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1. ‘Introduction and summary

Let TT:, T2 -+ +, [« be & normal p variate populations which are
independently distributed. Let

(500 () [ )

Zsa) Zgo) Zggz

denote N, independent samples from the gth population T[,, where X
and Z are vectors of observed and fixed variates, respectively. The

relation between E(X(”) and Z¢” for the ath sample of the gth popula-
tion is given by

EX®)=B,Z® (a=1,2,---,N,, g=1,2, -+, k),

where B, is a pXq matrix. Partitioning B, into two parts
Bg:(Bnggg), g=1’ 2’ . k’

where B, is a pxgq, matrix and B, is a pXgq, matrix (g=¢,+¢,), we
consider the hypothesis

H: Bu=Bn="'=Bkl (=Blo)

and derive the likelihood ratio criterion and its distribution.
It is known that the likelihood ratio criterion is distributed as a
ratio of central Wishart distributions with N—kq and N—kq, degrees of

freedom in the case where B; is a known matrix. In this paper we

consider the case where B; is an unknown matrix. We assume that
all the k& populations have the same covariance matrix 5. - First we
introduce the following matrix notations:

*)  Editorial remark: Kabe and Hayakawa obtained these results independently and
due to editorial convenience the results were combined and published as a single paper.
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XO=[X, X, ..., XP (pxXN,), (9=1,2,---,k)
X =[X®X? .., X% (@xN), N=3N,
Z0=[Z{?, ZP, ---, ZP]  (@xN)),
_[ VALY ]_[ Z9, 2P, -, ZY) ] (X N,)
zZp ZP,Zp, - ZG (X Ny), =+ ¢,
where Z{”, Z{”, and Z have ranks q;, q; and ¢, respectively,
Z=[Z®,Z®,---,Z%®]  (gxN)
_[Zl]_[ ZP, 2P, - ZP ] (@:xXN) '
Z, ZP,ZP, -, ZP (@:XN), 9=q+q,

where Z,, Z, and Z have ranks q,, ¢, and ¢, respectively. We shall
assume that N,=p-+q for all g.

2. The maximum likelihood estimates

Suppose that {X®} are k independent observation matrices and
{Z®} are k known matrices. Since {X(} are independently distributed
according to N[B,Z{, X], the likelihood function of B, B,, ---, B, and
3 is

L(X)= 1T LX)

- (271')(1/2)1}1\/[ b3 |(1/2)1v exp {_% tr E_I[X - (BIZ (1), B:Z (2), ft Y Bl:Z (k))]

- [X—(B,Z®, B.Z®, -- -, BkZ‘”)]'}-
Let ﬁ: (9=1, ---, k) and 5, be the maximum likelihood estimates of

B, (9=1,2, ---,k) and X over the entire parameter space. Then we
have

1";3 = XWZw[Zwgur]-1 (9=1,2, ---, k),

N2'9= é XO[I, —ZONZOPZON1ZD]| X,
9=1 ¢

where Iy, is the N;X N, identity matrix. Let
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~ Z“)’( Zw Z(l)l)—l Zw -
’ Z(’”( J A Z(z)r)-l Z® 0

VASUPASY AQHRY AC)
Then, we can represent N EA,, as

N3, =X(I,—A)X',

where Iy is the NX N identity matrix. Concerning this A, we have
A'=A, that is, A4 is an idempotent matrix, and rank A=trd==Fkq.
Further, it is known that X(I—A)X' is distributed according to the
central Wishart distribution with N—kg degrees of freedom, [1]. Now
we estimate B, and 3 under the hypothesis H. The likelihood function
is written as

1
Q/2)PN| 3 |[(1/DN
(2m)»rEn| X

L= expf—Ltr 3 (X—B} 2~ (B2, Buzp, -,

BuZ®)|- [ X—BiZi—(BuZ®, BuZ®, -+ -, Bk,zs“)]'}.

Let By", B}, (g=1,2, ---, k) and 5, be the maximum likelihood estimates

of B, B,, (¢9=1,2,---,k) and T in the parameter space restricted by
the null hypothesis H, respectively. Then we have

H 0w Ld
Bl =3 X(u)(zga)P(o))’Al-le ,
g=1

where
PO=I, —ZP(ZOZP) 2P, (g=1,2, -, k),
Aua= 32020 —(ZOZONZP L) (ZP L),
. =1
and

332=X<v>zgv>'(zgv>zgv>')-l—ﬁ;’”(Zngg“')(zngg“')—1, (g=1,,2, <o k),
and

N S’” =XX'— [Zkl X(ﬂ)(ng)P(v))’]Al—l'lz[é X(ﬂ)(Zgﬂ)P(v))']’
g= g=1

_ é XOZN(Z ng)r)-l ZOX o7,

g=1
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Here we assume that rank A,,,=¢,. It can easily be seen that B} and
ﬁ:, are unbiased estimates of B{ and B,, respectively. Let

B= [ZEI)P(I)’ ZSS)P@), <., ng)P(k)]'AﬁL[ZSI)P(I)’ Zgﬂ)P(ﬂ), cen, ng)P(k)]
(NxXN),
and
T ZN(ZZ57) 20
ZP(ZPZPYEP, 0

z>(ZZ) 2 | (NXN).

Then we see that B*=B, C*=C and rank B=tr B=gq,, rank C=tr C=kg;.
We can write N3, as '

NE.=X(Iy—B—-C)X'.
It is easily seen that N S, is invariant for change of location
Y=X—E(X)=X—B§’Zl—(Bl,Z§’), Bn,Z®, - -, Bngk))-

Y (px N) is distributed according to

1
(271.)(1/2)PNI Z‘ l(l/z)N

. exp{—% tr 3! YY’} ,

and we have

N3.=Y(Iy,—B-C)Y".

3. The distribution of N3,

We now prove that N S, is distributed according to the central
Wishart distribution with N—Fkq;—q, degrees of freedom.

1°. YCY'= é Y“)Zg")’(z§">Z‘,f)')-‘Z§"> Y @r,

g=1

Since Z${Z{"(¢;X ¢;) has rank g,, there exists a non-singular matrix
F@ such that

F(v)(Zgﬂ)ng)l)F(v)l — Iq’.
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' Lef;

EQ=F9ZP (;xN,), (=12, -, k).
Then
Eg")Eg")’=F(")Z§")Z§")’F(”)'=Iq2.
Let
- B -
EP 0
Ea(kq,xzv)= )
0 .
E®
- F® . - Zgl) -
F» 0 zp 0
0 . 0 .
F® VAL
Then
ESE‘!’:quZ'
By using E{"’s, we can represent C as
- Egl)’Egl) -
EQ"EQ 0
C= ) =FEE;.
0 .
E@E®

2°. YBY'=Y[ZPPD, ZPP®, .., ZPP®YVAGLIZPP®, ZPP®,
e, ZOP®],

Since rank A, ,=gq,, there exists also non-singular matrix R such

that
RA,.R'=1I,,.
Let
E,=R[Z{PP®, ZPP®, - -+, ZPP®] (¢, X N).
Then
E\E;=RA,,R'=1I,.

We also have
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B=FEE,
and
E,E|=R[ZPP®, ZPP®, - .., ZHP®)
- Zgl)l - Fay -
Zg2)l O F(2)I 0
' ' =0.
0 . 0 .
ng)/ B B F(k)l _

3°. Thus, Eggz[g:] ((kg;+q,)X N) has (kg,+q;) orthogonal rows
such that EyE}=1I,.,. It is possible to find a (N—kg,—gq)X N matrix

E B
E, such that E=[§;] is orthogonal ([1], p. 225, equation (12)).
3
Now, let
Y=[U1, Ug, e, UN]E=UE.
Then

. E,
N2.=UU'—U[E:] ELE[EEENU’

E
—U[E:] E\E[E\EE)U’

00 0 000
=UU'-U|0 L, 0|U'-U|0 0 0 |U’'
0 0

0 0 0 Iy,
N N-kqqy N
= UU.— X uu.— > UU.
a=1 a=N-kqy—q,+1 a=N-kgy+1
N—kgy—q;
= 21 u.Uu..

Here U, is distributed according to N[0,X] and independently of U,
(8#a). Therefore N 3, is distributed according to the central Wishart

distribution with N—kq,—q, degrees of freedom.
4, The likelihood ratio criterion

By the preceding consideration, under the null hypothesis, the
likelihood ratio criterion 2 is given by
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vepv_ NS _ |YI-4)Y|
| Y(I—A)Y'|

TIYI-AY'+YA—B—O) Y|

It is easily seen that A—B—C is an idempotent matrix. Now, we
apply theorem 1 of Hogg’s [2] to

YI-B-C)Y'=Y(I—-A)Y'+YA—-B-C)Y',

where Y(I—B—C)Y' and Y(I—A)Y' are distributed according to the
central Wishart distribution with N—kq,—q, and N—kq degrees of freedom,
respectively, and A—B—C is positive semi-definite. Then we see that
Y(A—B—C)Y' is distributed according to the central Wishart distribu-
tion with (k—1)q, degrees of freedom, independently of Y(I—A4)Y’.
Thus 2% is a U-statistic such that Uj,.x-1g,.v-t; is distributed as 7%=

f[_pTlXi, where X; has the beta density A(x; 3(N—kq+1—1), 3(k—1)q:), and

X, X, -+, X, are independent with each other, [1].

Although we have treated the aspect of testing submatrices, the
testing of matrices follows on similar lines, and to test the hypothesis
B,=B;=B;="---=B;, we have the criterion

v |YY'—YAY'|
C TYY'—YAY'+YAY'—YZ'(ZZ'Y'ZY'|

whose distribution is that of U,.«_1¢.v_sq-
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