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1. Introduction and summary

The cdf of the largest latent root of the generalized B statistic in
multivariate analysis in the central case is given by Pillai [8], [9], [11],
and also useful formulae [10] approximating at the upper end the cdf of
the largest latent root. Further, the above cdf has been obtained by
Pillai as a series of incomplete beta functions [8], [12] and also independ-
ently by Sugiyama and Fukutomi [13]. Recently, Sugiyama [15] has ob-
tained the cdf of the same, as power series. In the non-central MANOVA
case, Hayakawa [5] and Khatri and Pillai [7] have obtained the density
in a beta function series form. The purpose of this paper is to find
simpler power series expressions than these obtained by the above au-
thors for the non-central density function and the cdf of the largest
latent root in the MANOVA situation, both in the generalized beta case
and by usual transformation in the generalized F' case. We will also
obtain similar formulae for the non-central density functions of the larg-
est roots in the case of canonical correlation and test of equality of two
covariance matrices.

2. Preliminary results

In this section we state the following two lemmas which will be used
in the sequel.

LEMMA 1. Let D, be a diagonal matrixz with diagonal elements 1>
I, >-->1,>0, and let x be a partition of k. Then

| D, |z-(p+1)/2c"(1DL) ;[j; 1 —li) KTfj (li_lj) Ij; dl,

>1y> -S> 1p>0 ~ L(p/2) \ ( Ii(t, ©)[((p+1)/2)
=+ (5B ) i a5 0
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where the zonal polynomial C(T), and I(a, ) are defined in [1], [2], [3],
[4].

LEMMA 2. Let S(pXp) be a symmetric matriz, and C(S) and C,(S)
be zonal polynomials of degree k and s respectively corresponding to the
partition k=(k,=k,=>---2k,20) and o=(8,28,=---28,20). Then

C(8)C8)=314..CAS) ,

Me

(]
-

where §=(6,=26,=- -+ 26,20), d;=k+s and ¢, are constants.

1

Lemma 1 has been discussed by Sugiyama [14] and [15]. Tables of
the coefficients g2, of Lemma 2 are given by Hayakawa [5] and Khatri
and Pillai [7] for various values of k and s.

3. Non-central distribution of the largest latent root in the MANOVA
case

Let X be a pXxm, matrix variate (p<n,) and Y a pXmn, matrix
variate (p=<m,) and the columns be all independently normally distributed
with covariance matrix ¥, E(X)=M and E(Y)=0. Then it is well
known that XX'=U, is non-central Wishart with »n, degrees of freedom
and YY'=U, is central Wishart with n, degrees of freedom and the
covariance matrix ¥, respectively. The generalized non-central statistics
are defined as the latent roots of

L=(U1 + Uz)-anI(Ul + l]z)_l/2 o

Let 1>1,>--->1,>0 be the ordered latent roots of the matrix L, namely
the roots of the following determinantal equation

|U,—UU,+ Uy |=0,
then the joint density function of I, ---,[, is given by Constantine [1] as

(1) C(p, my, my) exp (tr — ) | L | ™7~V | [,— L |?~07

. _1)y s s (m+m)/2). C(R)C(L)
K-l_[j‘ (li lj) E’ 2 (nl/2), C,(Ip)k! ’

where 2 is the non-centrality matrix, 1/2-M'Y'M, determinants |L |
and | I,—L| expressed as products of the latent roots of their matrices,
and  C(p, 1y, ny) =" T((ny+14)/2)/ T p/2)[(1y/2)[(ms/2). In this section,
we obtain first the density and e.d.f. of [,.

First we use lemma 2 and write

| L—LI"rC L) =5 53 (0-+1-n/2).CAL)CL)S!
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513 31 (p+1—m)/2).gt.CLs!
and from (1), we get

(2) C(p, ny, m,) exp (tr — Q) | L |m—?-7~

. 1y v (n4mp)f2), C(£2)
B N oTT AT

' i 3 g ((p+1-m)[2).CL)s! .

Now consider the integral

(3) | Lo T G- T d.

ll>lz>~n>lp>0

In (3) transform ¢,=l/l,, i=2, ---, p and integrate with respect to ¢,
* 4y, WE get

P p
(4) [lpr/itidet S | D, | -@+0rC,(D,) U 1 _qi).ﬂ’ (2:—q;) ]T_ dg,
1>0y> 4 >qp>0 i=2 i<j =2

=l{'"1/“"+“‘(pn1/2+k+s)< l—;,(g{zz) >
T

- L2, HL(p+1)/2) ¢ L), (by Lemma 1).

I((n+p+1)/2, 5)
Hence from (2) and (4), using the result
(5) I'(a, 0)=I(a)(a)s ,

we obtain the density of the largest latent root in the following form

S s (M+m)/2). C(8) &
(6) Ci(p, 1y, 1) ,E. ; (]2). CAL)K! E ((pny/2+ K +58)/s!)

. s ((p+1—n,)/2),(1,/2), Cy(I,)- lrm/r+i+s=t
A TSy

where 1>1,>0, and

[;,((p-l— 1)/2)1;((”'1 +1,)/2) 8tr—.O i
Lm/2)L(nm+p+1)/2)

Further, the c.d.f. of the largest latent root is given by

Cl(py Ny, ’nz) =

_ 2 51 (m+m,)/2). C(Q)
(7) P, <x)=Cy(p, nl,nz)g@ 2. CADK

.S (p+1—mn,)/2),(1,/2), o /Ak+s
Z"; %‘ gi. (T pt D/2)! CiI,)x .
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Let £=0 in (6). Then, since ¢i,=1 and =0, we obtain the following
formula given by Sugiyama [15]:

(8) Cu(p, 1y, M) Fi((— Mo+ 0+1)/2, my/2; (ny+p+1)/2; xL)x™* .

Since the roots [, ---,l, of the generalized beta case are related to
the roots fi, - - -, f, of the generalized F' case in the following manner:
l1= ‘fl . e, lp f _Jr
1+f1 1+f, '

we obtain from (9), the c.d.f. of the largest latent root in the non-
central generalized F' case in the form

((n1+nz)/2) C (9)

S 3 ((p-l-l ’”'2)/2) (’"11/2)6 pn/i+k+s
PN At 1)) Ca(l,,)(y/(1+y)) -

THEOREM 1. Let U, be a matricx having non-central Wishart dis-
tribution with n, degrees of freedom and matrix of non-centrality param-
eter 8, and U; be a matrix having the Wishart distribution with n, de-
grees of freedom. Then the pdf and the cdf of the largest latent root
l, of the equation |U,—(U,+ U)l|=0 are given by (6) and (7) respectively.
And the cdf of the largest latent root f, of the equation |U,—U,f|=0
18 given by (9).

4. Distribution of the largest latent root in the canonical correla-
tion case

Let the columns of <‘§;) be n independent normal (p+ p)-dimension-

al variates (p<q) with zero means and covariance matrix

Zy Z’m)
z=(3 3
Let R be the diagonal matrix with diagonal elements 7y, 75, - - -, 7,, Where

r3, 13, - -, 75 are the latent roots of the equation | X, X/(X,X/)'X,X!—
X, X!|=0 and also P be the diagonal matrix with diagonal elements
01, P2y * * *5 Ppy Where pl, o}, -+ -, o} are the latent roots of the equation
| 22252, —p'%|=0. Then, the distribution of =}, 73, .-, 7}, is given
by Constantine [1] in the following form:

(10) C(’n, P, Q) I Ip_Pz |n/2 I Rz l(q—y-l)/z | Ip_Rz I(n-p—q—l)ﬂ
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(n/2)(n/2). CAR)C(P?)
T[(n rJ)ZE @), TiAT I

where

_ L(n[2)z""
(11) C('n, o, Q) = I}(q/2)I;((n—'Q)/2)E’(p/2) '

By the same method as before, namely using lemmas 1 and 2, we obtain
the density of 72 in the following form:

2 (n/2).(n[2). C(P?)
(12) Ci(n, p, @) | I,— PI’2 Py @D, Gk

- 33 (pa/2+k-+5)fs) 3 g4 (p+a+1-m)/2),

(q/2)6 . I 2\pg/2+k+s—1
@rptyp, ’

where

L((p+D2Ln[2)
L{(n—q)/2)[((g+p+1)[2

Integrating (12) from 0 to  with respect to 7}, we have the following
cdf of the largest latent root in the canonical correlation case

Cyn, p, @)=

2 ) — 2 5 5 (W2)df2). _CAP?)
(18)  P(ri<a)=Cyn, p, @) | L,—P*["* % E @2).  CALyk!

(9/2)s
. - 1—n)/2),——2 = ——
Zg" (p+q+1—n)/2), a0,
. Cd(Ip) ,qu/2+k+s .
s!

THEOREM 2. Let (§;> be n independent normal (p+q)-dimensional

variates (p<q) with zero means and covariance matrix, X. Then the
pdf and the cdf of the largest latent root r: of the equation |X,X;-
(XXX, X! —r*X. X! |=0 is given by (12) and (13) respectively.

5. Non-central distribution of the largest latent root for test of
equality of two covariance matrices

Let S, and S; be independently distributed as Wishart W(n,, p, 2
and W(n, p, ), respectively. Let the latent roots of §,8;' and ¥, 3"
be g, -+, g, and &, - - -, &, respectively such that co>g,>--->g,>0 and
0> = 25,>0.
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Let
wi=2gi/(1+2gt)’ 'I:=1, D,

where 2 is a given positive constant in the test of the null-hypothesis
H that 24'=1 and 4'=diag.(d/, ---,8,). Then the joint distribution of
w;’s is given by Khatri [6] in the following form:

Cp, 11, %) |24 [ |W [0 L, — W[5 T (0~ )
<

—(A4)")C(W)
CL,)k!

where W=diag. (v, -+, »,). Then, by the same method as before, we
can obtain the density function of the largest latent root w, in the fol-
lowing form:

S CRERTIRCS

(14) Co(p, my, my) | 24" |7 éo 2‘} ((n1+nz)/2)s'a(l(1}"(_l( ;}i’")_l)

(p+1—mn,)/2),(n,/2), TP
.,,Za (pn,/2+Ek+5)g., sl ((nt p+1)/2), Ci(I)ol"

1M

where 1>w,>0, and Cy(p, n,, ny)= 1}1(22 721)3{2(2713’&’21;‘)235) . Let 24'=1,

namely the central case. Then, since gi,=1 and ¢=4, the cdf of o, is

P, <x)=Cy(p, 11, M) Fi((p+1—m9)/2, ny/2; (N + 9 +1)/2; w,1,)?™" .

This is the same formula as given by Sugiyama [14]. We note that if
(p+1—m,;)/2 is an integer, the summation of s will be terminated in
finite number of terms. Further, ¢?,’s are constants which do not ex-
ceed unity [7]. Again when n,=p+1 we get

P(o,<z)=|24"|""* Fy(ny/2; 2(I,— (4")"))x?™" .
Let =1, a=n,/2, and 2=1,—(24')"". Then we have ,Fy(a; 2)=|I,— 2|
THEOREM 3. Let S, and S, be matrices having Wishart distributions

W(n,, p, Z1) and W(n,, p, Z,), respectively. Then the pdf of w,=2g,/(1+3gy),
where g, is the largest latent root of the equation

|S1"gszl=0,

18 given by (14).
It may be pointed out that Khatri [6] has given the denmsity of g,
but (14) does not follow from his result by tramsformation.
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