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1. Introduction
Let us define some notations in the following way :
(X, A,p) ; a o-finite measure space
C] ; a parameter space which is a closed subset of k-dimen-
sional Euclidean space R*
{Py; 00} ; a family of probability measures on (2, 1), dominated

by s
o(+, 0)=dP,/dy

(X, An, pm) 3 the usual n-fold measure space of (X, A, )

P, ; the m-fold probability measure of P with the density

(-, 0), ie.
P, O)=1] p(2:, 0),  z=(@1,--+, 2,)

t.(x) ; a k-dimensional measurable function on R*, z=(z,,---,
)

T.=t(X) ;" an estimator of 6 where X =(X;,--+, X,) is a random
vector

{X.} ; a sequence of random vectors which are independent
and identically distributed with P,

L[T| P] ; the distribution function of the random variable 7' un-

der a true probability measure P

Wolfowitiz [6] and Kaufman [3] argued about the sequence of esti-

mators with uniformity property :

(1.1)

uniformly for (y, 6) € R*XC where C is any compact subset of 6°, the
interior of 6. Such a sequence of estimators, {7}, is said to have uni-
formity property and the family of such sequences is denoted by &.

L[n*(T,—6) | P](y) - Li(y)

* This concept is introduced by Wolfowitz [6] and is called “Property U” in [7].
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We can see in Theorem 2.2 below that the sequence of maximum likeli-

hood estimators (m.l.e.), say, {0:,} has the uniformity property under
suitable conditions. Kaufman obtained an optimality of the sequence of

m.l.e.’s {é,,} among the family &; for any {T,} €&
(1.2) lim P,{n"*(T,—6) € S} < lim P,{n"*(6,—06) € S},

where S is any symmetric (about the origin) convex subset in R*. This
implies that the sequence of m.l.e.’s is more concentrated about the
true parameter 6 than others in &.

The purpose of this paper is to improve the proof of (1.2) given by
Kaufman [3] to be the more elegant and prospective one in the follow-
ing sense: under the same conditions as in Kaufman [5] the limiting
distribution function L, of the sequence of estimators with uniformity
property can be exactly represented as a convolution

(1.3) L0=Gg*¢o y

where G, is some distribution function and @, is the normal distribution
function with mean 0 and covariance matrix I(6)~!, I(6) being the Fisher’s
information matrix. Then the optimality of m.l.e. (1.2) is easily verified
to be the immediate result of (1.3) and Anderson’s Theorem®. Although
T. in Kaufman is the smoothing of T, by the uniform distribution
function on the k-square with the size K, we shall however use, in place
of it, T* which is smoothed by the normal distribution depending on
the sample size n, in order to simplify the proof®.

In Section 2, we shall state some known results without proofs. In
the later half of this section we shall prove two preparatory lemmas
(Lemma 2.2 and 2.3 below) which are the corresponding lemmas when
T.. is replaced with T*. In Section 3 we shall verify the main theorem
(1.3).

I am indebted to Professor M. Okamoto and Mr. K. Takahasi for
their useful comments.

2. Preliminary lemmas

Throughout this paper, we assume the same regularity conditions
on {p(-,0)} as (4.1)-(4.11) in Kaufman ({3], p. 167).
THEOREM 2.1 (Wolfowitz [6] and Kaufman [3]). For {T.,} € & with

1 Let G and ® be probability distribution functions. If ¢ has a unimodal probability
density function, then

SsdG *d?_s_S’dG), for S, the same as in (1.2).

9 For Tuk, see Kaufman ([3], p. 163) and for T, and Tn*, see Lemmas 2.1 and 2.2 be-
low.
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the limiting distribution L,, it holds that

(i) Li(---, —o0,-+)]=0 and L[(+oo,- -, +0o0)]=1 for 6 ¢ 8 and each
convergence is uniform in C,

(ii) for each fixed 6 €6°, Ly-) is continuous in R*, and for each fixed
y € R*, L.(y) is continuous in 6°,

(iii) L, is absolutely contimuous with respect to Lebesgue measure,

(iv) Li(y) is strictly increasing in the sense that if y<y' (i.e. ¥,=¥),
i=1,---, k and y,<y} for some j), then

L(y)<Ly') ,

(v) Ly(S) is continuous in 6° for any simple set® S where

L(S)= SS dL, ,

and
(vi) for any simple set S,
2.1) Py{n"(T,—6) € S}— Ly(S)

uniformly in C.

THEOREM 2.2. There exists a sequence of m.l.e.’s {(;,.} such that for
n=1,2,---, 6,(x) is a root of the likelihood equation with probability p.(6)
where p(0)—1 uniformly in C, and that
2.2) Ln(6,—6) | P] (y) - Ouly)®
uniformly for (y,0) € R*xC.

THEOREM 2.3. The sequence of m.l.e.’s {0;} 18 asymptotically suffi-
cient for {P,; 0 €6°} in the sense that there exists a family {Q.; 0 c 6"
of probability measures on (X,, A,) with the densities {q.(-,6)} with

respect to p,, such that 5,, 18 sufficient for {Q.; 0 €6} i.e.

(2.3) 0.(%, 6)=g,(6,(x), O)h.(x)
and such that
(2.4 1 Pu=Qull={ 12,2, 6)— 0., 0) | dgts—0

D A set S is called “simple” in this paper if for any finite interval IC Rt and 3>0,
there exist D and D/, finite unions of disjoint intervals such that DcSa/c D’ and A(D’—D)
<, where 2 is the Lebesgue measure. For example, convex set is simple.

»  We can see that I(f)! (which is the covariance matrix of the distribution ®s) is con-
tinuous in €9, See [5] for the proof of this theorem, for example.
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uniformly in C. Furthermore g.(y, -) is Borel measurable in 6'.

Remark. Let

zu(B)= Sé,.-lw) ha(@)dpn

and
D.=ly; |, ,, d=(2)>0)

where I,={y; ||¥11<d,/2}, d.=0o(n""?), and ||y||l=max{|y,|; j=1,---, k}.
Then we can choose ¢, such that, for bounded B, Borel set, z,(B)<oo,
and for any M >0 and compact CC6’, there exists a positive integer
N=N(M, C) such that for n=N,

(2.5) {y; n'2||y—0||<M}cD,, for any 0€C,
ie. {y;dy, C)<n*M}cCD,.

Since the relation (2.4) implies that any asymptotic property hold-
ing for {P,)} holds also for {Q,}, we can utilize {Q.,; 6 € 6’} obtained
in Theorem 2.3 in order to investigate properties of the limiting distri-
bution L,.

For {T,} € £ and B¢ $*, Borel ¢-field of RF, let

v(B, ¥)=Qu{ T, € B|6,=1)
which is independent of ¢ because of sufficiency of é,, for {Q.;0€6°%.

LEMMA 2.1 (Kaufman [3], p. 160). Given {T.} €& and associated
{v.}, let {5,} be a sequence of positive numbers tending to zero with the
order of o(n™"?), and let {W,} be a sequence of random variables in R*
with uniform distribution over the square I,={y; ||y |/ <d./2}.

Define, for each m,

bu=0,+W,
ww, =0 |, dL10,1Qu1@=07"Qulb, € L11)
for ye R* and 6¢€6°, and

vu(B, 2)dz,(2)

v(B, y)= Slﬂ+y
SI»"‘V

for Be B* and y € D,={y; denominator+#0}, and v.(B, y)=0 if y ¢ D,.
Then,

dz.(2)
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(i) The distribution function of 8, is absolutely continuous with the
density w,(-, 8) with respect to Lebesgue measure.
(ii) There exists a {6,}, mentioned above, such that

nFPW (" u+-0. 6)— d(u, 6)

untformly for (u, 6) € R* X C where ¢(u, ) is the T1(0, 1(6)~')-density.
(iii) For any convex symmetric set S and € 6°

lim Q,, {n*(8,—6) € S} =lim Q,, {n*d,—06) € S} .

(iv) For each m and y € D,, v,(-,¥) 18 a probability measure on (R*- B*)
and defines an estimator T, which has v.(-,y) as the conditional dis-
tribution for 6,=y, and therefore
QM{Tn € B} =S 1_J.n(B; y)wn(y9 0)dy .
(v) For any simple set S and 6 € 6°,
lim Q,,{n"*(T,—6) € S} =lim Q,,{n"*(T.—8) € S}
the convergence being uniform for 6¢C.

The following two lemmas correspond to the lemmas due to Kaufman
although we use T.* in place of T,,.

LEMMA 2.2. Using {v,} in Lemma 2.1, define

@6 B9 = {1+n) | 5B, y gt
where
@7) 147@=1/ | up_, 9O, 0<p<1,

and ¢ is the density of J1.(0, E), E being the identity matrixz of order
k, then

(i) for each m and y € R*, v¥(-,y) is a probability measure on (R*, B*)
and defines an estimator T, which has v¥(-,y) as the conditional dis-

tribution for given 8,=vy, and therefore
Qu(T: € By={ s2(B, vyw.(y, 0)dy,

and
(ii) for any simple set S and 0 € 6°,

lim Q. {n'*(T¥—6) € S} =lim Q,, {n"(T,—06) € S},
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the comvergence being uniform for 6 €C.

PROOF.

(i) It is obvious that for fixed y € R*, »}(-, %) is a probability measure
and for fixed B, v}(B, -) is measurable.

QT € By={ s2(B, .y, 0)dy .

(ii) Let ¢ be any small positive number, and fix it. Let M, be a posi-
tive number such that

28) Sun»x Pt <e/8.

It follows from Lemma 2.1 (v) that there exists a positive number
N, such that for =N, and ||t||<M

| Quosn-ta (N[ T, — (6+n7)] € S} —Qu {n'(T,—0) € S} <¢/8,
and hence that

(2.9) Qi (T,~0es)-| st

litlls
- Quosn-tr (W T,—(0+n"?"t)] € S}| <¢/4 .

Since ¢(u, 6) is continuous in & (see the footnote 2, p. 3), it holds
that there exists M,>0 such that for any #¢C

(2.10) Hu, O)du<e/S .

Suuu»v,
Since C is a compact subset of 8°(C R*), we can see easily that

and so, that let

C ={0;d(6, C)<d/2},

then C’ is compact and CcC'cé’. If in (2.4) we take compact set C'
and M,>0, it follows that there exists a positive integer N=N(M,, M;,
C") such that for n=N, ||u||SM,, ||t||<M;, and §€C,

6+n*teC’ and  y=nu+6+n*tecD,,
and hence that
121/{147.(n"*u+6)}

= sy POUE [ 0, 4O
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Hence we have that r,(n""?u+6)—0, uniformly in ||« ]||[<M; and 6€C,
i.e. there exists N,=N,(¢) such that for n=N;, ||« ||<M,; and 6 €C,

(2.11) 0=r.(nu+6)<e/8.

By Scheffe’s theorem®, it follows from Lemma 2.1 (ii) that for meas-
urable functions {f,}, bounded by 1 and ||¢||<M,, there exists a posi-
tive integer N, such that for n=N, and 6¢C,

2.12) I S Sa(u)n 2w (n~ 2u+0+n"*"7, 6-+n""t)du
—S Fuw)plu, O)du| <e/8 .
Therefore we have that for n=max (N,, N;, N;) and 6e€C

15,112, PO m A T, (040 70) € 5)
~Qu{n(Tr—-6)€ S} |
= I SM L, POt S (S +8+m"%, y)w.(y, 6-+n"*"t)dy
—S wa (Y, O)dy'vi(n~*S+0, ') |
=| g”“[ﬂl $(O)dt | 5,01 2S+0+n ", ot 94 notr)
s 7w (n T 40+ n, 04+n TP ) du
—S n 2w (n" 'u+ 0, O)duv(n*S4-6, n"/2u+0)|
(by letting y=n""u+60+n"%* and ¥y’ =n"'""u+6)
< | Sms”l #(t)dt S B2+ 0+ %, 1V 404 m*)(u, O)du
—S $(u, O)du v (n-2S+0, n-mu+o)| +2-¢/8
(from (2.12) and 0V, 51)

<e/a+ | S #(t)dt S B (-S40 +n-*rt,

lull s M,
V2 u+60+n""t)p(u, O)du
—S” e B, Ut (n S 40, n-mu+o)|+2-e/8
ul|l sM,
(from (2.10) and 0y, v¥<1)

—e/2+ | S $(t)dt S

el s,

llull <A, n(n SO+,
’ 404+ n"*"t)p(u, 8)du

el sMy

D For example, see Rao ([4], p. 104).
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- S il SM, ¢(u9 o)du {1 +7’n(fn“1/2u+0)}

M S ¢(t)dt;n(n_llzs+0+n_ﬂ/zt, n—l/2u+0+n—ﬂ/2t)

(from (2.6))

=e/2+ ‘ S (t)dt S (S +0+nP,

el > M, llull sH,

n U+ 60+n"t)p(u, 0)du| +¢/8

(from (2.11))
<¢/2+4¢/8+¢/8=3¢/4 (from (2.8)).

That is,
@13)  |] | $0dtQuutnn T @40 )] € 5)
~QuinA(Tr—0) S} |.

Consequently, from (2.9) and (2.13) it holds that for n=max (N,
N,, N;) and 6¢C
| Quo (0T, —0) € S} — Quo {(n'X(T¥—6) € S} <e.
The proof is complete.

LEMMA 2.8. The random variables U,=n"%0,—0) and V,=n"*T}—
8,) are asymptotically independent in the following semse:

| Qu{U, € By, V, € B} — Qu{U, € B,}Q,{V. € B;}| =0
uniformly for B,, B, € B*.

ProOF. Fix 6e6'. It follows from Lemma 2.1 (ii) that there exist
a positive integer N; and M;>0 such that for n=N,

(2.14) QulllU.[|>M} <e/4.
From the definitions of T* and 4,, we have

Qu{V. € B;|U,=u}
=¥V By+n u+6, n~*u+-6)
= (L+7n " ut0)} | 5.0V But 0-+n ot
0+n""u+n"*t)g(t)dt
= (L4 7. "u+6)) S 5. V2By+ 0+ n4, G4+ m RN (E —n- O Ply)dt!
(letting t+n~“—#2y=t’).
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Since ¢ is uniformly continuous, 0<A<1, and 7. (n "u+6)—0 uni-
formly in ||||[<M, (and 6€C), we can show that there exist M,>0
and a positive integer N, such that for n=N, and ||w;||=M, 1=1, 2,

(2.15) SM | H—n e <efs,

(2.16) | gt —n"PPu) —p(t—n " u,) | <(2M,)"%¢[8 ,
and

(2.17) 0< 7 (n~u+6)<ef8.

Hence, it follows that for n=N, and ||« ||<M,, i=1,2,
| Qu Vs € By | Un=21} — Qui{ Vs € By | U=} |
- | (L4720, +6)} S B.(n-VBy+0- 0%, 0+ n-PPE)p(t— P )
— (14700, +6)) S B (n"By+ 0+t §+nP"t)
. ¢(t—n‘“'"’/2u2)dt|

=

S v(n "By + 0+n"t2%, 0-+n"Pt) {Hp(t— n-A-Py)

—p(t—n" Py} dt | +-¢/4

(from (2.17))
<eld+ S o | BT ) — (=P | it
<3¢/8+(2M,)*-(2My) /8 (from (2.16))
=¢/2, i.e.

218)  |QulVae Bl U=t} — QulVa € B[ Up=us} | <ef2.
Therefore it holds that for n=N=max (N;, N;) and ||u, || M,,
219)  |Qu{Va € Bs| U=t} — Qu{Vi € By
=|{ 1Qu{V. € B U=t} — Qu{Va € B | U, =u)1dL[U. | Qul )

§5/4+§ | Qu iV € By | U=y}

lull 3,
—Qu{V.€ B:|U,=u}| d.L[U, | Qnl ()
(from (2.14))
<efd+e/2=3¢/4 (from (2.18)).

Finally we have for n=N and B, B, € 8,
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| Qu iU, € By, V, € B)} — Qu{U, € B}Qu{V.. € By}|
<|QulU.€ By, ||U,[|=M,, V, € B;}
—Qu{U, € By, || U, [| =M} Qs {V, € By} | +¢/4
Ze/4+|QuiVa e B;|U, € By, || U, || =M} — Qu{V, € B3} |
Se/d+E, [|QulV. € By|Us} — QuiVa€ By} || U, € By, || U, || < M]
<ef4+3e/4=¢ (from (2.19)).

This proves the lemma.

3. Main theorem

We assume the same conditions as in Section 2.

THEOREM 3.1. The limiting distribution function L, of the sequence
of estimators with uniformity property is represented as a convolution

Lg-:Go * ¢, ,

where G, 18 the limiting distribution function of V,=n"(T*—6,) and
9, is that of U,=n"%6,—6), i.e. T(0, I(6)7").

ProOF. Fix 6 in 6" and we shall omit the index 6 for brevity. Let
Ln(y) =Qu{n' (T —0) <y},
Fo(w)=Q{U.<u},
Go(v)=Qu (V. <},
H,(u, v)=Q.,{U,<u, V,<v}
and
Ju(t, ) =Quo{U, <u}Qu{V,<v} .

For simplicity we shall use the same symbol for example,
L.(S)= Ss dL,.
From the definitions and arguments above, we have
Fu(y)—0y)=9.y) ,

Lw=| _dHwv),

utv

G, * F,,(y)=S dJ.(w, v) ,

utv<y
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3.1) L.(y)— L(y)=L(y)  for yeR*,
and
(3.2) lim {H,(B; X B;)—J(B;XBy)} =0,

the convergence being uniform for B, B, € $*.

By Helly’s theorem®, it follows that for any subsequence {n'} of
{n} there exists some subsequence {m} of {n’} and G (not necessarily
a probability measure) such that

3.3) Gn(w)—G(u)
at continuity point # of G. Then we have® that
(3.4) Gn * Fru(y)—G * O(y)

for all y e R* because G *® is continuous since @ is continuous. Fix
y € R*.

From (8.1), (3.4) and the continuity of the limiting distributions L
and G @, it follows that there exist d>0 and a positive integer N,
such that for m> N,

(3.5) | L(y)— La(y) |<¢/8,
(3.6) |G * O(y)—G, x F.(y) |<¢/8,
(8.7) 0=L.(y+d-e)—Ln(y)<¢/8,
and
(3.8) 0=G, * F.(y+d-e)—G, x F(y)<¢/8,
where e=(1---1)/, the kX1 vector.
Let

Ay, W)= {u=(uy,---, ue)'; ijd§u1<(7:j+1)d’ j=1,--+,k}
for i,=0, +1, +2,.--, (j=1,...,k),

and let
B(iy, -+, 0)={(u, v); ut+v<y+d-e, u € A, -, W},
B(iy,+ -, 1) ={(%, v); ut+v<y, u € A(%;,- - -, W)}

and

B(ily' ) ik)=A(ilv° * % ik) X {'U=(’Ul,' ] vk)’;
'Uj<yj—ijd7 j=1,---,k}.

1D See Feller ([2], p. 261).
D See Theorem 2 of Feller ([2], p. 251).



12 NOBUO INAGAKI

Since B(i, -, %) C B(iy,- -+, 1) C B(4,,

AN v
F(..>§% k=1 ey, ik)y we have
K 3.9)
B{(.-) 5 <:§ v+d
B(-) /% \ \ L= 3 S_(-a,- o iy CHal1, )
\ é(il,gik) SB(;‘I,. .e, i) dH,(u, v)
d
° ’ é(c‘l,;.ik) SE(il,. ) dH,(u, v)
AT =L.(y+d-e),
Fig. 1

and, similarly,

3.10) GnxF,)< > S AT, ) <Gy * Fulytd-e) .
(tly"'.ik) B('l)"':’k)

Similarly as in (2.14), we have that there exist M >0 and a posi-
tive integer N, such that for m=N,

(3.11) Fo{llu||>M}<¢8.

Hence we have that for m>=N,,

3.12) 0<3 S dH,(u, V)< Fo{llu||>M} <e/8

B(ir,++ -, ie)n (|u]|>M) x R
and

(3.13) ogzg A (u, V) < Fufl| w||> M)} <e/8.

B(it,« -+, de)n {||u||>M} x R

Thus from (3.5)-(8.13) we have
(3.14) ’L(y)-——Z'S
and

(3.15) |G « D(y)—3 S

B(i1,++, i) n (|| ul| =M} XR‘dH'"(u' 'v), <3-ef8

Bt iyl 50y e B0 )| <B-4fB.

Furthermore it follows from Lemma 2.8 that there exists a posi-
tive integer N; such that for m>=N, and B,, B, € &,

| Hn(By X By) —J (B X By) | <e/4 X (2)7*
where |=[M/d]+1. Then we have for m>=N;,

(3.16) dH,(u, v)

lZ‘ SB(ix,-“, w)n{llu||=M} x R

- SB(il,"" i) n{llul|<M) xR,ch,,,(u, 1))
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<2 |H,[B(, -+, )n{llu||=M} X E’]
—JulB(iy,- - -5 t) o {llw]| =M} X R |
@) @) re[4=¢[4

(counting the number of set B(i;,- -+, t)n{l/| % ||[S M} X R*).
Hence it follows from (3.14), (3.15) and (3.16) that for m =max (N,
NZ; N8)

| L(y)—G = O(y) | <2:3¢[8+¢[4=¢ .
Since ¢ is arbitrary, we have
3.17) Ly)=G = d(y) .

The relation (3.17) implies that since G chosen before does not de-
pend on the choice of the subsequence {m},

G(u)—G(u)

at continuity point u of G, and, therefore, that G is a probability dis-
tribution function.
The theorem is completely proved.

THE INSTITUTE OF STATISTICAL MATHEMATICS

REFERENCES

[1] Anderson, T. W. (1955). The integer of a symmetric unimodal function, Proc. Amer.
Math. Soc., 6, 170-176.

[2] Feller, W. (1966). Probability Theory II, John Willey, New York.

[3] Kaufman, S. (1966). Asymptotic efficiency of the maximum likelihood estimator, Ann.
Inst. Statist. Math., 18, 155-178.

[4] Rao, C. R. (1965). Linear Statistical Inference and Its Applications, John Wiley, New
York.

[5] Rao, C. R. (1963). Criteria of estimation in large samples, Sankhya, 25, 189-206.

[6]1 Wolfowitz, J. (1965). Asymptotic efficiency of the maximum likelihood estimator, The-
ory of Probability and Its Applications, 10, 247-260.

[7] Weiss, L. and Wolfowitz, J. (1966). Generalized maximum likelihood estimations, The-
ory of Probability and Its Applications, 11, 58-81.



