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1. Introduction

It is well known that if X, and X, (X,<X;) are two ordered ob-
servations from an exponential distribution having the probability density
function (p.d.f.)

(1) f(x)=—;—e~w, X, 6>0,

then the random variables X, and o= X,— X, are independently distributed.
In this note we shall prove the converse result and thus the following
theorem will be established :

THEOREM 1. Let F(x) be an absolutely continuous distribution func-
tion with F(0)=0. A necessary and sufficient condition that the p.d.f.
f(x) given in (1) 18 the demsity function of F(x) is that the random
variables X, and o=X,—X, are independently distributed.

Another characterization theorem is also given.

2. Exponential and power distributions

To establish the above theorem we first of all note the following
relationship between the exponential and the power distribution.

LEMMA. If the variable X has the p.d.f. given in (1), then the var-
iable Y defined by

( 2 ) Ym+l=bm+le—x/o, mgo’ b>0
Jollows the power distribution having the density function ¢(y) defined by

(3) so(y)=—’;%ym, 0< Y <b

m20
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and conversely.

The proof of the lemma is obvious.

It is to be noted that if X, be the rth ordered observation in a
sample of size n where X follows (1), then

er(bm+le—xr/0)l/(m+l), r=1,2, .-, n

will be the (n—»+1)th ordered observation in the corresponding sample
of size n from the corresponding power distribution. Now to prove
theorem 1 we refer to the following theorem proved by Fisz [4].

THEOREM 2. Let F(y) be an absolutely continuous distribution func-
tion with F(0)=0. The function ¢(y) given by (3) is the density function
of F(y) if and only if the random variables Y, and Y,/Y,(Y,<Y,) are
independently distributed (where Y, and Y, are two ordered observations
from a population having the distribution function F(y)).

3. Proof of the sufficiency condition of theorem 1

Let Y, and Y, be the values corresponding to X, and X, obtained
from (2). That is

le(bmﬂe—xlla)l/(mﬂ) s (X2>Xl)
and }
Yz=(bm+le-X2/0)l/(m+l) s (Yl> YZ) .
Now
1 1/(m+1)
(4) Y Vi={exp (— - @-X))} 7.

Clearly, independence of Y, and Y,/Y, implies independence of X, and
(X,—X,) and vice versa.

Hence, if X, and X,— X, are independently distributed Y, and Y,/Y;
are also independently distributed and by theorem 2, Y has the p.d.f.
(3). Finally, from the lemma of section 2, X follows the exponential
distribution.

Thus the sufficiency condition of theorem 1 is proved and hence
theorem 1 is established.

An elementary direct proof of theorem 1, obtained through the
courtesy of Professor E. S. Pearson [5], runs as follows. The joint den-
sity of X, and X, is

21 (x,) f (), XX,
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and hence of X, and o is

21 (@) f (2,4 o), 0>0.

But this must be, for independence, g(x,)i(w) for some g( ) and h( ).
Putting X;=0, v=0 in turn we have

F@+o)=f(2)f () f(0)

whence
S(x) is of the form Ae 1.

The case of n observations follows similarly. And hence independence
of X, the smallest observation and w=X,—X,, the sample range in a
sample of size n, characterizes the exponential distribution. Ferguson
[3] has also characterized the exponential distribution using the above
result. But his proof is different. Tanis [7] has used a different prop-
erty to characterize the exponential distribution.

4. An qalternative way of characterization .
From theorems 1 and 2 the following theorems easily follow.

THEOREM 3. Let F(y) be an absolutely continuous distribution func-
tion with F(0)=0. Let Y,=2Y,= --- =Y, be an ordered set of n observa-
tions from a population having the distribution function F(y). A mneces-
sary and sufficient condition that the function ¢(y) given by (3) is the
density function of F(y) is that the random variables

Y, Y, Y, Y,
5 7, = n_ Zy=—tt Zyg=—ot e Zy i =—2 Z.=Y,
O U S SRR 4 1

are mutually independently distributed.

THEOREM 4. Let F(x) be an absolutely continuous distribution func-
tion with F(0)=0. Let X,<X,< --- <X, be an ordered set of n obser-
vations from a population having the distribution function F(x). A
necessary and sufficient condition that the p.d.f. f(x) given in (1) s the
density function of F(x) is that the random variables Z,=X,, Z,=X,—
X, Z,;=X,—-X,, ++-, Z,=X,—X,_, are independently distributed.

It follows that for the exponential distribution X, and X,— X,.(I>m=7)
are independently distributed. In particular, the »th ordered statistic
X, and rth quasi-range o,=X,_,—X,,, are independently distributed.

Incidentally, above theorems furnish alternative proofs to many of

the well known theorems and lemmas proved directly by Epstein and
Sobel in [2].



96

A. P. BASU

Acknowledgments

The author is grateful to the referee for his valuable suggestions

which considerably improved the presentation of the material.

UNIVERSITY OF MINNESOTA AND BELL TELEPHONE LABORATORIES, INCORPORATED

(1]
[2]

[31]
[4]

[51]
[6]

(7]

REFERENCES

B. Epstein and M. Sobel, *“ Life testing,”” J. Amer. Statist. Ass., 48 (1954), 486-501.

B. Epstein and M. Sobel, ‘“ Some theorems relevant to life testing from an exponential
distribution,” Ann. Math. Statist., 25 (1954), 373-381.

T. S. Ferguson, ‘‘ A characterization of the exponential distribution,”” Ann. Math.
Statist., 35 (1964), 1199-1207.

M. Fisz, * Characterization of some probability distribution,’’ Skand. Aktuarietidskrift,
41 (1958), 65-67.

E. S. Pearson, Personal communication.

P. R. Rider, *‘ Quasi-ranges of samples from an exponential distribution,”” Ann. Math.
Statist., 30 (1959), 252-254. )
E. A. Tanis, ‘“ Linear forms in the order statistics from an exponential distribution,”’
Ann. Math. Statist., 35 (1964), 270-276.




