.
(iv) For the Gamma distribution with the density function

2xe~ V3" if 2>0
Sf(x)=

0 otherwise ,
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we have

1

g(x)=—F—=e "Iz ge Viz,

72

427

Example 2. For the distributions of Example 1 (i), (i) and (iii) the

values of Sw f¥t)dt are given by

where a=p'?,

\

where 0= (I’ (1 + %)

ARG -

and

b

22 1/

1"(2-

I'(p)

FUt)dt= I'(2p—1)

I*(p)

b

Dlerd)re )

1
2V’

For the Gamma distributions with variance 1 we have

f(@)=

a? -1, -
xp e ax ,

2p—1
1/2
P < 2 > ’

For the Weibull distributions with variance 1 we have

f (x)“

— F<1 + l>2> —wz, and

—zb
xb lez/v

1
2v3

x>0

x>0,

and

b

For triangular distributions with variance 1 we have

f(@)=

h

h

—2+h
a

if —ag2<0

if 0<2<b,

2

1
f —.
0r;p>2

where b=(v/72—3a’ —a)/2, h=2/(a+b) and 0<a<+18, and

|\ fo)o=

8

3(a++T72—3a?) °

-1—, respectively.

1

In Table 1 we show numerical values of G(x) and in Table 2 the
values of g(0) for some distributions.

Table 1. Values of G(x)
N 0.02 0.04 006 008 0.1 0.2 0.3 04 0.5
Distrib.
Normal | .0113 .0226 .0338 .0451 .0564 .1125 .1680 .2227 .2763
Expon. .0198 .0392 .0582 .0769 .0952 .1813 .2502 .3207 .3935
Rectan. | .0115 .0230 .0343 .0457 .0569 .1121 .1657 .2176 .2678
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Table 2. Values of g(0)

Distrib. | Normal Expon. Rectang. ('};?__rg)a V(V:_‘__l_);)“ ’I(:‘__E“‘)jg (a=1) (a=v6) (a=2)

9(0) .5642 1.0000 .5774 L7071 .5806 .6285  .5731 .5443 .5472

4. Concluding remarks

(a) From the consideration in Section 2, for large h, we may esti-
mate the population means with a little loss of efficiency in comparison
with the original procedure described in [1] as follows:

Draw a random sample (%, - -, «,) of size k from a population. For each
z, draw a sample (¥s, * *, Yim) Of size m—1 from the population and find
the rank of z; in (%, Yu, -+, ¥in). Let m, be the number of x,’s which
have the rank j. Estimate the population mean by

1 1 (sugy,
m f=1 nj

where 3% means the summation over the z;,’s which have the rank j.

(b) In the distributions considered above, the normal, exponential,
rectangular, triangular and the gamma and Weibull with the shape
parameter larger than 1, we can say that the values of G(x) are be-
tween 0.52z and z for £<0.5.

(¢) Even if the consideration is restricted to the family of distri-
butions having the same variance, yet the distributions whose density
functions are highly concentrated somewhere will be unfavorable for the
selection of an element with a given rank in several elements at a
glance.
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