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1. Introduction

The purpose of this paper is to present methods of constructing
Kronecker-product association schemes, reduced association schemes and
enlarged association schemes.

The Kronecker-product designs and the reduced designs were de-
fined by M. N. Vartak for the first time [8], but the association schemes
which were considered in relation to those designs were not defined. In
this paper the Kronecker-product association schemes and the reduced
association schemes are defined independently of the incidence matrices
of the designs. Those associations including some association schemes
of known types, i.e. the group divisible association schemes [2], the rec-
tangular association schemes [9], the group divisible m-dimensional as-
sociation schemes [4], the right angular association schemes [7], and the
cubic association schemes [5] are derived from some association schemes
of BIB designs.

In the next section the characteristic matrix which characterizes the
association scheme is defined. In the section 8 the Kronecker-product
association scheme is defined and the designs with the Kronecker-pro-
duct association schemes are discussed. In the section 4 the conditions
for an association scheme to be reduced are given, and then reduced
association schemes and the designs with those association schemes are
defined. In the section 5 the enlarged association schemes are defined
and the uniqueness of such an association scheme is shown. In the
sections 6 and 7 some association schemes of new types and necessary
conditions for existence of regular and symmetrical PBIB designs hav-
ing those schemes are given.
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2. The characteristic matrix of an association scheme

Among v treatments an association of m-associate classes is defined
and let the association matrices A,, 4,, 4;,---, A,, be

A=|lakl| %,J=1,2,---,» and k=1,2,---,m
where

1, if 4th and jth treatments are kth associates,

ah= { .
s 0, otherwise.

The parameters of the association scheme may be defined by the follow-
ing equations :
(1) A¢A1=Z;¢"=opfjAk for 'I:, j=0, 1,“', m.

These relations are rewritten as

Ao Ao

A‘ A1
(2) Ak=(Pk®I)

A, A,

.where

Do Dox *** Dox
P.= D% Dix - DL for k=0,1,---,m,

.............

0 1
Dk Prk * * * DPmi

A® B denotes the Kronecker-product of A and B, and I is the unit
.matrix of degree m-1.

Following S. Yamamoto and Y. Fujii [10], if we denote the associa-
tion algebra which is generated by the matrices A, A,,---, 4, by ¥,
then the relation (2) defines the regular representation of the association
algebra ¥,

(QI) . Ak _)P ko
Consider a non-singular real matrix
Co Co1 *** Com
C= Ciwo Ci1 *** Cim With Cyp=Cyy="+"" =00m=1

------------

CnoCm1 *** Coum
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which makes all P, diagonal simultaneously, in such a way that

Zox 0

21k
(3) CPC'= : for £=0,1,---, m.

0 zmk
The matrices defined by
(4) P’=(Z$=ocju21u)_lZ;sn=ocjkPk for j=0,1,---,m

are mutually orthogonal idempotents of the algebra generated by P, P;,
.., P,.
Let the matrix Z, whose (k+1)st row is the diagonal elements of
the matrices (3), be defined by

200 %10 *°° 2mo

(5) Z=|%n 2u " Zm with zp=2,=":++=2n=1.

------------

Zom %im * ** Bmm

Then it follows from (4) that

P} P, P,
P P, - Py
T =WC2)CRD)| - |=(Z27'®I)

Therefore the mutually orthogonal idempotents A}=(1/v)G,, A}, - -, A}, of
the algebra A corresponding to P%, Pi,---, P respectively are given by
A} 4,

A} A,

(6) - |=@zen
AL A,

where G, is the matrix of degree v whose elements are all unity.

DEFINITION 1. The matrix Z in (5) is called the characteristic ma-
trix of an association scheme, when the elements of Z satisfy the fol-
lowing relations

(7) Rg=Rp=""+=Zm=1
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Z?LoZugr-O for u=1’ 2,-.., m

D0 2=

ZuiZuj=2;:=op§quk fOl' u=0, 1, e, m,
where pi; (4, J, k=0, 1,-- -, m) are non-negative integers.

The following lemma 1 and the necessity of the word incidence in
the lemma were shown by R. C. Bose and D. M. Mesner [1].

LEMMA 1. If A, (1=0,1,---,m) are symmetric incidence matrices
satisfying
A0=Iv
2 Ai=G
AjA=2T0 Pl
Jor some set of constants pi, then A, are the association matrices of an

association scheme and pl. (4,7, k=0,1,---, m) are the parameters of the
assoctation scheme.

THEOREM 1. Necessary and sufficient conditions that symmetric in-
cidence matrices Ay=1I, A,,---, A, of degree v be the association matrices
of an association scheme are: (i) there exists a characteristic matrix
Z of degree m+1, (ii) m+1 matrices Al=(1/v)G,, A}, - -, A}, defined by

Al A,

At A
(8) N Z'QI)

AL An

are mutually orthogonal idempotents of an algebra.

PROOF. It can be shown without any difficulty that the resultant
conditions of theorem 1 are necessary, so we omit the proof of the
necessity. Let the matrix Z given by (5) be a characteristic matrix, that
is to say, let the elements of the matrix Z satisfy the equations (7).
And let A}=(1/v)G., A},---, A}, which are defined by (8) be mutually or-
thogonal idempotents of an algebra. Then it follows that

Ai=27=ozu¢Ai for 1::0, 1’-..’m_
Therefore

AiAj =0 zmzuin
=000 Do PR AL =311, i A,



ASSOCIATION SCHEMES OF NEW TYPES 77

A, A
A, Al

G®D| * |=G®DE®D) * |=val=G,
A, AL

where j/=(1,1,:--,1) is the vector of degree m+1. From lemma 1 it
follows that A,=I, A,,---, A, are association matrices of an association
scheme. This theorem provides a useful algebraic method of verifying
whether a given relation satisfies the conditions of an association.

THEOREM 2. When the matrices Z, and Z, are characteristic ma-
trices having the properties defined by (7), then Zg,=27,Q Z, is the char-
acteristic matrix of an association scheme.

PROOF. The elements of such a matrix as

2wsy 2wy ¢ zlm10Z2
(10) Zhge= 2y 2nly v Zmply

lemIZz znmlzz s zlmlmlzz
have the following properties

(i) S 20620 ZruiRsor = S Zrat k2o 2o =0
for u:l, 2,...-’ m, and Q):O, 1,-..,m2

(ii) E:n:lo S120 Z10iRaok = 2720 210t 220 Zane=0 for v=1,2,-.-, m,
(iii) Sty 20620 Ri0iRak = Sk Z1os Dedo Zaok="V(Ve

(iV) Z1uiRsvkR1ujR20n = PR Plis21ux EZ‘éo DPhnZavy = S, Z:Zo D2y DYnRruzlavy
for u=0,1,---,m; and »=0,1,---,m;

where p7, and pY. are non-negative integers. Therefore Zg, is the
characteristic matrix.

DEFINITION 2. The association scheme corresponding to Z,s, is called
the Kronecker-product association scheme and denoted by I, ® Ik,
where M, is the association corresponding to the characteristic matrix
Z..

DEFINITION 3. An (nXm)-matrix L=]||l;|| is called incidental, if
each element of the matrix is 0 or 1 and I,,=1, 1,,=0 (7=2,3,:--, m),
and if 2?=3lij=1 (j=2, 3,' ° m), 2}21@/%1 (i=1r 2)' * %y n).
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DEFINITION 4. The characteristic matrix Z of an association scheme
with m-associate classes is called reducible, if there exist incidental
((n+1)X (m+1))-matrices L and L* and a non-singular square matrix
Z of order (n+1) such that LZ=ZL* for n<m. The matrix Z is said
to be reduced from the characteristic matrix Z.

THEOREM 3. The reduced matrix Z is the characteristic matric of
an association scheme, if there exists a set of mom-negative integers Dl
such that

(11) Euiéuj'——_zgc”:oﬁgjéuk fo'r 7:’ jv ’M/:O, 1" e, m,
where Z,; are the elements of the reduced matriz Z.

DEFINITION 5. The association scheme corresponding to the reduci-
ble matrix Z is called reducible. If the original association scheme is

denoted by M, the association scheme M corresponding to the charac-
teristic matrix Z is said to be the reduced association scheme from .

PROOF OF THE THEOREM 3. Since ly=1, ;=0 (j=1,2,---, m), then
we have Zy=%,="--=2%,=1. Multiplying LZ=ZL* by 7=(1,1,---,1)
from the left, we have

a1,.--,)LZ=1,1,---,1)Z=(,0,---,0=(, 1,-- -, 1)ZL*.
N —— Ny e ? N——————— | S ———
n+1 m+1 m+1 n+1
If we put (1,1,--, DZ=(ay, ay," -.-, a,), then we have oy=v, qy=ay=---
=a,=0. Therefore (1,1,---,1)Z=(v,0,--+,0). Moreover, we have
Eutguj=2'l'cn=0 iﬁjzuk (il jv u=01 1)' c %y m)'

From definition 1, the proof is complete.
Here we list the necessary properties of the Kronecker-products for
the reader’s convenience.

LEMMA 2. (AB)®(CD)=(ARC)(BR D).
LEMMA 3. (A+B)QC+D)=ARC+BRC+ARD+BRD.
LEMMA 4.

G F,
G, F,
(Bl’ BZ; Tty B:) . ®(Dh Dz, Tty Dm) :

C‘; Fm
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CQF
C.®F,
Cl®Fm
=(Bi® Dy, BQ®D,,--+, B{QD,, B,QD,, -+, B,QD,) Cz@ﬂ

CZ®Fm
CGRF,

C.QF.,

3. Kronecker-product association scheme

Let the matrices A,=1,, Ay,-- -, A,, of degree v, be the association
matrices of the association scheme R, and also let the matrices Ap=1I,,
Ay,- -+, Ay, of degree v, be the association matrices of the association
scheme M,. Let the matrices Z;, Z, and Z,s, be the characteristic ma-
trices of IM;, M, and the Kronecker-product association scheme M, Q) WM,
respectively.

THEOREM 4. The association matrices of M,Q WM, are
(12) Ai®f=Ali®A21 (7‘=0v 1-.-,my, j=0; 1,---, mZ)-

PROOF. Since A, and A,; are the symmetric and incidence matrices,
A,; are symmetric and incidence matrices. From theorem 1, the ma-
trices A}, A}, -+, Al, defined by :

Al Ay

A4 Ay
(13) C=ETRL)|

A’ml Alml

are mutually orthogonal idempotents of the algebra. And also the ma-
trices A%, A}, - -, Al,, defined by

Agﬂ A20

Agl A21
(14) © |=(Z'®L,)

AL, As,

are mutually orthogonal idempotents of the algebra.
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Therefore the matrices Aly,=A%L® A4} (¢1=0,1,---,m,, j=0,1,---, m,)
are mutually orthogonal idempotents of an algebra. Since
(15) A«L@v = Alu ® AZu = 2:20 zlau 2:020 ZzﬂvAL ® A;p

EDMETD IR Z1auRapeAlep

we have
Aer Als:
(16) O F@GERZ)QU1L,QL,)
A”h@"‘z Az'ﬁ@"'z

Therefore, from theorem 1 and theorem 2 the proof is complete.

When we have the association scheme M, then we get a partially
balanced design with r replications and blocks if we can arrange the v
treatments into b blocks such that
(i) each block contains k treatments (all different)

(ii) each treatment is contained in » blocks

(iii) if two treatments a and B are ith associate, then they occur to-
gether in A, blocks, the number 2, being independent of the particular
pair of ith associates a and 8.

The numbers v, b, , k, 2, (1=1,2,---, m) are the parameters of the
design with association scheme I%.

Let the parameters of the design with T,QQM; be v, b, r, k, Lig;
(¢=0,1,---,my, 5=0,1,.---, m,), where r=2g. And let the parameters
of the design with M, (p=1, 2) be vy, by, 15, kp, 25 (7=1,2,+++, m,).

The incidence matrix N=||n;|| of a design is defined by

1, if treatment ¢ occurs in block 7,
Ni;= { .
0, otherwise.
Let their incidence matrices be denoted by N;, N; and N respectively,
then
N\Ni=rAn+2anAu+- -+ A,
Y)) N, Ni=1,As+ 2 Ap+- - +12m2Aam,
N®Né=”'Ao®o+ 10®le®1+ v +2m1®m2A'ml®m2 ’
also '
N,Ni=ppAl+pudh+ - -+ +pim Al
(18) N,Ni=pyAby+puAbi+ -« « + pom,Alm,
NeNé=pugAle+ oAl t - * * + Pmi@m,Ab,om,
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where p;, p,; and p,g, are characteristic roots of the matrices NN,
N;N; and NgN} respectively. From (13), (14) and (16) it follows that

(Pm, Pty plm1)=(rlv zllv cecy llml)Zl
(19) (0205 0215+, P2m2)=(7'2, Zagyt vy Zmz)Zz
(po®0y Dog1s* * *y pm1®m2)=(rv 20@11 ) 2m1®m2)Z1®2 .
In general, Ny#N,®N,, so it can be said that the design with the

Kronecker-product association scheme is not the Kronecker-product de-
sign defined by M. N. Vartak.

If Ng=N;® N,, then from lemmas 2 and 3 we have for any 7 and 5

(20) Pi®; = PriP2j
and also
(21) T=1T A =Tihay, Aigo= 2473, Aigs=Ails;

(7:=1, 2,---, m, and j=1; 27"'1 ’mz)-

The design with the Kronecker-product association scheme is said
to be the Kronecker-product design, if and only if Ny=N,®N,, and
we are to be concerned with the Kronecker-product design hereafter.

The latent vectors corresponding to the characteristic roots Pom Oof
N,N] are denoted by the column vectors of G,, for p=1,2. Since latent
vectors corresponding to the characteristic root p,; of N,N/ are denoted
by column vectors of A}, and since trace (4})=a;, without loss of gen-
erality, the a; linear independent vectors among the column vectors of
Al can be represented by xi, Xz -, X:,. By the same reason, the
linear independent vectors among latent vectors corresponding to the
characteristic root p,, of N,N} can be represented by yi, yu,- -, Yisy
and they are column vectors of A} with B,=trace(4%). Linear inde-
pendent latent vectors corresponding to the characteristic root Pigs of
NgNg are denoted by the linear independent column vectors of the
idempotent Afg;, and without loss of generality they can be represented
by

Xa QUi X QUYjar -+ + xil@”fﬂj’ Tty xiai®yjﬁj'

Therefore, we have the foliowing theorem.

THEOREM 5. Let the Gramian matrices of systems of vectors corres-
ponding to the characteristic root p,; of N,N}, to the characteristic root
0 of NoN; and to the characteristic root p.g; of NgNb be Qu, Q.; and
Qig; respectively. If the above-mentioned vectors are rational, then Qig;
18 rationally congruent to Q,;QQ,,.
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4. Reduced association scheme

Let us consider a reducible association scheme I with m-associate
classes. Let A,=I, A,,---, A, of degree v be the association matrices
of M.

If Z is the characteristic matrix of I, then there exists a reduced

matrix Z of degree n+1 (n<m) such that LZ=ZL* where L and L*
are incidental ((n+1)Xx (m+1))-matrices.

THEOREM 6. If there exists a set of nom-megative integers Dl such
as those in (11), the matrices A,, A, -, A, which are denoted by

Zo Ao
A, A,
(22) - =L -
A, A,

are the association matrices of the reduced association scheme from .
The reduced association scheme from M is denoted by M.

PROOF. Let the idempotents of the association algebra generated
by the association matrices A4y, A;,---, A, be A}, A}, ... A%, Then

A, Al
A, _ Al
(23) - =LZKI)| -
A, At

When the matrices A%, A},--., A} are denoted by

A Al

At At
(24) =D - |,

@ A

they are mutually orthogonal idempotents of an algebra. Since LZ
=ZL*, then '
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A, At A
A, Al At
(25) - |=ZL*QD| - |=EZQI)| -
A, At Al

Hence Ay;=A,=I. Therefore, from theorem 1 and theorem 3 the result
of theorem 6 follows.
The design with the reduced association scheme is called the reduced

design.
Let the parameters of the design with It be denoted by 7, b, 7, k,

Ay A+, A, and also the parameters of the design with It be denoted
bY v, br r, k’ 21’ 121' %y Zm-

COROLLARY. There is a PBIB design with n associate classes with

the reduced association M reduced from I with m associate classes, if
and only if

(26) (T, 217' ) Zm)=(iy :il)' * "}n)L-
PROOF. If (26) holds, then

4,
@) S 2 Ac=(Go R+, LD - |
An
where 2,=r, 2,=7. Hence,
A
S0ty =G B+, WERT)| -
a
At
=G Fo - WELOD) -
A,

=((;0’ El" * % En)L®I)
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Therefore 317, 2,A,=3>7,4,A;. Vice versa, if S, 44;=>"_,4,A4; then
(27) holds and (26) follows. It may be said that the design with M is
a reduced design, when (26) holds.

From (24), it is easy to see that the latent vectors corresponding to
the characteristic root p, of NN’ are column vectors of Al=3>1",l*A?,
where 1 is the element of L*. For fixed ¢, if 13,05, -, I ,, are unity
and the other 1} are zero, the linear independent vectors among column
vectors of A! are represented by

lely x,1129 tty leajl ’

(28) szlf szm Tty sza

-------------------

xjﬂily xjﬁizs ey xjpiajﬂi ’

where x;, (¥=1,2,---,a,) are the linear independent vectors among
column vectors of Aj.

Since A!A}=0 for 7+j, then each vector in a row of (28) is orthog-
onal to all vectors in the other rows. Therefore, we have the following
theorem.

THEOREM 7. Let the gramian matrix of the system of the latent
vectors corresponding to the characteristic root p; of NN’ be Q;. So long
as we restrict ourselves to rational elements, the gramian matriz Q; of
the system of the wvectors corresponding to the characteristic root p; of
NN is rationally congruent to

Q, 0
I2

(29)

0 Qjﬁ.'

5. Enlarged association scheme

Consider the association scheme with m-associate classes. Let the
characteristic matrix of the association scheme be Z.
Let the elements of the matrix

+ + +
Zw 219 **° Zmtr0

(30) Zr=|2h & - Zhaa

-------------------

+ + +
Zom+1 % m+1° * B+l mt1
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be defined by

(31) == =Zm=2m410=1,

ot s —
T 1=2m12= " =Zm1n=0,

+ _ b gt ey ot e
Znimn=—1, ZWnn=2%npn=-"=25 pu=5—1,

zh=sz; for ¢=0,1,---,m and j=1,2,---,m,

where z,; is the element of the characteristic matrix Z. Since

10-00--0( [10---00 +---0

01 00.--0 01 001 0

01 01 00t of
@ oz = (el Ales),
: 00 10---0 00 100 1

00.--:01---1 00.--:010---0

Z* is the reduced matrix from the characteristic matrix “ sil _11 “®Z

of the Kronecker-product association scheme, which is Kronecker-pro-
duct of a BIB association scheme and the given association scheme.
Let the parameters pj¢ (¢, 7, k=0,1,2,---, m+1) be

(33) Dii=8Dx, PR=DP"" =8Pk,
Do =D, D1 x=(s—1)Dk,
Dio' =D mi1 =Dt m1=Dox =D e =Dmiii=07 ¢
=prnt1o=0s3=0,
+m+1

vy’ =piri=1, P mn=(—1), pEHnn=8—2,

where i, (¢,7, k=0,1,---, m) are the parameters of the given associa-
tion scheme. So, pj¢ (1,7, k=0,1,---, m+1) are non-negative integers.
Hence

(34) zuizuj Z;c'HVOl ptj zuk

Therefore the matrix Z* is the characteristic matrix of an association
scheme.

DEFINITION 6. When the association scheme corresponding to the
characteristic matrix Z is denoted by M, the association scheme corre-
sponding to the characteristic matrix Z* is called the enlarged associa-
tion scheme of M.

For example, group divisible assoclatlon scheme (GD association
scheme) is enlarged from the association scheme of a BIB design which
may be called B association scheme, and the association scheme of the
GD m-associate schemes is enlarged from the association scheme of the
GD(m—1)-associate scheme.
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Let the matrices Af, 4f,---, A, be given by

ARIL
Ab 10--000---0 A1®L
e 01 001 0 :
1 . . . Am®L
35 . — . . . Iv‘ y
SN I L | @G-1)
: 00 100 1 A QG.—I
A 00---010---0 ‘@(G )
4,8 G.~1)

where A,=1I,, A,,---, A, are the association matrices of IN. Since

A R, [ A ®(1/s)G,
A ®1, Al @(1/s)G,
4.8L  |=((,1, Llez)en)|aewse |
4, ®@G.—1) A ®(L—(1/5)G.)
4, (G.—1) AL L—(1/s)Gy)
where A}, A%,..., A%, are the idempotents of the association algebra
generated by the matrices Ay, Ay, -+, An, then it follows from (32) that
10000ee-0 Al ®(1/s)G,
3- e o0 oo A{ 1 s G‘
& 01 00---0 @:9(/)
(36) A= 2T o e QL. || AL R1/5)G, .
. (.) 0 .1 0. . _0 A&’) ®.(I,—'(1/S)G,)
Ann 00---01---1 :
AL R UL—(1/5)Gy)

Let the matrices Af* Aff,---, A, be given by

A 10---0 0---0 AL @(1/s)G,
o 01 00---0 :
o ALQAG
CORE I Sl R Ol 4t @ LG
5 00 10---0 :
Ay, 00---01---1 AL R (I,—(1/s)G,)

then Aj%, AM,---, AL, are mutually orthogonal idempotents of an algebra.
Then it follows from (36) that
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A ot

At Aft
=(Z*Q1L,)

1 AL,

Therefore A, Af,---, A}, are the association matrices of the enlarged
association scheme. Moreover it is straightforward to see that p}i (4,5, k
=0,1,-.-, m+1) are the association parameters of the enlarged asso-
ciation scheme.

THEOREM 8. If the association scheme corresponding to the char-
acteristic matriz Z is unique, then the enlarged association scheme cor-
responding to the characteristic matrix Z* is unique.

PROOF. The parameters »}; (¢,J,k=0,1,--.-, m+1) are uniquely
determined from (34) by the elements of Z* and are represented as in
(33). If two treatments @ and B are the (m-1)st associates, then from
prrie=0u (k=0,1,---,m) and p}7L ., =s—2, every treatment which is
the (m+1)st associate of a is the (m+1)st associate of 8, where 4,,=0
or 1if 1#7 or i=j respectively. If two treatments « and B are the ith
associates, from pj%,,=(s—1)d;;, every treatment which is the (m-+1)st
associate of B is the ith associate of a. Therefore we have v sets each
of which contains s treatments and in which all pairs of treatments
are the (m+1)st associates. Moreover, each treatment is contained in
one and only one set. Consequently, from p}i=spi and p;*'=sp’:
(¢=0,1,---,m, 7,k=1,2,.-., m), the association scheme which has the
parameters pj¢ (¢,7, k=0,1,---, m+1) is uniquely derived from the as-
sociation scheme which has the parameters p; (¢, 7, k=0, 1,---, m).

From theorem 5, theorem 7, (32) and (37), we have the following
theorem.

THEOREM 9. Let the Gramian matrices of the systems of the linear
independent column vectors of Af and A; be QF and Q; (2=0,1,---, m+1,
3=0,1,---, m) respectively. So long as we restrict ourselves to rational
elements, QF (1=0,1,---, m) is rationally congruent to sQ, and |Q;.,| is
rationally congruent to s°.

If there exists a design with parameters
v, b’ r, ky A (i=17 2;' ) m);

that is to say, if the incidence matrix N of such a design is given,
then the incidence matrix N+ of the design with parameters
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v =us, +=bk(;>, r+=r{(k—1)<,z>+<;:11)},
ket =u+(k—1)s, x;:zi{(k—2)<;)+2(;:11)} (G=1,2,---, m),

z;+1=r{(k—1)(;)+(;:§)} for all w=1,2,---, s

can be given as follows:

Let the jth treatment in the ath set, which corresponds to the ath
treatment of the given design, be {(ea—1)s+j}th treatment of the de-
sign with the enlarged association scheme for j=1,2,---, s and a=1, 2,
«++,v. If the ath treatment of the given design is the ith (¢#0) asso-
ciate of the Bth treatment, then the {(a—1)s+j}th treatment is the
ith associate of the {(8—1)s+j'}th treatment for all j,5=1,2,---,s.

Let us consider the incidence matrix N* of a PBIB design with

(Z:i) replications and (Z) blocks such that s treatments can be ar-

ranged into (;) blocks each of which contains u treatments. Such a
design has the blocks each of which contains a selection of w of s treat-
ments. And also let us consider the <s X < ; ))-matrix K whose elements

are all unity. Let the (sx(fb)k)-matrices N} (7=1,2,---,k) be de-
noted by
N}=||K---KN*K---K||.

Jj-1 k—J

If the non-zero elements in the jth column of N are n,,, 0,5, -+, 1y,
n,;,; are replaced by N¥, and zero elements of N are replaced by the

Zero <sx<fb)k>-matrix. Then we get the incidence matrix N+ of the

design with the enlarged association scheme in place of N.
For illustration: If the following incidence matrix

1 010

1 0 01
N=

0110

0101
of the design exists with parameters

'U=b=4, 'r=2, k=2, 21=1, 22':0,

then the incidence matrix of the design with parameters

v*=16, b*=48, r+=18, k*=6, =6, =0, ij=14,
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is given as follows:

N¥K 0 0 NxK 0 0
N+=K N0 0 0 0 N+tK

0 0 N*K K N0 0 |’

0 0 K N0 0 K Nx

where

110010 111111
N*=100101’ 111111

011001 111111

001110 111111

6. The design with Kronecker-product BQGD association scheme,
and the design with Kronecker-product B&XL; association scheme

GD association scheme has v=ms treatments which are each divided
into m groups of s treatments, such that any two treatments in the
same group are first associates and any two treatments in different
groups are second associates. Let GD association algebra be generated
by the association matrices A;=1I,, A, and A, of GD association scheme.
If A%=(1/v)G,, A% and A} are mutually orthogonal idempotents of GD
association algebra, then

NyNi=7r45+ 22 Ao+ 22 A5

= ppAh+ 0u AL+ 02AY,
where N, is the incidence matrix of GD design with parameters v,, b;, 73,
k3, 2a1, A3, and py, Py, psr are the distinct characteristic roots of NN} with
multiplicities trace (A%), trace (A%) and trace (A}%) respectively. If |Qyl,
|Qu] and |@Qy| are Gramians corresponding to the rational characteristic

roots psx, pu and py respectively, that is, Gramians of the sets of linearly
independent column vectors of A%, A% and A} respectively, we have

|Qu|~sm, |Quy|~s""'m, | Q| ~s™.

When the square-free parts of two rational number a and b are equal,
we denote the fact by a~b. We have

trace(4k)=1, trace(4})=m—1, trace(AL)=m(s—1).

If there exists a BIB design with parameters »,=l,b,, r,, k;, then we
have

N\N=rA,+1A,= PwAfo + PuAfl s
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where p, and p, are the distinct characteristic roots of N,N{, and N,
is the incidence matrix of BIB design. If Gramians of the sets of linear-
ly independent column vectors of A} and A} are |Q,| and |Q,], then
we have ”

[Qul~l  |Qul~l.
And yet, we have
trace(A4})=1, trace(4y)=[—1.

Now, the characteristic matrix of the Kronecker-product BRGD asso-
ciation scheme is defined by the following matrix :

1 1 1 1 1 1
s—1 s—1 —1 s—1 s—1 -1
. s(m—1) —8 0 s(m—1) —-s 0

(88) Z= -1 -1 -1 -1 -1 -1
l-1)(s—1) (-1)(s—1) —(—1) —(s—1) —s+1 1
s(m—1)1—-1) —s(i-1) 0 —s(m—1) s 0

From theorem 4, it is known that the association matrices A, 4,
-+, A; of such an association scheme are represented as follows :

A0=A10®Azoa A1=A10®A21, Aa=Au®Azo,
Az=A10® Azz: A4=A11®A21, A5=Au®Azz-
If N is the incidence matrix of the design with the Kronecker-

product BQGD association scheme and with parameters b, r, k, 4, 2,
2, A, A, we have the following spectral resolution of NN’

NN'=p, A8+ p, Al + 0, A+ p, Al 0, A+ p, AL,

where gy, p,+ -+, p; are characteristic roots of NN’, and A}, A!,--.., A
are idempotents of the association algebra which is generated by 4,=1I,,
Ay,-e, A I @y, |Q1), - - -, | Q5] are Gramians corresponding to the ration-
al characteristic roots p,, p,---, ps of NN’, it follows from theorem 5
that
[Qo| ~lms, [@Qi|~1""'s™'m, | Qs | ~1¢—Pmsm,
|Qul~Ums)'=, Q| ~mitgenmbns,
|Q5l~sm(l—l)l(s—l)m .

And further

a,=trace(4})=1, ay=trace(AH)=m—1,
ay=trace(A)=m(s—1), ay=trace(4})=I—1,
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a,=trace(4)=(I—1)(m—1),
as=trace(AH=m(l—1)(s—1).
From (19) one gets

="+ (8= DA +s(m—1l+(—DAh+(1—1) (s—Da+s(m—1) (—1)4
pr=r+(s—1)A4—8%+(—1)4+(1—1)(s—1)A4—s(—1)%
pr=r—4+(—1DA4—(—-1)4
ps=r+(s—1)+s(m—1)2— 23— (s —1)A,—s(m—1)2;
o=7+(8—1)4—sd;— 24— (s —1)A,—52;

ps=1—A—A+4.

If the regular and symmetrical PBIB design of the type above men-
tioned does exist, it is known [11] that Hasse-Minkowski p-invariant of
NN’ should be equal to (—1, —1), for all primes p, i.e.,

(39) Co(NN)=(—1, —1), ]i (=1, p)5 oy, | Q)5+
J;l; (04, 1Q; D5ilos5 | Q: 370 £1)3:
=(-—1, —1), for all primes p,
where p;>0 (¢=0,1,--.,5), moreover
(40) I HE

We now distinguish eight cases: (i) v odd, (ii) [ and m both odd
and s even, (iii) ! and s both odd and m even, (iv) m and s both odd
and ! even, (v) s and m both even and ! odd, (vi) Il and m both even
and s odd, (vii) I and s both even and m odd, and (viii) /, m and s all
even.

In case (i), |Qi|~m, |Q:|~s, [Q|~], |Q]~|Qs|~1,
qy=t=a;=0 (mod 2), and a,=a;=0 (mod 4).
Hence
(m—1)m=(m—1y}+(m—1)=(m—1) (mod 4)
{m(s—1)+1}m(s—1)=m(s—1)=(s—1) (mod 4).
Then (39) implies that
(41) (=1, )5 (=1, p)S (=1, p0)g ™ (01, )02, 805, Dp=1.
In case (ii), (89) and (40) imply that

(42) pe~1, (=1, p)" P (—1, psps)s (01, M)o(0s05, 1)p=1.
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Similarly, in case (iii)
(43)  p~1, (=1, p0)5 ™ (osps, 1)p=1,
in case (iv)
(49 p~1, (=1, pp)5* P H(—1, pas)5 ™ (0104, M) (0205, 8),=1,
and in case ('v)
(45)  o~1, (=1, p)7"(—1, p0)5 ™ (oups, 1)p=1.
In case (vi), |Qi|~|@|~|Qi|~Ism, |Q:[~]Q;|~1,
y=a=a,=1 (mod 2), and e;=a;=0 (mod 4).
Then p,p40, is a perfect square and furthermore
(=1, 007"(—1, p)i(—1, p)5* ™" 0y, pg) (1, 0103, £1)p=1.
Hence
(01, PDulo3, £)>=(p1, P)y=(—1, p),=(—1, p1)s(—1, ps)s,
{—-1)(m—1)+1}/2+1=(+m)/2 (mod 2).
Then (39) and (40) imply that
(46)  posoi~1, (=1, 00 (—1, ps)3 (o1, ps)y=1.
Similarly, in case (vii)

47)  pwoyps~1,
( -1 , pl)g’m—l)/ﬂ( -1 , pz)ll)/z( -1 , pa);m+t-l)/2( -1 , p4)§’m—l)/2
(010504, M)5(02y 03)p=1,
and in case (viii)
(48) ewosos~1, (-1, Pl);’/z( —1, p.ps05)3 /2({’1, es)p=1.

Thus we can state the above results as the following theorem.

THEOREM 10. Necessary conditions for the ewistence of a regular
and symmetrical PBIB design with Kronecker-product BRQGD associa-
tion scheme are:

O15 Q25 035 P4y P5>0,

and in the above-mentioned cases (i), (ii),- -, (viii), relations (41), (42),
-+, (48) must be satisfied respectively.

The designs with the following parameters violate the conditions of
the above statement and hence are non-existent.
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Il m s r A4 & 2 A A p 02 O3 Pi Ps
Q) 43 5 3 60 0 15 20 0 5 225 900 160 10 40
2) 753813 3 5 111 4 10 64 4 10
3) 5 7 3 16 10 2 4 3 2 46 10 26 26 5
4) 5 7 3 17 11 3 5 4 2 56 10 44 23 5

L, design as v=s? treatments which are arranged in a square L
and i—2 mutually orthogonal Latin square are superimposed on L. For
each treatment 6 in L, treatments occurring in the same row or column
of L as 0 or treatments corresponding to the same letters of the super-
imposed orthogonal Latin squares are first associates and others are
second associates.

Let A%=(1/v)G,, A% and A}, be mutually orthogonal idempotents of
L, association algebra being generated by the association matrices of L,
association scheme. If |Qyl|, |Q:| and |Q;| are Gramians corresponding
to A%, A} and A% respectively, we have

(49) [Qu]~1, [Qu|~s”, | Q| ~ 5.
And yet, we have
(50) ay=trace(4})=1, a,=trace(A})=1i(s—1),

ay=trace(AL)=(s—i+1)(s—1).

Now, the characteristic matrix of the Kronecker-product B L;
association scheme is defined by the following matrix :

11 1 1 1
(51) Z=” 11 —1 “@ i(s—1) s—1 —1
(s—1)(s—i+1) —s+1—1 i—1
From theorem 4 it is known that the association matrices A,, A,
..., A, of such an association scheme are represented as follows:
(52) A0=A10®A30, A1=A10®A31’ A2=A10®Asz,
A3=A11®Aso, A4=A11®A31’ A5=A11®A32.
If |@), @i, -, |Qs| are Gramians corresponding to the idempotents
At AY ... A} respectively, where A}=AL® A}, Al=ALRQ AL, Al=A}
R A%, Al=ALR® AL, Al=AL® AL and Al=AL® AL, we have
(53) | QO l ~l’ IQ1 l ~sisli(s—1)’ IQ2 I ~sial(s—i+l)(8—l),
Ql~t, Qs e,

l Qs l ~sis(l—1)l(s—i+l)(:-l) .

And yet, we have
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(54) a=tr(A)=i(s—1), a=tr(A)=(s—i+1)(s—1),
m=tr(A)=1—-1, a=tr(Ah=0—1)(s—1);,
a=tr(A)=(—1)(s—1)(s—i+1).

This association scheme is reducible to the enlarged association scheme
being enlarged from L; association scheme. If i=2 and l=s, this as-
sociation scheme is reducible to the cubic association scheme.

If N is the incidence matrix of the design with parameters v, b, 7,
k,2,--+,2 and with Kronecker-product B® L, association scheme, the
characteristic roots py, p1, -+, p; of NN’ can be represented by the char-
acteristic matrix Z in (51) as follows:

(00, 015 P25 03, O1 P5)= (T 4 2 A 4 X5) Z.
From (39), (40), (563) and (54) we have the following theorem.

THEOREM 11. Necessary conditions for the existence of a regular
and symmetrical PBIB design with the Kronecker-product B® L, asso-
ciation scheme are:

o1 01 Py P1y 050
(i) if 1 is even and if | and s are odd, then
‘ (=1, )5 ™" (o0, D=1,
(ii) if v 1s even and if s is odd and | is even, then
ps~1,
(iii) % 7 is even and if 1 is odd and s is even, then
p~1 (=1, )i (=1, ps0)s ™ (ps0s, =1,
(iv) if 1 is even and if | and s are even, then
posps~1, (=1, pipsp)y*(—1, p2)3 (05, 03)=1,
(v) if < is odd and if |l and s are odd, then
(=1, pip2)5 (=1, p3)5 ™ (0102 8)sloss D=1,
(vi) if i is odd and if s is odd and | is even, then
ps~1, (=1, pospi0s)s P (01020405, 8),=1,
(vil) 4f 7 18 odd and if | is odd and s is even, then
a~l, (=1, F =1, 00 (oa0s, D=1,
(viii) #f ¢ is odd and if | and s are even, then
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piosoi~1, (=1, p)(—1, ps0s05)5 (o1, ps)p=1.

Furthermore we can obtain the Kronecker-product B®7T, associa-
tion scheme from B association scheme and triangular association scheme,
and also the necessary conditions of a regular and symmetrical design
with such an association scheme.

7. Extended right angular design and the designs with the en-
larged association scheme being enlarged from L; association
scheme

The rectangular association scheme has v=ml treatments which
are arranged in a rectangular form R having m rows and [ columns.
For each treatment ¢ in R, treatments occurring in the same row as @
are first associates, treatments occurring in the same column as # are
second associates and others are third associates.

Since the characteristic matrix of the rectangular association scheme
is

1 1 1 1
(m—1) -1 (m—1) -1
-1 (1-1) -1 -1

Jm-1)t-1) —-(1l-1) —-(m-1) 1

’

then from (30) and (31) it follows that the characteristic matrix of the
enlarged association scheme of R association scheme is

1 1 1 1 1

s(m—1) —s s(m—1) —s 0

(55) Z= s(l—1) s(l—1) —s8 —s 0
s(m—-1)(1-1) —s(l—1) —s(m—1) s 0
s—1 s—1 s—1 s—1 -1

DEFINITION 8. The association scheme corresponding to the char-
acteristic matrix Z in (55) is called the extended right angular associa-
tion scheme.

As a simple example of the argument given in section 3, we see that
the rectangular association scheme R is formed as Kronecker-product
association scheme of two B association schemes having m and [ treat-
ments respectively.

Since the matrix (38) is reducible to the matrix (55), the extended
right angular association scheme is reduced from B®GD association
scheme,
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From the fact that rectangular association scheme is determined
uniquely [9] by its parameters, and from the theorem 8, we have the
following theorem.

THEOREM 12. The extended right angular association scheme is de-
termined uniquely by the characteristic matric Z in (55). Especially,
if either 1=2 or m=2, the extended right angular association scheme is
the same as the right angular association scheme [T].

Now, some designs with the extended right angular association
scheme may be constructed as follows:
(i) If the BIB design with parameters »,=l, b, 7, k;, 2 and GD design
with parameters v,=sm, by, 73, ks, 2y, 4 are given, and if 7,=1,, then
we have the extended right angular design with parameters v=Ism,
b=bb;, r=r1y, k=kiks, A=72, H=27y, =2y, L=7",.

This design is the reduced design of Kronecker-product design which
is the Kronecker product of BIB design and GD design.
(ii) If there exist BIB designs with parameters v, b, 7y, k;, 2 and with
parameters vy, by, 73, ky, A* respectively, we get the extended right an-
gular design with parameters

v=vas, bbbk %), r=rm{@k-0(2)+(271),
h=ut(eba—Ds, A=ra*{Gla—2)( 5 )+2( 571 )],
n=ra{Gie—2)( 5 )+2( 571 )],

n=2{Gede—2) (5 )+2( 575 )},

24=r1r2{(k1k2—2)(;)+<Z:zz)}, for all u=1,2---, .
Let the design with the extended right angular association scheme
be called the extended right angular design.
If A,=1I, A,,---, A, are the association matrices of the extended
right angular association scheme, we have

A0=Ilmn Al:(Gm_Im)®Il®Gn A2=IM®(G1_IL)®G"

A=(Gn—1,)R(G,—-I)RG,, A=L,QLR(G,—1I).
If N is the incidence matrix of the extended right angular design
with parameters v, b, 7, k, 4,--+, 4, we have the following spectral
resolution

NN'=31,pAl
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where gy, p;,- - -, p, are characteristic roots of NN’, and A}, A},..., A} are
the idempotents of the association algebra which is generated by’ 4,, A,,

<, A If |Qy), |Q],- -+, |Qi] are Gramians corresponding to the rational
roots po, p1,* <+, 00 of NN’ respectively, it follows from theorem 4 and
theorem 2 that

(56) |Qul~Ums, |Qi~mins™t,  |Qy|~lmiTsi,
le | ~s(l-—l)(m—l)l(m—1)m(l—l), | Q4 l ~gim

And yet, we have

B7) =1, a=tr(AY)=m—1, a,=tr(4})=1-1,
a=tr(AY)=(0—-1)(m—1), a,=tr(A)=mi(s—1).

From (19) it follows that
(00 015 P2, 03, P)=(7, 4, 23, 23, 2)Z,

where Z is the characteristic matrix (55).
From (39), (40), (56) and (57), we have the following theorem.

THEOREM 13. Necessary conditions for existence of a regular and
symmetrical extended right angular design are:

Py 02 P, 0>0,

(i) % v is odd, then

(=1, p)5" (=1, )5 (=1, p)5 (01, M)z, Diloss 8),=1,
(ii) if l and m are odd and if s is even, then

oi~1, (=1, p)5" (=1, p)5 (01, m)o(ps, 1),=1,
(iii) if I and s are odd and if m is even, then

oi~1, (=1, p0)5 > (0s08, D)p=1,
(iv) i m and s are odd and if | is even, then

e:~1, (=1, pyos)s" (o105, m),=1,
(v) il and m are even, then

pos~1, (=1, p)i(—1, p.)5"(po1, £2),=1,
(vi) if s and m are even and if 1 is odd, then

pi~1, (=1, p03)3 (=1, p)7"* (0205, 1)p=1,
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(vii) #f ! and s are even and if m is odd, then
ee~1, (-1, plpa)é"'“"/”(—l, P4);/2(P1Pa, m),=1.

The designs with the following parameters violate the conditions of
the above statement and hence are non-existent.

lm s v 4 % % 4 oo o0 P2 Ps 04
1) 3 35 10 3 2 1 5 100 25 40 10 5
@) 335 11 1 2 3 5 121 16 1 31 6
3) 53 5 821 0 4 64 34 39 9 4
4) 535 92 2 03 8 51 31 16
5) 5 383 5 12 2 3 1 3 144 54 19 4 9

Since the characteristic matrix of L, association scheme having m?
treatments is

1 1 1
1(m—1) m—1 —3 |,
(m—1)(m—i+1) —m+i—1 -1
then from (80) and (31) it follows that the characteristic matrix of the

enlarged association scheme which is enlarged from L, association scheme
is

1 1 1 1

59) P 18(m—1) s(m—1) —is 0
s(m—1)(m—i+1) —s(m—i+1) s(i—1) 0
s—1 s—1 s—1 -1

If Ay=1I,, A,, A; and A, are the association matrices of the enlarged
association scheme, we have

A0=Irm’; A1=A11®Gn A2=A12®Gu A8=Im7®(G8_I8)r

where A,; and A, are the association matrices of L, association scheme.
If A%, A} A! and A! are the idempotents of the association algebra
which is generated by A4, A,, A; and A;, and if |Q,], |Q.|, |Q:| and |Q;]
are Gramians corresponding to A}, A}, A! and A} respectively, then we
have

(59) |Ql~s, |Qi~sDmm,

| Q| ~sm-DXm-t+Dgpim | Q| ~ g™

And yet, we have
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(60) m=tr(A)=1, a=tr(A)=i(m—1),
g=tr(A)=(m—1)(m—i+1), a=tr(A)=mi(s—1).

If N is the incidence matrix of the design with parameters », b, r,
k, A, 43, 2; and with the enlarged association scheme from L;, the char-
acteristic roots p,, p;, p; and p; of NN’ can be represented by the char-
acteristic matrix Z in (58) as follows:

(Po, .01, sz Ps)=(”', 21’ 22! 23)Z°
From (39), (40), (59) and (60), we have the following theorem.

THEOREM 14. Necessary conditions for the existence of a regular
and symmetrical design with the enlarged association scheme are

P1 P Py 2s>0
(i) i v is even and if m is even, then
p~1, (=1, p)*=1,
(ii) #f 7 is even and if m and s are odd, then
(—1, pa)5 (s, 8),=1,
(iii) <f ¢ 7s even and if m is odd and s is even, then
ps~1,
(iv) if ¢ is odd and of m and s are odd, then
(=1, p)5" (=1, p3)3 ™ (102, M), 8)p=1,
(v) i 1 1is odd and if m is odd and s is even, then
ps~1, (=1, o) (o105, m),=1,
(vi) if i 1s odd and if m 1is even, then
a~l, (=1, pp =1,

By the same method, we will get designs with the other enlarged
association schemes.
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