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1. Introduction

A necessary condition for the existence of regular and symmetrical
PBIB designs in terms of the Hasse-Minkowski p-invariant was obtained
for group divisible designs by R. C. Bose and W. S. Connor [1], for
designs of L, type by S. S. Shrikhand [2], for designs of rectangular
type by M. N. Vartak [3], and finally for designs of triangular type by
J. Ogawa [4] respectively.

The purpose of this paper is to give a similar necessary condition
for the existence of regular symmetrical PBIB designs of T, type in
terms of the Hasse-Minkowski p-invariant. To this end we consider
the proper space related to the design of T, type (section 3) and prove
lemmas which are necessary in the later argument (section 4), and then
the necessary condition for existence of the designs is given with some
examples of impossible designs (section 5). Finally a numerical example
of the analysis of design of T, type is given (section 6).

2. Preliminaries

Let = be a PBIB design, with three associate classes and with para-
meters

(2.1) v, b, r, p“u, Ngy, Aiy (i,j, k=lv 2! 3)v k.

These parameters are not all independent but they are connected by
the relations

2.2) bk=vr, im=v—1, imd=rk-1), pl.=p,
' nipjuznjp{uznup?jy Ei=1p§u=%1—5i1, (i’ jr u=1; 2; 3) ’

where d,;=0 or 1 according as 1#j or 1=j respectively.

The association of 7; type is defined as follows: The number of
element is v=n(n—1)(n—2)/6, where » is a positive integer. We have
an array of n(n—1)(n—2)/6 treatments on the cubic form with the follow-
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ing properties: (a) if the tth treatment lies in the ith row, jth column
and uth layer, it is denoted by t=(%, j, u), (b) t=(%, 7, ) represents the
same treatment irrespective of the order of %, 7 and u, (¢) the position
in the principal diagonal part is blank, i.e., (¢, 7, 1)=(1, %, )=, 1, 1)=4.
For two treatments t=(i, 7, k), t'=(%, 7/, k'), we find the following re-
lations :

two treatments are first associates for ¢4/, j=7', k=F/,
two treatments are second associates for i#4/, j#75, k=K',
two treatments are third associates for i+, j#J', k+Fk/,

where each index takes on a value of 1 through n.
In this association, the parameters of association are as follows:

(2.3) m=3(n—3), n,=3(n—3)(n—4)/2, ny=(n—3)(n—4)(n—5)/6,

n—2  2n—4) 0
p=| 2(n—4) (n—4) (n—4)(n—5)/2
0 (n—4)(n—5)/2 (n—4)(n—5)(n—6)/6
4 2(n—4) (n—5)
(2.4) pi=| 2(n—4) (r—5)(n+2)/2 (n—>5)(n—6)
(n—5) (n—5)(n—6) (n—5)(n—6)(n—1)/6
0 9 3(n—6)
pi=| 9 9(n—6) 3(n—6)(n—T7)/2
3(n—6) 3n—6)(n—T7)[2 (n—6)n—T)(n—8)/6

PBIB design of T, type is an arrangement of v treatments with the
association of T type being allocated to b blocks of size k each in such
a way that (1) each block contains k different treatments, (2) each treat-
ment occurs in r blocks and (3) any two treatments occur together in
2; blocks, if they are the ith associates. If the incidence matrix of this
design is denoted by N, then it is also well known that

(2.5) NN,=TBO+21B1+22B’+13B3 y

where B; is the ith association matrix.

3. Some properties of proper space related to regular and sym-
metrical PBIB design of T, type

According to L. C. A. Corsten [7] we conceive P=NN’ as the ma-
trix of the linear transformation of a vector space A consisting of vec-
tors x=(x,;, 3, - - -, T,)' into itself, where the coordinate ., corresponds
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to the tth treatment. From (2.5) the tth coordinate y, in y=Px is equal
to ro,+4,S,+ 4,8;+4,S; where S;(j=1, 2, 3) represents the sum of the
coordinates in x corresponding to the jth associates of treatment ¢t. &'=
(1,1, ---,1) is a proper vector of P with the characteristic root r-+
A+ 2+ Ams=rk.

We shall consider the (v—1) dimensional subspace A of all vectors

in A which are orthogonal to the vector 8. For every vector x in A,
we have the following relation

(3.1) x;+S1+Sg+Sa=O .

If we denote the treatment by (¢, 7, k) with the restriction 1<j<k, then
we may construct a set of » vectors ¢, ¢, - -, ¢, and a set of n(n—1)/2
vectors dys, dy, -+, dyny -+ ¢, dyny -+ -, dn_y, in the vector space A in the
following way : (a) the coordinates z, of the vector ¢, corresponding to
such treatments t=(3, j, k) as 1<i=p<j<k=n, or 1<i<j=p<k=m, or
1<1<j<k=p<n are unity and the other coordinates of the vector are zero,
(b) the coordinates x, of the vector d,, corresponding to such treatments
t=(1, 5, k) as 1=5i=p<j=q¢<k=m, or 1=5i=p<j<k=q=<n, or 1<i<j=
p<k=g<m are unity and the other coordinates of the vector are zero.

LEMMA 3.1. ¢, ¢, -, ¢, are linearly independent and dy, dy, - - -,
d._. . are linearly independent, too.
If a,e;+ayc,+ - -+ +a.c,=0, where O is the zero vector, then
a;+a+a;=0
a;+a;+a,=0

On_1+@ny+a,=0,

therefore a,=a,= --- =a,=0, consequently ¢, ¢, ---, ¢, are linearly in-
dependent. If aydy+audy+ <+ +aiy, doy =0, then ay+a;+0a,=0, a,;,+
@+ ay=0, +++, @ny n1+ s nta,_,=0, therefore ay=ay=---=a,,,
=0, consequently d,;, dys, ---, d,_,, are linearly independent.

Let the m dimensional linear subspace of A spanned by these n
linearly independent vectors ¢, - -+, ¢, be called A¥ and the n(n—1)/2
dimensional linear subspace of A spanned by these n(n—1)/2 linearly
independent vectors dy, dy, - - -, d._,, be called AF¥. Since ¢;+¢+ -+- +
¢.=38, 2¢,=30'd;,+3}-,..d,;, the space A¥ contains the one-dimension-
al space spanned by &, and the space Ay contains the space AF.
Moreover we consider (z—1) dimensional subspace A}* of the space A
orthogonal to 8 and »n(n—3)/2 dimensional subspace Af* of the space A}
orthogonal to the vectors ¢, -- -, c,.
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Now, consider the inner product of any vector in A*, rie+rna+

- +7.¢, say, and 8, and the inner product of any vector in AX*, Sl

“Toalpe 53y, and 8 and moreover the inner product of ¢, and 3,<o7pellpe s
then the first, the second and the third are respectively equal to

(8.2) (SpoirsCor 8)=2-i15(Cr O)=(r1+12+ - -+ +r)(n—1)(n—2)[2=0,

(3.3) (Spcaoelloes 8)= Zp<atpaelpar 8)=(N—2)Zp<ar2=0,

(3.4) (Spedroeon €)= ir(diry €)+Xar it ri(drsy €)+Dicinrtis(diy, €)
= —2) (e + Xt ersilri) H { Socatva— (76 + Zi=rairr) }
=(n—8)iZlrir+ 2 F-rt17-1)=0.

We further note that, if the treatment ¢ occurs in the pth row,
qth column and rth layer of the association scheme, the coordinate z.
of any vector x=3}.;7,¢, in A¥* and the coordinate x, of any vector
X' =3 pc o rallpg in AF* corresponding to the pth row, gth column and rth
layer of the association scheme are equal to 7,47, +7, and yu+7e+7er
respectively. That is to say, the inner product (x, e) and (x’, e) is equal
to 7,47.+7- and r,+7e-+7sr Tespectively, where the vector e has been
constructed in such a way that we write unity in the position of which
the corresponding indices occur in the place of the association scheme
being occupied by the treatment t=(p, g, r); write zero everywhere-else.

Similarly, consider the following inner products of the vectors

(3.5) (d, X)=(rp+7)m—2)+ 141+ -+ +12)—(ot72)
+ (o) m—=2)+ @i tnt o Frn)—=Gotr)
+ (ot n—=2)+(trt o Fra)— (e tr)
=2(r,+7.+7)(n—38)=2(n—3)x,=3x.,+S;,

(3.6) (¢, X)=r,(n—1)n—2)24+(r1+1:+ -+ +7a)(n—2)—1(n—2)
+7n—=D)n—=2)2+ 1+t - Fr)(—2)—71n—2)
+7,(n—=1)(n—2)2+(n+1r+ - Fr)(m—2)—1,(n—2)
=(rp+ 7.+ 1) m—2)(n—38)[2=z(n—2)(n—3)/2
=31,+25,+8S,,

(B.7) (d, X)=7p(n—2)+ 20 rip+ X=prilos + 2710
+ 30 gei¥as —20peF 1M —2)+ i5Ti0F 2caniTes
S e St — 2 F T (M —2)+ 2051
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+ 3 epiatos + 20D i+ X =r il — 21 pr

=M —4)(p+ 70+ 7o) =(n—4ai=3x;+ 5],
3.8) (¢, x')=0=3x+25/+8;,
where d=d,+d,+d,,, c=c,+c,+ec, .
Then, from (38.1), (3.5) and (8.6) we get the following result,

3B.9) Si=2n—9=x, S;=(n—4)(n—9)z,/2, S,=—(n—4)(n—>)x./2,
and from (3.1), (3.7) and (3.8) we get

(3.10) Si=(n—"x., S;=—02n—1l)x,, S;=(n—5)x..

The relation (8.8) follows from the fact that every vector of AF* is or-
thogonal to the given n basis vectors of A¥*.

Finally we consider the orthocomplement of AF with respect to
A and call this A;. The dimension of A, is n(n—1)(n—2)/6 —n(n—1)/2=
n(n—1)(n—>5)/6. Let x” be any vector in A;. We get the following
inner products of the vectors.

d, x'")=0=3z/+S,,

(3.11)
(c, x")=0=38x/+2S,+S8S,.

Hence S,=—3x/, S;=3x/, S;=—x/ for all vectors in A;.

Now it follows from the previous paragraph that the coordinate
9. of Px where x is restricted to A¥*, is {r+(2n—9)4;+(n—4)(n—9)2,/2—
(n—4)(n—5)4,/2} .. Therefore A}* is a proper space of NN’ with proper
value p,=7r+(2n—99)4+(n—4)(n—9)4/2—(n—4)(n—>5)2,/2. Similarly AF*
is a proper space of NN’ with proper value p,=7r+(n—7)4,—(2n—11)4;+
(n—>5)4, and A; also is a proper space of NN’ with proper value p;=
r—382,43—1;.

It is quite easy to find the Gramian P, of the given basis of Af,
the union of the proper space A}* and the proper space spanned by s,
and the Gramian P, of the given basis of A}, the union of the proper
spaces A¥*, A¥* and the proper space spanned by 8. In order to write
down P, and P,, we only need the inner products of the vectors ¢,
G, -+, ¢ and dy, dy, -+, d._,,, respectively. Then they are written
down as follows: ‘

(n—1)(n—2)/2 P n—2
(8.12) P,= n—2 (n—1)n—2)2 -+  n—2

..........................................

§
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n—2 S T I P (N | TR 0/0:-----
: 10 --0]1----- (1) (1) ......
1 01
10-- (-1
1... n—20... 10 1]o0...
11 0 ln—2.-11 170-----.
.t 1 0] 1eeees
1. n—2
(8.13) P,= ) ) ]
10--. 1/{1--n—21]0.-- 1]0-- J
011 --0(11--0(n—-2--1]1--
: : 1. 'n—3
010 1/10.--1|1--n—2
0 011-0(01I10(1 1 O0[n-2---
S | et
n—1 n—2 n—3 n—4..

4. A necessary theorem and lemmas

Hasse’s Theorem [56]. The necessary and sufficient conditions for two
positive-definite, rational and symmetric matrices A and B of the same
order to be rationally congruent are that, in the first place, the square-
free parts of the determinants of both matrices are the same, and in
the second, the Hasse-Minkowski p-invariants of both matrices coincide
with each order for all primes p including p...

If we denote the m leading principal minor determinants of A by

(4.1) Dh Dh M) Dn—lv Dn=lA I
and let D,=1, then [5] the Hasse-Minkowski p-invariant of A is given

by

(4‘2) CP(A)=(_11 —l)p-n-?;l(Di+lv _Di)p
for each prime p, where the symbol (a, b), denotes the extended Hilbert
gsymbol of the norm residue [5], which is defined by

1 if ax’*+by’=1 has a p-adic solution,
@3  (@by=|

—1 otherwise.

Now we shall list some useful properties of C,(A) as lemmas.

LEMMA 4.1. If A and B are rational and symmetrical and if
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A 0
U=
0 B,
then
(4.4) C(U)=(—1, —1),(|A4], | B]),CAAC(B) .
LEMMA 4.2. If A, B and C are rational and symmetric and if
A0 0
U=|0 B 0|,
0 0 C

then

(4.5)  CyU)=CyA)C,B)C,C)| AL |BDAIBI ICD AL [CDs -
LEMMA 4.3. If A is nXn matrix, then

(4.6) Clo)=(—1, p);"*""(p, | A );""Cy(A) -

LEMMA 4.4. If the m—1 rational vectors b, by, - --, b, of dimen-
stonality n are linearly independent and are orthogonal to s, then the
Gramaian of the set, t.e.,

b;
U=| - | by ball
b,
has the p-invariant C,(U)=(—1, —1),.

LEMMA 4.5. So long as we restrict ourselves to rational vectors, the
p-invariant of a vector set, i.e., the p-invariant of the Gramian of the
set is uniquely determined by the linear subspace generated by the vectors
of the set.

We shall summarize the necessary properties of Hilbert’s symbol [5]
and some of the fundamental properties of the Legendre symbol (g/p)

of the quadratic residue. For reference we reproduce the results of
B. W. Jones [5].

LEMMA 4.6.

(@, B)w=1 unless a and B are both megative.
(a, B)y=(B) a)p .

(ap*, Bo*)o=(, B), -

(a, —a),=1.

If a=p°a, B=p"B, with a, and B, units, then

AR
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. . _ _1 abd a b ﬁl a
o ot e irm( 1) (2)
if m— (2 ° 2\ _ Cay~1)(By~1)/4
b i p=2, (@ o=(Z) (2 )~ :
5'. If p is prime to 2aP, (a, B),=1, for p finite, a and B in R(p).
(a, B)ola, 7)p=(a, Br)s, -
(a, a)=(a, —1),.
(ap,’ Bp)y=(a, B)(p, —ap),.
If B is a mon-square in F(p) and c¢=1 or —1, there is for each
prime p an integer a such that (a, f),=c. If, further, b as defined
in property 5 is odd, may be taken prime to p.
10. If a and b are non-zero rational numbers

Ti(a, b)p= 1,

the product extending over all primes p including p=oco.
11. (a, b),=(—ab, a+b),.

DR

Now, from section 3 and the elements of linear associative algebra
[6], we conclude that there exist four mutually orthogonal and sym-
metric matrices BX=(1/v)G,, Bf, B and Bf with respective ranks, 1,
n—1, n(n—3)/2 and n(n—1)(n—>5)/6, such that
4.7 NN'=p,Bf+ p,B¥ + ps B 4 p, B
where ' .

pe=7+3(n—3)4;+3(n—3)(n—4)2,/2+(n—3)(n—4)(n—5)4/6 ,

and the column vectors of By, B} and BjJ respectively generate the

proper spaces A}X*, AF¥* and A, of NN'.
Let us assume, without any loss of generality, that

(1” b;’ tt s b:u 3u+lv Tty b:z(n~l)/2! ] b:
are linearly independent, and let us put
S=|b%; --- bibi,, - binsya -+ B3] .

Then S is a non-singular vXv matrix with rational elements.
Further let
H .?.'H
Q1= "bi v b:- " ’ Qa= " bgs+l v b:(n—l)/z "
b}., b:,(n—l)/z
I.’:'(n-l)/ul
Q:= * " bgl(n—l)/!-{-l <o+ b “ .
by
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Then
oV 0
S'NN'S= Ple
0 P:Q:
PaQa
or
rkfv 0
(% £:1Q1
(4.8) NN 0 @,
PsQa
Since
1/
S'S= Q ,
0 1 s
we get
(4.9) v]Q Q|| Qs |~1.

Next, the Gramian P, and P, as defined in (38.12) and (3.13) have
the following determinants :

(4.10) P1=%(n—1)(n—2){(n—2)(n--3)/2}"“l

n—38 -1 [|[n—8 —1 .-+ —1|[n—2 —2 ... —2
. -1 n-3 —1n-38... 1
P—8(n—2) . . S, :
1.+ n=3|| -1 1 -+ n=3|| -1 1 .-.n-38
n—2 n—2 n—3
n—1 -3 ... -3||n —4.--—4||n+l =5 - —5
—1n-8--- 1| —-1n-3---11] -1n-8.-..1

Since

n—(—1i) —@—1) -
-1 .

—(i—1) 2(n—3) —2(n—3)---—2(n—3)
n—3 . 1 -1 n—3 .o 1

-1 | n—3 -1 1 n—3
=2(n—3)(n—4)"** (1=2, 8, .-+, n—1),
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then

(4.11)  P,=3(n—2){2(n—3)(n—4)"*}(n—4)1+*+3+ = +0-D{9(p__)}»—2
=3(n—2){2(n—3)}"(n—4)"2,

Since
v 0 0
'1{;) Z ~P1! 0 Q10 ~P2,

‘ 0 0 @
it will be shown that
(4.12) | Q| ~n{(n—2)(n—3)/2}"*
(4.13) | Q: | ~2(n—1)(n—2)*(n—4)xn->/2
(4.14) [Qs| ~8-2" " (n—2)(n—3)"{n—4)/2

From lemmas 4.2 and 4.4 it follows that

)

= p(Ql)Cp(QR)Cp(QS)(I Ql |9 I Qﬂ l)p(l Qs I’ le |)p(| Qa l’ I Ql l)p=(_1y _l)p .

Q
(4.15) C,,(” Q.
Qs

Moreover, the following relations can be shown from lemma 4.8.
(4.16) Co(0:@)=(—1, p1);"*(01, | @ 1);C(Q) ,
(4.17) Co(pQs) =(—1, p);~D=D"=905(p, | Q, )3~ 1C(Q,) ,

(4.18) Colo@) =(—1, py); D=0 Di=n=m g | Q| D=9/0+1C(Qy) .

5. Necessary conditions for the existence of regular symmetrical
PBIB design of T, type

In this section, we shall show the non-existence of certain regular
symmetrical PBIB designs of T} type. If the design is symmetrical, i.e.,
v=b and r=k, then the incidence matrix N is a square matrix with
elements 0 and 1, hence in the regular case NN’ must be a perfect
square. Thus first of all

(5. 1) P?—IP;‘("_3)/2{73"("_1)("-5)/6 ~ 1 ,

and from (4.1) and lemmas 4.2 and 4.4 it follows that
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PzQz

(5.2) C,,( )
PsQa

=Cy(0Q)Co(0:@)Co( @) 0Q1 |, | 0@ ) £ Q115 10:Qs o] Qs | 104Qs Do
=(-1, —-1),.

Then, we get from lemma 4.4 and relations (4.15), (4.16), (4.17) and
(4.18)

(5.3) (01, PR Q1] P (o1 |@a 57
(o1, PN HI((Q0 ], )" (0 | Qs 5T
(o DI Qy ], "
(o 1Qu D=1, P, pg e
(=1, ps)g(n—l)(n-ﬁ)(n—2)(11’—47»—3)/72( on QL ):
(onr | @ D" ony | @ PV =1.

From (4.9) and (5.1) it follows that

(5.4) (_ 1 , pl)z(ﬂ-l)ﬁ( —_— 1’ pg):(”"l)("—ﬂ(n—s)/a
(=1, py)yr X0 p, | @ lons (@i D)o
(ow 1@y Dl pOEEDR(=1, pye =1,

Substituting (4.12), (4.13) and (4.14) into (5.4), consequently we get
the following theorem.

THEOREM. Necessary conditions for the existence of regular sym-
metrical PBIB design of Ts type are

(1) pi7'p e i~ 1,
(i) Op=(—1, p)m D/ (—1, p) XD — 1, py)pn-iXn-oxmi-abrimrin
(o1, P)F" 0y, M1y (R—2)(N—3)[2)77"
(o2, 2(n— 1)1, n—2);7 (o2, n— A"
(05, 3(n—2))y(0s, 2 —3)); s, B—4);" V=1
for all primes p.
Examples of non-existent PBIB designs of T type.
1) n=T; v=b=35, r=k=8, 4=1, =2, 4=2,
0,=(—1, 1),(—1, 6),(—1, 9),(1, 1,6, 12),9, 15), 0,=(2/3)=—1.
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Hence this design is impossible.
(2) n=T7; v=b=35, r=k=11, 3,=4, 1,=3, 4=2,

OP = ( - 1! 16)?( - 11 6)1!( - 1! 6)1:(16’ 7)?(6' 3)1)(6’ 15)17
0,=(5/3)=(2/3)=—1.

Hence this design is impossible.
B) n=T, v=b=35, r=k=12, 4,=4, 4,=4, 4,=3,
0,=(—1, 11),(—1, 6),(—1, 9),(11, 7),(6, 3),(9, 16), 0y=(2/3)=—1.
Hence this design is impossible.
(4) n=19; v=b=969, r=k=57, 3,=9, 4=3, 4,=3,
0,=(—1, 228),(—1, 36),(228, 19),(36, 51),
0,=(3, 19),,=(3/19)=—(19/3)=—1.

Hence this design is impossible.

6. A numerical example

Table 6.1 gives the yield which are produced by a set of three
workers and lay-out of a design of the T; type with treatments (sets
of three workers) indicated by sets of capital letters within brackets.

The parameters of the design are: v=35, n=7, b=35, r=k=4,
A=1, 2,=0, 2,=0.

¥ =2{3(n—38)B,+(2n—9)B,+(n—9)B,—9B,}/{n(n—2)(n—3)}
=(12B,+5B,—2B,—9By)/0,
¥ = (3(n—3)(n—4)B, + (n—4)(n—T)B,— (4n—22) B, + 18B,}/
{(n—1)(n—2)(n—4)} =(6B,— B,+3B,)/15,
¥ = {(n—3)(n—4)(n—5)B,—(n—4)(n—5)B,+2(n—5)B,—6B,}/
{(n—2)(n—8)(n—4)} =(12B,— 3B, +2B,—3B,)/30,

where B¥, B¥, B¥ are idempotents of the association algebra which is
the linear closure of association matrices B, B,, B; and B,.

The computational details of analysis of variance are given in Table
6.2 and Table 6.3 (see also Ogawa & Ishii [8]).
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Table 6.2
Treatments
BiQ B:Q BQ 70BfQ | 15B¥Q | 30BFQ
T Q

ABC | 48.0| —2.825| —2.075| 14.100( —9.200 | 10.325 | —58.650 | 28.125
ABD |50.0| —2.625 | 20.575| —7.000 | —10.950 | 183.925 | —41.600 | —74.375
ABE |53.8| —1.025 | —6.675 8.200 | —0.500 | —57.575 | —15.850 | 25.625
ABF |47.2| —1.950 | —6.750 9.875 | —1.175| —66.325 | —25.100 | 20.125
ACD | 65.2| 1.300| 20.350 | —17.225 | —4.425 | 191.625 | 11.750 | —66.625
ACE |56.2| 1.325| —9.125 7.150 0.650 | —49.875 2.750 | 55.625
ACF | 48.2 | —4.250 1.750 0.875 1.625 | —58.625 | —21.500 | —59.375
ADE | 74.0| 5.500| 15.950 | —30.725 9.275 | 123.725 | 91.550 | —71.125
ADF | 67.6| 7.525 0.175 | —6.500 | —1.200 | 114.975 | 48.050 | 80.375
AEF |58.4| —1.650 | —15.200 | 17.275 | —0.425 |—126.525 | —28.450 | 61.625
ABG | 53.6 | —0.475 0.775 1.525 | —1.825| 11.550 | —9.850 0.500
ACG | 60.4| 3.500| —2.850 | —2.050 1.400 | 19.250 | 27.250 | 42.250
ADG | 75.4| 9.950 0.600 | —3.500 | —7.050 | 192.850 | 42.050 | 131.750
AEG | 54.8 | —5.100 3.700 0.950 0.450 | —48.650 | —30.200 | —71.750
AFG | 48.8| —3.725 6.175 | —9.375 6.925 | —57.400 7.800 |—102.750
BCD | 46.6 | —3.550 | 13.450 3.100 | —13.000 | 135.450 | —63.400 | —37.750
BCE |45.4| —5.225 | 11.825 | —23.125| 16.525 |—106.050 | 41.350 |—194.000
BCF |54.8| 3.275| —16.175 6.125 6.775 |—114.800 | 33.850 | 79.750
BCG [ 68.0| 7.625| —15.025 1.900 5.500 | —36.925 | 60.350 | 123.875
BDE | 69.0| 9.100| —15.500 | 13.350 | —6.950 | 67.550 | 20.400 | 203.250
BDF | 54.2| 0.225 4.775 | —-1.825| —3.175| 58.800| —6.350| —5.750
BDG | 59.0 | —3.200 | 18.300 | —7.475| —7.625| 136.675 | —34.600 | —85.375
BEF | 54.0 | —2.050 | —8.550 | —2.850 | 13.450 (—182.700 | 30.900 | —45.000
BEG | 61.2| —0.700 | —8.500 4.125 5.075 |—104.825 6.900 | 10.125
BFG |59.0| 0.80| —3.200| —12.375| 14.725 |-113.575 | 61.650 | —49.125
CDE | 67.2| 6.600| —7.750 6.450 | —5.300 | 75.250 | 17.250 | 131.250
CDF |52.0| 0.500 1.200 5.600 | —7.300 | 66.500 | —24.500 | 35.500
CDG | 58.6 | —1.300 | 16.550 | —8.575 | —6.675| 144.375 | —19.250 | —62.375
CEF |39.8] —3.050 | —15.250 | 14.650 3.650 [—175.000 | —22.000 | 27.500
CEG | 49.0 | —2.900 | —4.900 4.625 3.175 | —97.125 | —12.500 | —20.375
CFG |49.0 | —2.475 0.775 | —9.250 | 10.950 |—105.875 | 27.250 | —83.375
DEF | 45.2 | —5.875 | 19.375 | —21.325 7.825 | —1.400 9.550 |—194.750
DEG | 56.2 | —3.575 | 12.325| —3.000 5.750 | 76.475 | —35.700 | —68.625
DFG |54.2| 2.775| —3.625 8.600 | —7.750 | 67.725| —15.200 | 84.625
EFG |41.8| —2.525 | —27.475 | 37.700 | —7.700 |—173.775 | —75.950 | 150.625

Elements of the vector T are total yields of the treatments and elements of the
vector @ are the adjusted yields of the treatments.
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Table 6.3
s.S. d.f. m.s

Treatments (adjusted for
blocks) 206.1391 34
Main effects of factors 49'343i 6 8.224
A B, ---,G Th—p, Q'B; Q) (n—1) ’
Two factor interactions of 3 72'1929* n(i4—3) 5.157
AB .-, G ———@'B: Q — ’

» D, » fk—pg 2
Three factor interactions of E 846?21 ,,(,,._11)‘1 (n—5) 6.043
e e (tama) | (ebie=n)
Blocks (unadjusted) 994.13 34
Error 301.44 71 4.246
Total . 1295.57 139




