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1. Summary

In this paper, we consider the distribution of the maximum latent
root of a certain positive definite symmetric random matrix. For this
purpose, we give a useful transformation of a symmetric matrix and
calculate its Jacobian. We also give some useful expansion formulas for
zonal polynomials (A. T. James [3]).

Recently Sugiyama [7] and Sugiyama and Hukutomi [8] gave the
density functions of maximum latent roots of a central Wishart matrix
when the covariance matrix ¥=1I, and of a multivariate Beta matrix
and a multivariate F-matrix in the central case.

Here we derive the density functions of maximum latent roots of
a multivariate non-central Beta matrix, a non-central Wishart matrix and
a multivariate central quadratic form with the covariance matrix 5, and
we also derive the density function of maximum canonical correlation
coefficient. The notations in this paper are due to A. T. James [4] and
A. G. Constantine [1].

2. Some vuseful transformation

In this section, we treat some transformation which is useful in
the sequel.

Let S be a positive definite symmetric random matrix. As is well
known, S can be decomposed into the product of an orthogonal matrix
H and a symmetric matrix 2, @V such that

A 0
(1) S=H[ }H’,
0V

where 2, is the maximum latent root of S and V is a positive definite
symmetric random matrix which ranges 1,I,_, >V >0. The first column
h, of H is the corresponding characteristic vector of 2. It should be
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noted that the independent variable of H is only h; and the remaining
part Hypxp—1) is only a function of A, such that

i flz(hl) e fm(hl) N
(2) Hy=f(h)=
_ fPZ(hl) et fpp(hl) _

LEMMA 1. Let S be a pXxp positive definite symmetric random
matriz. Then the Jacobian of the transformation (1) is given by

(3) J(S__)Zh hl9V)=llep—l'—Vl'

Y. Tumura [5] considered a Jacobian of (1) in terms of the rotation
angles of the orthogonal matrix. His lemma 2.1.2., however, is not con-
venient for treating directly the distribution problem of maximum
latent root of a certain positive definite symmetric random matrix. The
proof of the lemma depends on the Hsu’s method introduced by W. L.
Deemer and I. Olkin [9].

PROOF. Let us differentiate both sides of (1):
A4 0 di 0 A 0
(4) dS=dH H'+H H'+H dH'.
0oV 0 dV I
Multiply H' from the left and H from the right to obtain
4 0 da 0 4 0
(5) H'dSH=H'dH + + (H'dH)'.
0V 0 dV 0oV

Let dT=H'dSH and dP=H'dH. Then

A 0 di 0 4 0
(6) dT=dP + _ dP,
: (U4 0 dV 0V
since dP'=—dP by its antisymmetry. Here we must note that in dP
=(dP,, dP,)=(H'dh,, H'dH,), dP, can be represented by dP;. In fact

- dfu(h) -+ dfip(hy)
dH,=df (h)=
_Af (ki) -+ dfpp(h) _

and
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aﬁ af i a.fif
df:;(h) == dh L dhgy+ - - - +="2dh
fii(hy) ohy u+ oy a1+ +ah,,,1 1

(Yo, B ... Wi,
<ahu’ oy’ o,/

(’l:-‘-_—l, 2,“',?; j=27 3!"":1’)’

Let E,=( g{;‘z , ‘;{Z A g-}’: Z ) Then, by setting F=(E,), we have

where F®dh, is a direct product of F' and dh,. Thus, from dh,=HdP,
and dP,=H'dH,, we have

(7) dP,=H'FQ HAP,,

which establishes the assertion.
From the above consideration, we need only dP,, dV, di, to calcu-
late the Jacobian. Now,

(8) J(S—2,, hy, V)=J(dS—di, dh,, dV)
=JdS—dT)J(dT—di, dh,, dV)
=J(dS—dT)J(dT—di, dP,, dV)J(dP,—dh,).

It is easily checked that

J(dS—dT)=1, J(dP,—~dh)=1

and dp,;, the first component of dP,, is 0, because dp,,=h/dh,=0. Thus
the transformation (6) is written as

dty=4dp,+da—2dp,=da,
( 9 ) dT21=21dP21"’ Vdng=(21Ip_1— V)dpgl

where dP,, is the submatrix of dP,=(dP},dP})’ and dP,=(0,dP}). From
the above relations, we can construct the configuration,
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dx dpy dpy - - - dpn dvg dvy - - - dvy,
dt, | 1 0 o .-+ 0 o o0 --- 0
dtzl 0 }1—-’022 —Vsg *°° —Vyp 0 0 e 0
dt31 0 — Vs Ri—vsg s —Uyp 0 0O .-+ 0
(10) . . . . . . . .
dt, | 0 —Vpy —Vps **A4=Vp| 0 0 - 0
dty | 0 * x ... x 1 0 --- 0
dt23 0 * * DR * O 1 R 0
dtpp 0 * * .« o * 0 o -.- 1

Hence the Jacobian is
J(dT-—>d21, dPl, dV)=l 21I -1 VI ’
which completes the proof of the lemma.

From lemma 1, we can give the main principle of deriving the
density function of the maximum latent root of a certain symmetric
random matrix.

Let S be a positive definite symmetric random matrixz with density
function f(S). Then the density function of the maximum latent root
of S is given by

a1 | an | 1a-visavimav,

AR =1 3Ip_>V>0 )
where 2, V and h, are the same as those in lemma 1.

The following definite integrals-are useful for our arguments.

LEMMA 2. ‘
(12) S |V [@-2-08 L ,—V|CAV)AV
3Ip_1>7>0
na(t)e(2EE) (),

zgn+1)(p—1)/2C‘( 2 Ip—l) ,

PH( n+g+1 ) ( n+g+1 )‘
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a | flaee T a-ac,
>3350y
r(75) ) rE) ()
T el Tp;l( n+g+1 ) ( n+p+1 )
2 .

* zgn+l)(p—l)/zc‘(211'p_l) ,
where A,=diag {4, -, 2,} is a diagonal matriz with latent roots of V.

PROOF. (12) is a Beta integral which is given by A. G. Constantine
[1]. (13) is obtained from (12) by transforming V=H,4,H] where H,

is a p—1Xxp—1 orthogonal matrix, and by integrating over 0(p—1), i.e.,

2
7£.(1’-1) /2

dH;k-_———-——-—l_ .
«5-1) I‘,,-l( p ; )

(13) is the same result as given by T. Sugiyama [7].

3. Some expansions of zonal polynomial
(14) - CADB)=3 X a.C(A)CB)

where A and B are symmetric matrices of any order, respectively, and
A®PB stands for the direct sum of A and B. The summation is over
all partitions = of &, and v of k, such that k,+k,=k and « is a partition
of k.

(15) CAAYC(A)=5B.CLA)
where A is a symmetric matrix, C,(A) and C,(A) are zonal polynomials

which correspond to a partition v of ¢ and ¢ of m, respectively, and the
summation is over all partitions 4 of s satisfying

(16) t+m=s.

We do not know the explicit formulas of af, and ¥, but we give the
tables of a., and b/, in lower orders at the end of this paper. We must
note there

_ c(k)
C(4)= 13 @) Z(4A),

where c(x) is the degree of the representation [2¢] of the symmetric
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group of 2k symbols. We read tables (I) and (II) as follows:
Zo(A®@ B)=Zu(A)+ Zo(B)+2Zy(A)Zo(B),

Zo(A) ZafA) =%z@,(A)+§zm,(A).

These tables are calculated from the ones due to A. T. James [4].

4. The density function of the maximum latent root of a quadratic
form Z=XAX’

Let the pX N (p<N) matrix variate X be a sample matrix from a
p-variate normal population with mean 0 and covariance matrix &, and
A be a positive definite symmetric matrix. T. Hayakawa [6] obtained
the density function of Z=XAX’ and of latent roots of Z as

Q(—-;—Z'-‘Z)C‘(A“)

" rp(%lz;wm,m AR R T ey
and
- (B, \@-p-Dn .
e e
i — 5 5 CAD )
=% k! C(L,)C.(ILy) ’
respectively, where A=diag{4,,--+, 4,} is a diagonal matrix with latent

roots. Using an expansion formula (14), we can decompose C/(4) into
the form

CD=% atC2)CA4),

where 4;,=diag{4,---,4,}. Thus (18) is rewritten as

. C(—32)oa
AN —p-1)/2 E E 2
1 k=0 = k! C,(Ip)C:(IN)

-

e

(19)

- SazCcw(]T 4

(N—-p-1)/2
) T (W=2)C4).
1si<jsp
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Hence, the integration of (18) with respect to 4;,---,4, by the use of
(13) gives the density function of 2, as

L) (252
ZNP/I—I

TS arar”
o etz (N— )
P=p <k!2‘(1,,)():.<lw) =% (N+2 p+1

2 v

(20)

C.(2)C(AT,-y).

THEOREM 1. Let Z=XAX' be distributed with density function (17).
Then the density function of the maximum latent root of Z is given

by (20).

COROLLARY 1. Let Z=XAX' be distributed with density function
(17). Then the density function of the maximum latent root of a deter-
minantal equation |Z—23|=0 is given by setting T=1I, in (20).

COROLLARY 2. Let Z be a Wishart matrix on N degrees of freedom
with covariance matrix X. Then the density function of the maximum
latent root of Z is given by setting A=1I, in (20).

COROLLARY 3. Let Z be a Wishart matrix on N degrees of freedom
with covariance matriz 2. Then the density function of the maximum
latent root of X*ZZ'* i3 given by setting A=1I, and X=1I, in (20).

Corollary 3 is easily obtained in another way. In fact, let Z be a
Wishart matrix on N degrees of freedom. Then by the use of trans-
formation (1) the joint density function of A, V and H is

(21) 1 exp (— 1 A )/ISN et
oo () 2
A2

-etr( ——;- V)V gL v,

Then the integration (21) over H gives

(22) exp ( — —22-5>1,<N —p-Df2

Ms
?7']....

—5 ) IV A= VI G,



8 TAKESI HAYAKAWA

Hence, using (12) we obtain the density function of 4 as

(N (252)

2pN/zI'(_p_) Fp<£) r, 1( N+p+1 )
5 -

)

(23) exp (- % A )1{" o=t

o N 2 e <_l I
=37 <N+p+1> C. T ”")'
2 .

This is the same result as given by T. Sugiyama [7].

Note. If we compare the terms of the kth degrees in (23) and in
corollary 3, then we have a linear relation

( N-—-1 >
(24) exp < — % A ) TF%II—_ Ca)
(T,
(2=1)
=2 “fvm_jji—”)a(zl)c,(zlzp_,) )
2 v

5. The density function of the maximum latent root of a non-central
Wishart matrix with covariance matrix I=I,

Let S be a non-central Wishart matrix on n degrees of freedom and
with covariance matrix ¥=1I,.. Then we may start from the form of
the density function of S

(25) etr (- -%- 2 > 272['1;(—&7 | S |21/ gtr ( _% S)
2

3 c.(32)c.s)
P=p (é) 1;110,(1,,) ’
2/«

since the maximum root is invariant under any orthogonal transforma-
tion (cf. A. T. James [3]). Let us decompose S as (1), i.e.,
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‘2 O
S=H [ ]H’
oV
and expand C,(, PV) as

C®V)=3 a:CA)C(V),
by (14). Then (25) is rewritten as

1
=
A2

1
i @) i,%:)) S a:C.(k)
2/

(26) etr(—12) g exp (- 12,)

cetr (-%V) |V [@=2-52| 4,1 — V| CAV),

since the Jacobian is A, ,—V|.

The main problem is to integrate out V' from (26). Unfortunately
the results obtained so far are not available to do so directly and hence
we need to reformulate (26) so that the known formulas can be applied.
The part of reformulation is

@) etr(—%V)lVl‘"“’“?” |2 I—V|CAV).
First, by the expansion

28) etr(—%V) Ezl( 2)’0.,(V),

lOcvl

(27) can be rewritten as

(29) Ve I-v 25 L~ L) cvem)
' e Rl TR Y B nr e

Second, by using (12), (29) is expressed in the form

30) Vi 1=V $ 5 1~ 1) S0CV).

Hence the integration with respect to V over 2,I>V >0 gives
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7))
r, 1( n-l—g—l—l )

r,, (%

(31) Zgn+1)(p—1)/2

ooy 5,
ﬁ(_ >zo}b:, (n+ +1)
2 ]

=0

Co(Ad,-,).

Thus the joint density of 2, and H is as follows:

()2

g e )

32) etr(-%ﬂ)

) _ C.(—I—-Q
.xfp/’—lexp(“‘;'z‘),%%" (;) ( 21 )k k!é(fp)>
2/

(n—1>
' )

Coaup-y).

To obtain the density function of 2,, we only integrate (82) with respect
to H by using the spherical integral, that is,

1 S _ o
P H(g)

Thus the density function of 2, is

() e 252)

(33) etr( ; .Q>

21'"/21"(%) n(-"%) r p-l(%ﬁl)
] C. 1 2
‘Z?plz—lexp(—%ll)g%; : (_%)k—?'(c—%—(r))‘

(2.

(n—-1>
gt

N

CoT,).
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THEOREM 2. Let S be a non-central Wishart matriz on n degrees
of freedom with covariance matriz =1I, and the non-central parameters
2. Then the density function of mazimum latent root 2, 18 given by (33).

6. The density function of the maximum latent root of a non-
central Beta-matrix

Let S, be a non-central Wishart matrix on %, degrees of freedom
and S; be a central Wishart matrix on n, degrees of freedom with the
covariance matrix ¥, respectively. Let S, and S, be independent. A
non-central Beta-matrix R is defined as

(34) B=(S,48,)7"8,(S,+S,) 7",

and Wilks’ statistics of likelihood ratio criterion for testing equality of
the mean vectors is, then,

[ I—R|=|S(S;+Sy)7].
A. G. Constantine [1], [2] considered the distribution of
i) latent roots 4,>--->1, of R
and

i) trSSp=3_%

W =T )
Here we consider the density function of 2, the maximum latent
root of R in the non-central case. We note that the distribution of
roots of R is invariant under the simultaneous transformation such that

Sl - %Z—I/ZSIE-IN , Sz __)_;_zv—llﬂszz—lﬁ .

We may, therefore, assume that the joint density function of S, and
Sz is

(35) etr (—9) 1 | Sy |21 G, |(ra=p-172
n .

- etr (—(S,+8,) o F} (”7 2, sl) ,

where 2 is a symmetric matrix of non-centrality parameters. By the
transformation of S; and S, such that
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G=Sl+Sz , R=G—1/2S1G-l/z R
the density function of R and G is
1
r (ﬁ) r (&)
N2/ "2

“oF x(%l—; 2, GR)IR [(m=2-0/2| [ R|(ramp-1/2

(36) etr (—2) etr (—G) | G|ru+m—r-r

To turn out G from (36), we use the formula

@37) S etr (—G)| G [ra+ra-p-1s C‘(RG)dGzl“p(M; /:)C,(R) ,
G>0 2
and thus the density function of R is

r{zgm)

gane

(Rt M0, R).
1£1 2 2

(38) etr(—92) | R|-?-r2| [— R [(mg-2-1/2

Now, we decompose R into 4, H and V as lemma 1,
A 0
R=H H'.
0V

Since the Jacobian is |4]— V|, we can rewrite (38) in terms of A, V
and H as

rf2ge

Zane

. l Vl(nl-P—l)/ZI 211'__ Vl l I— Vl(nz—p—l)/z

(39) etr (—92) Amp=I/Y(] g )P0/

‘1‘["1(——”1;_”2 ;-%—; 2,2 (‘BV) .

Now, we reformulate the part including V, that is,
(40) Vo2 4=V || [ -V [ 221 C (4, D V).

By using (14), (40) can be written as
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(1) |V [522 RI— V|| I=V [0+ 5 a5 CRICAV)
and then by the expansion of generalized binomial series, that is,
(42) | I—V |ra—p=0r2 = i = ( —n;+p+1 ) C(V)

= 2 P T

(41) can be rewritten as

(43) (Ve -y S5 (=tetl) 1

=0 o "l!

. E a:.C(4)C(V)C(V).

Then if we use (15), we have

(44) |V [ D A=V 2 arCR)

. e —n;+p+1 1 )
3h) (27) T SHCAV).

Hence, the integration of (44) with respect to V over 21>V >0 gives,
by the use of (12),

ref25t) p-l<
(45) Ame-1/2 2

r,(nE2H)
(22
.iz(:m‘ﬂ),%;bg ( nl+i +1”) Ciad,).
2 0

g a:,C(2,)

Hence, the joint density function of 2, and H is

i) () ()

_ - :
O R )
2 ' C;(‘Q)

. anp/z -1(1 — 2,)(re—P-D/2
(1=2) %2 <&> k!C(L)

2 (nl_—l)
SaC f s (i) Ly _(@
2 0

Co(A1,-s).
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To obtain the density function of 2,, we only integrate (46) with re-
spect to H by using the spherical integral. Thus

(5L

_ 2 2 B e
47 etr (—92) Bp(%’%> F(g_)ll 12121 (1 — 3,)("a—2-D02
n+n,\
3393 (( ;_2 > ), k'CC('[()}) Eac(zl)iz(:ﬁ:}z_m) ll'
2/«
n,—1
533 (751 +1§+ 1> ) Cad,) -
mApEly

THEOREM 3. Let R be a mon-central Beta-matrix defined by (34).
Then the density function of the mawximum latent root of R is given

by (47).

Note. The density function of 4, in the central case can be easily
obtained from (8), (12) and (38). It is

m—1 p+2
P Bp-l( 12 2 )

g R

2F1( nlz_l , _nz_;p+1 ’ nl+§)+1 ;ZlIP—l) ’

(48)

2;‘1"/""(1 — Zl)(”z_p‘l)/z

which is the result given by T Sugiyama and K. Hukutomi [8].

7. The density function of the maximum canonical correlation co-
efficient in the non-null case

Suppose the variates x;,-:-, %, ¥, *, ¥, (0=q) are normally dis-
tributed with zero means and covariance matrix 3. If p,,---, p, are the
canonical correlation coefficients between (2y,---, z,) and (y,---, ¥y,) and
A0+, A, are the maximum likelihood estimates from a sample of size 7,
n=p+gq, then the density function of 2,---,2, is given by A. G.
Constantine [1] as
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g Fp(ﬁ)
2

nlg)nlg)n(3)

T RS
15i<jsp k=0 «

(49) | I—P|2| A|‘92—D/2| [— A|=a-p=1r2

(%) (%) CAP)CAA)

(_g_) - kIC(L)

where P=diag (o,,- -+, p») and A=diag (-, 2,). Using (14) and (15),
we can rewrite (49) as

o2 ﬁ)
T |5

nfg)nlg)rlg)

)(41—1’-1)/2

I I— P ln/z qu—p-—l)/z(l_ 21)(11—!—17—1)/2

(2.2), om
(g).

SaC) DS (:’M> 1 swcu),
v =0 o 2 L l! [

(50)

(34) I, 60 5D

15i<js

where 4,=diag (%;,---, 4,). Thus, using (13) we get the density function
of A, as

] I__Pln/zxim/z—l

A=z S s ELE). oo > a:C(4)

CT(g), ReW
ii‘.( —n+q+p+1 ) 1 s ﬂc,(xllp_l),
o 2 ST (q+p+1>,

2

=0

THEOREM 4. Let (21, -+, %p Y- =y Yo+ P=4q, be distributed with
p+q variate mormal distribution with mean 0 and covariance matriz
Y. Then the density function of the maximum canonical correlation co-

__efficient 2, of maximum likelihood estimate from a sample of size m,
n=p+q, is given by (51).
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Appendix

(I) The table of Z.(A@B):?@_Z:(A)Z(B)'

Z(A) | Zyf(B)
Zy 1 1

Zo(A) | ZoiB) | Zu(A) | Zo(B) | Z(A)Zo(B)

Zo | 1 1 2
Zey 1 1 2
ZofA) | ZaAB) | Zar(A) | ZaikB) | Za(A) | ZuAB) | ZafA)Za\B) | ZuAA)Zaf(B) | ZeN(A) Ze(B) | Z o A) Ze(B)
Zy | 1 1 3 3 '
Zewy 1 1 43 43 5/3 5/3
Zy 1 1 3 3
Zu(A) | Zu\B) | ZufA) | ZuB) | Ze(A) | Zo(B) | ZarNA) | ZarAB) | ZuAA) | Zut\(B) | Za(A)Za|B) | Za(A)ZaB)
zo| 1 1 4 4
Zy, 1 1 6/5 6/5
Zy, 1 1
Zas, 1 1
Zy, 1 1

Zs(A)Z4yB) | Zai(A) ZaN(B) | ZiS(A) Zar( B) Zs(A)Zi(B)|Zy3(A) Zay(B) | Zut(A) Z\B) | Zu3(A)ZoB) | ZuXA)Z(B)

Z 6

Zew 43 us | s 73 3

Za | 83 s . ' 105 _

Zo, 5/2 5/2 5 | 53 83 3/2 32
Z, : 6 1 4 4

(II) The table of Z(A)Z.(4)=3¥.Z(A)

Zoy Zy, Zy Zay Zy, Zy, Zas Z, Zasy Zy,
Zy 1/3 2/3 Zy 1/5 45 Zw Y7 6/7
Zy, Zy 1/2 1/2 Zay 2/9 2/9 5/9
Zyy 3/5 2/6
. Zy, 3/35 8/21 8/15
Zo
. Zty 1/3 23
Zy, 13 23
Z. >
Zy 1/6 8/16 38/10

Entries not shown in the table mean zero for table (I) and table (II), respectively.
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ERRATA

“ON THE DISTRIBUTION OF THE MAXIMUM LATENT ROOT OF
A POSITIVE DEFINITE SYMMETRIC RANDOM MATRIX”

TAKESt HAYAKAWA

The Jacobian (3) of Lemma 1 (Ann. Inst. Statist. Math., 19 (1967),
p. 2) should be changed from

J(S—’lu hy, V)-_—I 11]17—1—V|
to
TS b, V)=|2d, V| /1S b,

The error comes from the J(dP,—dh)=1 (page 3, line 16). The all
parts which appear in the decomposition (1) should be corrected.

The author is indebted to Dr. C. G. Khatri for pointing out the error
in the Jacobian (8).
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