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Summary

Assuming that the covariance matrices are circular, we make an
appropriate transformation which reduces the circular matrices to canoni-
cal forms. The discriminant function is given when the populations are
multivariate normal with different circular matrices and its distribution
is derived. An asymptotic expansion for the distribution is obtained
when all the parameters are unknown.

1. Introduction

Let X, a px1 vector, be an observation which is known to have
come from one of two multivariate normal populations. Denote the ith
population by =z, which is N(g,, 2,) for 1=1,2. We assume that I, is
positive definite and circular, i.e. 2, is of the form
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This matrix has been studied by Whittle [9] and Wise [10]. The
purpose of this paper is to derive the discriminant function which will
be used to classify the observation X into either z; or =,. It is given
in Wise [10] that the matrix in (1.1) can be transformed into canonical
form. Thus there exists an orthogonal matrix L with (m, n)th element
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such that L'Y;L=diag (¢}, o}, -+, 0i,). Since L is independent of the
elements in X, and ¥,, the discriminant function is equivalent to that
when the covariance matrices are diagonal. This is true because the
discriminant function derived by the likelihood ratio procedure is invari-
ant under any linear transformation.

Section 2 will derive the diseriminant function and its distribution
when the parameters are known. Section 3 discusses the distribution
when the covariance matrices are known but the means are unknown.
When the parameters are all unknown, an asymptotic expansion for the
distribution is made in Section 4. The expansion is obtained by the
“studentization ” method of Hartley [2] and of Welch [8] which was
used by many authors (e.g. Han [1], Ito [3], Okamoto [4] and Siotani
[6]) for other multivariate problems.

2. The discriminant function

Since the circular matrix can be transformed into canonical form,
we may let X,=diag (¢}, %, -+, 0},), 1=1,2. The discriminant function
is easily obtained by using the likelihood ratio procedure. It is propor-
tional to

(X =) 27 (X — ) — (X — 1)) ZTH (X — 1) .

Substituting g; and 2; we obtain, apart from a constant,

{<_1_ 1 )(x,—— 93— ylaiy >2}

7 1ot —1/a,

@.1) V= Jﬁ
where x; and p,; are the jth component of X and p,, i=1, 2, respec-
tively. We classify X into =, if V>k and into =x, if V<k for some
suitable choice of the constant k.

To find the distribution of V, we shall assume that o?;>03;, for all
J, or equivalently X,—J, is positive definite. Hence 1/o},—1/0?,>0. Let

2.2) Z=4L 1 (w | — Ll — sl %y )

LTY 1/d3y—1/qi;

Then Vzé Z}. When X comes from r,, i=1 or 2, Z, are independently
j=1

distributed as N(§,,, zi,) where

- _1___i< __#21/‘7;1—#11/0§1>
S */ag A\ T e e, )
2.3)
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Therefore V is distributed as the sum of zZ,-x*(8%) where xd}) is a
non-central y* distribution with 1 degree of freedom and non-centrality
parameters 8},=¢&l,/r};,. It is not easy to obtain the distribution in a
closed form. Patnaik [5] has considered a y* approximation to the dis-
tribution of the sum by fitting the first two moments. Thus the dis-
tribution may be approximated by cy} where

P T:/+2 S 721531
c=_1 7
g T%j+; E?,

(2.4)
=y (Farza).

3. Distribution of the discriminant function when the means are
unknown

When g, and g, are unknown, we estimate them by the sample
means X; and X, based on samples of size N; and N, from the two

populations respectively. X,, i=1,2, are independent N(g;, 1/N,-%)) dis-
tributions and independent of the distribution of X. Furthermore, since

Y, are diagonal, the components of X, are also independently distributed.
The discriminant function in (2.1) becomes

3.) V=3 (L) (s, Bl Fulct, )}

L]

j= 0'31 0{/ 1/0‘;,—1/0?,
= Y?
i=1
where
11 Ty |0y — 1|0
3.2 Y,= ——(ac—— 21/0%; — %1 ,>.
&2 TV A\ a1

The distribution of V is found in a similar way as in Section 2.
When X comes from =z;, =1 or 2, Y, are independently distributed as
N(&,;, 7¥) where &, is given in (2.3) and

1 1 N@,;+ Ny
3.3 =g} <_.___> 4 Nty + Ny
@3 T=0\ T ) T NN, — )

The second term on the right-hand side is the increase in variance ac-
counted for the unknown means. The distribution of V is the sum of
oy (0%) where 0}=¢}/<}. Again this can be approximated by the
Patnaik’s method.
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4. Distribution of the discriminant function when all the parameters
are unknown

This section will derive an asymptotic expansion for the distribution
of the discriminant function when all the parameters are unknown. The
technique is the “studentization” method of Hartley [2] and of Welch
[8]. The estimators of g, and ¥, are the sample means and sample

T

_ Ny
variances, i.e. X; and S?=(s?}) respectively where 85 =20 (Tij6—Tiy)* M,
k=1

and n,=N,—1, 1=1,2, j=1,2,.-.,p. %, and s, are independently dis-
tributed. Now the discriminant function in (2.1) becomes

e (/1 1 Tyl — B st \?
41 V= {( _ )( .._zz_f_u_f> E
(4.1 =\ N\ g,

It is easily seen that V is invariant under any linear transformation.
Hence, without loss of generality, we may let =0, 2.=1, p,=p,=(p01,
tozs ** s tp) and F,=2Z,=diag (6%, 0%, - -+, 03,). We shall derive the cumu-
lative distribution (c.d.f.) of V, Fi(v), given that X comes from =,, i=
1,2,

The characteristic function (c.f.) of V when X comes from =, is
o(t/m)=E(e"*" [x;) which can be written as

{P(t/TFl):EXl’ X3, 81, 81 {E(eiw/fn Xz; S, S:; 7}
=EX1’ X" Sl’ S’ {sb(jl, Xz; SU SZ)} ’

where ¢(X,, X;, S;, S;) is the conditional c.f. given X,, X, S, and S,.
It is found that

2

85 81y
N Z,\ [/ 1 1)
xexP{“”(%—T”) [( ; _T)
S35 814 835 815

<fem -]

Since the function ¢ is analytic about the point (Xi, X, Si, S:)=(0, s,
I, %)), expanding ¢ into a Taylor’s series, we have

‘/’(Xn X, S, Sy)= {exp [2511—3“*‘2(52.1 -—yo,)—a—+2’(sf,— 1) 9
Opy Optay 9o
0

+Z(S§,—0ﬁj)i;,;:|}¢’(llu o, 21, 2o
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where |, denotes that the expression is evaluated at (0, g, I, 2y). The
c.f. of V is then

(4.3) olt/m)=EXu X0 81 81(( X,, Xy, Sy, )
=9¢(ﬂ17 ”2) z’ly 22)!0 ’

where 6 is the differential operator

9=Ef1,.x_2,51, S’ {eXp [2@1] a +2(§21_#0j) a
Op; Opng

+2(si;—1)

bl 0
3(st—at ]}
ao*;’,+ (s, ’)aag,

Since z,; and s}, are independently distributed as normal and y* respec-
tively, using the moment generating functions, we have

1 & ,a & 3 3
4.4 O=T[ ex { of — —a;
(4.4) X N 5 T aN, 5, a0, " aal,

_ﬂlog <1—l a'z >—-l?_log <1_—% L)}_
2 n 301_, 2 nz aofj

Substituting the expansion of log (1—x) and further expanding the ex-
ponential function in (4.4), we obtain

1 0* 1 0* 1 0*
4.5 6=1 2 Jal; —_y
“4.5) M) A AT A F Rl =5
+ Ly, 4o,
Uz a(o-gj)z

where O, stands for the terms of the second order with respect to
(N74, N;Yynit,ny'). We can now find the individual terms in (4.3). The
principal terms is

4.6) @0, p, 1, Xy)= ];[ (1—2ita,;)" " exp {itpilo},a (1 —2ita ;)] ™'} = ¢,

where a;=1/0};—1. ¢, is the c.f. of 3} Z} or sum of p non-central chi-

7 _
square variates with 1 d.f. where Z, are independently distributed as
N(p;/(a5;/a;), ay).

To find the term associated with Ni!, we have to differentiate the
function (g, pts, 2, X,) with respect to p,;. The second derivative eval-
uated at the point (0, g, I, %) is

1 it 2y |
N, > { (1—2ita,)a, + (1—2ita,)'o};a? %

Similarly we can find the terms for N;', n;! and n;!. They are
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717'; 3 { (1— 2@Z,m,a, + a —zz(zgfk)z:;s,@ } o
%1 % {(1 —gim,) “+a —(gi);z,)z [¢5+2¢,+b3]
+r(;tz;—&;)7[4b,+2b,c,]+(1—_(g}@b}}¢o ,
Ls {zizt—m,) h'+u—_‘;tg%y[aa,h,—2h,—a:,gﬂ
+(1——(%?W[4""2”3’g’h’]+(1——(;%&,7”""’§} do

where

bj=_2f‘3_f, b;=_—_42_l‘3_f(L+2>,
Oos04 o0 \ Gy

;=511 c;=2( oy —1>,

a5,a; 00,03
BT T
00,05 0030 \ 00,0y
2 1 1 2 H 3l
b= (__1>__, h/=_<_ﬂf____!ﬂ+1)_
! Oﬁjaj a; 0'3! ! 0j o‘”_,a,, a?j,aﬁ

The c.f. of V, after collecting terms, is

it S )
(4.7) sé(t/vrl) {1+E (1—2ita) Myt 2 A—2itay
B 20 S S )
3 T2ty ™Y T—ziay "}¢°+0”
where
1 1 1,1
My = Na, * Ngia, + " o¥ N2 i

=_1__ 244 1 2#01 2 Y
L R Ve L (420,41

+— (Ugjhj —2h;—a3,97) .
ne

mw=i(4b,+2b,c,)+-—1—(4gj—203191h1) '
ny n

1 1
my=—-"0+—at,g%.
" P j+nz 0597
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In order to invert the c.f. to obtain the c.d.f. Fy(v), we use the
method given by Wallace [7] which was used by Ito [3] and Han [1]
for a similar problem. If F(x) is the c.d.f. of a statistic and ¢(f) is its
c.f., then the c.d.f. corresponding to (—it)"¢(t) is F(x) where F(x)
is the rth derivative of F(x). Now let G,,(x) be the c.d.f. of a non-
central chi-square variate with & d.f. and non-centrality parameter .,/
as;a%, then

(4.8) F(0)=3 {G1/(v) = m G5 (0) +m, G (0)
— M GP(0) + M GEPW)} 40, -

To find the c.d.f. Fy(v) when X comes from =, a similar procedure
is used. The conditional c.f. ¢(X;, X;, Sy, S:) is

s3;, 8y

com 0l £ )22
8 8y 85 Sy
x| () 02 =)}
834 814 Sy 8ij

Again expanding ¢ in a Taylor’s series about (0, g, I, 2;), we obtain the
principal term to be

(4.10) 9o=T[ (1—2it} a0, exp (ityd;la,(1~2itet0,)] ™}

49 ¢(X X S S)=]] [1—2itaﬁ,( 1 _L)]“”

which is the c.f. of Zj} Z? where Z, are independently distributed as
N(m,/v @y, da;). The linear terms are found to be

1 Z{ it 2(it) s }¢
N, 7 ((1=2itada)a;, (1—2itaa)al)’ "’

i 2(it)* 2, M" ,

1
) e :
.Nz J (1 —Z’Ltoﬁjaj)o‘(‘,jaj (1 '—2'Ltggjaj)20;ja§

1 { it , (it)? oy )
L7 ((-2itaa) Ot T ziaay (Ci+26,Cy + Bi]

___ @ 142B 2B, _@_.Bz}
Fa=zitaay PO iy P

_1_ { it < H' (1) ¢ H2—202.H,—a'.G,
w3 (= ziaay W T2y o~ 2ol

463,G;—208, Gy H+—S_glg,,
[49%,G;—203,G, H,]+ A—2ita,) ”oij}¢o

(w)’
+ (1 - 2'it0’3]aj)s

where
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B,= 244,00 , B)= _ 2pa,0 ( _|_4>
a; a; \ay

Cm— 21y, Cpgf g Bh B g
@ a @ @

243 1
G, =_2thi , Gj=2-ths_ Mo [__2} ,
! 05,04 00, L asa,

H=-ta 1 g

05 gy 00,a5 "01

The c.f. of V given that X comes from =, is

_'t__ N Y
(411) GD(t/”Z) {1+2 (1—2ita? 2.0 j) lj+2 1- 21/t02jaj)
SR 7 AN Y S S ) 7
3 Tzitday T Tzitday "}¢°+O“
where
M.ljz 1 + 1 ;—i——o’oj-ij

Nga, Nzo?,,a, n

1 2 1 24
M,=L 2o 1 2 C+243,C,+ B,
21 N1 +N2 a(,,aj+ (J+ 1;C;+Bj)

+ ” (‘73ij2 —203,H,—a,,G)) ,
2

Mj=—;~(4oﬁij+2BjCj)+nL(MjGj_zoajGJHI) ’
1 2

1 1

M,;=— B? +—— "ng
Ny

The c.d.f. Fy(v) is obtained by inverting ¢(t/m;). Let G.,(x) be the
c.d.f. of a non-central chi-square variate with & d.f. and non-centrality
parameter y;;/a5,a5. Using the same method to obtain F\(v), we have

Fyv)= 2 {G1,(v) — My ,GP(v) + My .G (v) — My .G (v) + M, ,GP(v)} +O; .
where G{?(v) is the rth derivative of G,,(v).
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