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The purpose of this note is to answer the question stated in Leh-
mann ([1], p. 240), of whether the two-sided Wilcoxon test is unbiased
against the two-sided alternatives or not. Although every one-sided
Wilcoxon test is unbiased against the one-sided alternatives, we shall
show by an example that the two-sided Wilcoxon test is not necessarily
unbiased against some special two-sided translation alternatives.

Let X, ---, X, and Y3, ---, Y, be two random samples drawn from
the distributions F(z) and G(x), respectively. These distributions are
assumed to be absolutely continuous with respect to the Lebesgue mea-
sure. To test the hypothesis H: F(x)=G(x), consider the following test
function ¢(X;, +++, Xp; Yy, +++, Yo):

1 when X, ---, X,<Y,, -+, Y,
(1) ¢(X11"'va; Yll"'! Yn)= or le~"'me>Y11"', Y,.,
0 otherwise.

Then it is clear that the test ¢ is a two-sided Wilcoxon test with the
level a=2(m !n!)/(m+n)!. The power of the test is given by

(2) :B=P{X1! M Xm<Yly ] Yn}+P{X11 Tty Xm>1,1, Tty Yn}
=P{max X;< min Y,}+ P{min X;> max Y,}
1sjsn 1sism 1sjsn

1sism
=" Foran-a-e@r1+{”_ce@rdi-a—Fa)
_ ’nS:o F(z)"(1—G(2))"'dG(z)+ mgi° G(x)'1—F(z))" 'dF(z) .

Let us now specify the distribution functions F(x) and G(x) as

follows :
1—e* =0
Fa)=|
(3) x<0,
G(x)=F(z—A4),
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and test the hypothesis H:A=0 against the two-sided alternatives

K:A+0.
The power function, 8, .(A), of the test ¢ for this special case is
obtained from (2):

(4) B, (D) =nS:° (L—e~?)me~==0qy _I_mgr (L—e=-Dyrg=magy

—_— m!n! p=mi MSG_A n—1 — mt
_——(m+n)! e ™ +-ne . t"(1—t)"d

_ mln! —ma Sl n-1(1 —g=bg)™
___—('m,+n)!e +n0x (1—e *x)"dx

for A=0 and similarly

(5) B ()= Lt | 21—ty

for A<0. From (4) and (5) we have

(6) B, n(8)=PBn, m(—4) .
Differentiating (4) with respect to A, we have
(7) h(8)=¢e"Bn, «(8)
= —-(—””%i—%!—me'("’"”-l—mnsz " (1—e *x)"'dx,
and
!

8 MOY=—"T""T" ().

(8) (0) mtm)l (n—m)

Since h(A) is strictly increasing for A=0 whenever m>1, (a) the equa-
tion h(A)=0 has a unique solution in the interval (0, co) when n<m,
(b) h(0)=0, when m=n>1, (c) h(A)>0 for A=0 when n>m>1. In the
case that m=1, B .(A)=(n—1)e*/(n+1) and hence fi .(A) is always
positive for A=0 when n>m=1.

Considering the symmetric property of S, .(A) as in (6), we can
conclude that in all cases except when m=n=1, B, ,(A)=0 has a unique
solution A=A,, B, .(A) is strictly decreasing for A<A, and strictly in-
creasing for A>A,, and further that A,>0, A,=0 and A,<0 according
as m>n, m=n>1 and n>m, respectively. In other words, the test
¢ defined by (1) is not unbiased against the two-sided alternatives A#0
when m#mn and is unbiased when m=n>1. From (4) and (5) it can
easily be seen that

\
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(9) lim B, (4)=1.

We shall give two numerical examples which are obtained from (4) and

(5).

(i) In case m=19 and n=1: «=0.10

wlemrefi-a-e] @20
(8=
? _ (1<0).

(ii) In case m=n=3: «=0.10

9 ,. 9 _ 9 _
1—_ 2 e84 Y p-20__ 3 A>0
£ Tt Tt (420
Bs,(A)= o 0 o
1__ A 24 34 A 0 .
4 +——5 20 (A<0)

The following figure shows the power function 8, .(A) for the cases (i)
and (ii). In both cases the level of the test ¢ is equal to 0.10. In
case of (i) the power function attains the minimum value 0.062 at about
A=0.2 and is Jess than 0.10 for 0<A<O0.7.
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Fig. 1. The power of the test
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