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Abstract

A design in which heterogeneity is eliminated in two directions is
said to be balanced incomplete if both rows as well as columns are in-
complete and if all elementary treatment contrasts are estimated with
the same precision. Kshirsagar [1] and Pearce [3] have given illustra-
tions of such designs. In this paper, the complete analysis—with re-
covery of inter-row and inter-column information—of such a design
is given along with the estimates of the inter-row and inter-column
variances and is illustrated by a numerical example. Kshirsagar’s con-
dition of balancing in two-way designs is in terms of latent roots. For
designs with a particular structures this condition can be expressed in
terms of the parameters of the design. This is also done in this paper.

1. Introduction

Let there be uwu’ plots arranged in % rows and «’ columns and let v
treatments be assigned to these plots in such a way that every treat-
ment is replicated r times and the ith treatment occurs [, times (I;;=
0 or 1 only) in the jth row and m, times (m,=0 or 1) in the kth
column (5=1,2,---,u; k=1,2,---,4’). The vXu and vXu' matrices of
l,’s and my’s will be denoted by L and M respectively. They are
called the row and column incidence matrices respectively. The set-up
is:

(1.1 Yiyy=p+a;+B,+7,te,

where

y.;=yield of the plot in the ¢th row and jth column,
(which receives sth treatment)
p=general mean,
a,=effect of 7th row,
B,=effect of jth column,
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r,=effect of sth treatment,
€= error.

In the intra-row and column analysis, «;, 8; are regarded fixed and e,;,’s
are normally and independently distributed with zero means and vari-
ance ¢’. If inter-row and column information are also to be recovered,
a;, B; are assumed to be independently and normally distributed with
zero means and variances o; and o respectively; all a;, 8, and e;; are
independent. The ‘intra’ estimate of a contrast r,—z, will be denoted

by {,—t, where f, are any solution of the equations
(1.2) Q=Fi
where

Q=the column vector of Q,’s
t=the column vector of ¢’s
R=the column vector of R;’s
C =the column vector of C,’s
T =the column vector of T,’s

R;=‘u2 Yiss C,=§ ¥, T,=total of sth treatment
j=1 : i=1
9=>>¥., E,,=any pXq matrix with all unit elements.
i J

(1.3) Q=T-1LR-‘MCc+2E,
u wu v

(1.4) F=ri-1pop-lyw+7g,.
U u v

The combined intra and inter-row and column estimates of contrasts
t,—7; are t,—t, where t,’s are any solutions of

(L5) P= (WF+;1L-,W,LL'+;‘1-WcMM’)t
=Kt, say
where
(1.6) P=WQ+W.Q,+W.Q.,,
L7 Q,=%LR-—%E,I
(1.8) o=1mMc-9E,
u v

(1.9) W=1/e*, W,=1/(c*+w's?) and W,=1/(c*+ud).
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2. Analysis of a balanced design

Kshirsagar [1] has given a two-way design in which the rows
form a Partially Balanced Incomplete Block (PBIB) design with 2 as-
sociate classes and the columns also form a PBIB design with 2 associate
classes and the design is balanced on the whole. The lay-out of the
design along with fictitious yields is given below: (Figures in brackets
indicate treatment numbers.)

16.077 | 15.528 | 18.572 | 9.589 | 12.364 | 18.591
@ (4 ® ) (6) ®)

21.387 | 13.930 | 18.496 | 15.761 | 18.260 | 33.365
®) (®) ) @) (4) )
13.262 | 9.619 | 14.673 | 11.786 | 10.857 | 17.998
®) (6) ®) @) () @)
17.898 | 22.213 | 15.811 | 18.904 | 16.157 | 16.238
(4) ) @) ®) @) ®)
14.181 | 8.536 | 27.624 | 9.997 | 9.334 | 18.279
(6) ) ©) ®) @) @)
15.825 | 17.788 | 17.028 | 14.411 | 25.326 | 16.935
@) ® @ ) ©) (6)

(2.0)

One can easily write down the matrices L and M from the plan of the
design. From these, we readily obtain

2.1) LL' =3I x I,—J, X I,— I, X J;+3J, X J;
and

2.2) MM'=J, X L+1, X J,+2J, X J,
where

I.=identity matrix of order m,
JizEmimi (i=19 2)

V=mMMy

and X stands for the Kronecker product of two matrices. For this de-
sign, v=9, r=4, u=u'=6, m;=m,=8. Kshirsagar [1] has only in-
dicated the method of analysis of such designs but has not given ex-
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plicit expressions for ¢ and f, nor has he given the estimates of ¢? and
oi.
Substituting from (2.1) and (2.2) in (1.2) we find that

@.3) F=%<I—%Ew)

and hence, with the usual restriction Elvf=0, a solution of (1.2) is
A 2

2.4 t==Q.

(2.4) 2Q

These provide the ¢intra’ estimates of the z,’s. We now define
(2.5) K*=a111x12+a211><.,z+a3]1xIz+a4J1XJ2

and determine the arbitrary constants a, in such a way that K* is the
pseudo-inverse of K (when (2.1) and (2.2) are substituted in (1.5)) i.e.

K*K=I—%E,,,, ie. lelz—%Jliz.

A little algebra shows that

— 2 Q== 2(W1_Wc)
TW+W, ' U T3TWAW)(TWAW,)

Consequently, premultiplying (1.5) by K* and using E;, =0, we obtain
(as ElvP =0)

(2.7) t=[a111XI2+a2(11anz+J1XIz)]P .

(2.6) a;

This procedure is analogous to the one employed by Zelen and Federer
[56] in analysis of designs possessing property (A).
A two-way design is said to possess property (A), if

(2.8) LL =$ h.(0)D’; MM’ =Z‘} h(0)D’

where
0=(dy, 52"”’5”); 0,=0 or 1

D’=DixXD3X -+ XDi»
and

Ii; 6i=0;
J:; 6.=1.

3;
Di‘z

It is well-known that the variance-covariance matrix of @ is o*F
and that of P is
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2.9) WF+W,(Lir-Zg.)+w. (Lo T E.).
U v ’ U v

From this, the variances of all elementary contrasts t:——i,, or of t,—t,
(i.e. with recovery of inter-row and column information) can be easily
seen to be as below:

(I) Without recovery: The variance of any elementary contrast is

44*7.
a1 If s=(s,s;), k=(k, k) and treatments 1 to 9 are renumbered as
1), 1,2, 1,3), (2,1), ---, (8,8) respectively,
4 1 1 2
2.10) V(t,—t,)=—
2.10) Vit —t) 3[7W+W, T, 7W+¢W,+(1—¢)W,]
where

. { 1 if sl=k1 or 32=kz,
{0  otherwise.

3. Estimation of ¢°, ¢ and o:

It is well known that ¢ can be estimated from the error mean
square in the ‘intra’ analysis i.e. by

AP y:,-l,R'R—lC’C+ gz, -Qt

ww' —u—u' —v

Estimates of ¢¢ and ¢ can be found from S,, the sum of squares due
to rows (adjusted for columns and treatments) and S, the sum of
squares due to columns (adjusted for rows and treatments). Roy and
Shah [2] have shown that

62 §=EE_0 . qi-(r-Lyc)(r1- L) (r-Lac)

where * denotes the pseudo-inverse of a matrix. This pseudo-inverse
can be found out in the same manner as in the earlier section. After
a little algebra, we find

3.3) ES,)=u—1)(+wet)—ait, LL' (frI,—%MM’)*

=5¢*+27q2 (for the design (2.0)).
In the same manner, we find

(3.4) E(S.)=54"421q; .
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Estimates of W, W, and W, can, therefore, be obtained from 3.1), (3.3)
and (3.4). If it so happens that the estimates of ¢ or ¢ turn out to
be negative, alternative estimates suggested by Roy and Shah [2] may
be used.

4. Numerical example

For the yields, given in (2.0), we obtain the following values of ¢
and £. They have been obtained by computing the required quantities
such as @, P, error S.8., S, and S, and using (2.4) and (2.7),

t'=[—2.507, —1.045, —0.093, 0.295, —3.192,
—2.403, —3.367, 2.358, 9.954]

t'=[—2.202, 0.577, —0.800, 2.971, —2.643,
—2.0569, —3.545, 1.890, 8.431].

It is to be borne in mind that only contrasts of the treatment effects
are estimable and the best estimates are obtained by substituting the
above values in the contrasts. The analysis of variance table is as follows.

Analysis of variance table

Source d.f. s.s. M.S. F
Rows
(unadjusted) 5 | 208.772 41.754
Columns
(unadjusted) 5 | 199.154 39.831
Treatments
(adjusted for rows 8 487.899 60.988 30.46
& columns)
Error
(by subtraction) 17 34.032 2.002

Total 35 | 929.857

The row s.s. (adjusted for columns and treatments) is 90.927. The
column s.s. (adjusted for rows and treatments) is 15.024. Hence the
estimates of ¢*, ¢> and ¢! are respectively 2.266, 2.948 and 0.137. The
estimated variance of any elementary treatment contrast without re-
covery of inter-row and column information is 0.572. If inter-row and
column information is recovered, the estimated variance of t.;,—t . is
0.931 if either 1=4' or j=j4" and 0.905 if ¢+#4 and j#j'.
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5. Pearce’s balanced design

Kshirsagar [1] had remarked that the design (2.0) is the only de-
sign known to him, in which both rows and columns are incomplete and
has an over-all balance. However, later Pearce [3] came forward with
one more such design and Preece [4] has shown that the two designs—
the one given by Pearce and (2.0)—differ structurally. It can, there-
fore be seen that for Pearce’s design

LL,=I1X.,2+J1X12+2J1X-12 9
MM’=311XIg—le.,2_J1XIz+3J1X.’z .

i.e. they are the same as (2.1) and (2.2) with L and M interchanged.
Hence the analysis of Pearce’s design will be the same as that of (2.0);
only rows and columns have to be interchanged.

6. Balancing in two-way designs

Kshirsagar [1] has obtained a necessary and sufficient condition for
balancing in two-way designs. His condition is in terms of the latent
roots of certain matrices associated with the rows and columns. In this
section, we obtain an alternative condition for balancing. This condi-
tion is valid only for designs which possess property (A); but its ad-
vantage is that it is in terms of the parameters of the design rather
than the latent roots.

For designs possessing property (A),

(6.1) F= Z‘] g(0) D>’

where d=(d,, -, d,), each 6;=0 or 1, the summation is over all binary
numbers 6 and g(d) are certain constants.
From (2.8) and (6.1),

90,0, --,0)=r—h,0,- -, 0)/u'—h(0,- - -, 0)/u=g(0) (say),
91,1,---, Y=rfv—h,1,---, D/u'—h(1,-- -, )/u=g(1)  (say)
and
(6.2) 9(0)=—h.(3)/w'—h(5)/u
for any other 4.

For a balanced design F must be of the form (see for example
Kshirsagar [1])
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6.3) (L-1r.,)
v /
where 1 is the same constant.
This will be so if and only if
(6.4) k9) | k) _
. u %

for all 9, excluding 6=(0,---,0) and 6=(1,1,.--,1). This is, therefore,
a necessary and sufficient condition for balancing. That the condition
is necessary can readily be seen by comparing (6.1) and (6.3). Con-
versely, if (6.4) is satisfied, from (6.1), we obtain

F=g(0)I,+9(1)E,,
but FE, =0 and hence
9(0)+vg(1)=0.
This, therefore, on substitution in F, yields

1

F=g(0)[l—?E,,.,] .

This, therefore, proves that the condition (6.4) is both necessary and
sufficient.
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