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Summary

From the standpoint of asymptotic equivalence, a sufficient condition
is obtained, under which the degree of normal approximation to the
distribution function of the mean of samples from finite populations can
be ascertained.

1. Introduction

W. G. Madow [1] has shown that the mean of a sample from a finite
population is asymptotically normally distributed under some conditions
on sampling ratio and moments. However, the degree of such normal
approximation has not been given. In this note, a sufficient condition for
ascertaining the degree of the normal approximation is presented by mak-
ing use of the asymptotic equivalence measure defined in [2].

2. Normal approximation

LEMMA 1. Let X¥=(X{, -++, X{V), Y®=(Y™, ..., Y™) be dis-
crete vector random variables in the p-dimensional Euclidian space R,,
and fMAxy, ---, @), 9y, -+, ¥,) be probability functions correspond-
mg to X and Y™ (N=1,2,..-). Let T(z, +--, 2,) be a one-valued
Sunction of (2, +-+, 2,). If XY and Y™ are asymptotically equivalent,
i.e.,

2.1)  p(fe, g‘”’)=§ | fO@y, -y B)) =9y, -+, &) | >0 as N>oo,

b4
then T(X™, ---, X§V) and T(Y™, ---, YJ") are also asymptotically
equivalent.

PROOF. By the assumptions, both T(X®™, ..., X{) and T(Y{™, -- -,

Y{™) may be thought as discrete random variables, and we have
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P{T(X™, .-+, XgW)=2} =33 V@, - -5 @)

and
P(T(Y{, -+, ¥§) =2} =3, -+, )

where E(@)={(x,, -, «,); T(x, -+, 2,)=2}. Hence the assertion of this
lemma is clear.

Remark. In the above lemma, o(f®, g¢*’) may be taken as a meas-
ure of asymptotic equivalence.

LEMMA 2. Let X®=(X®, ..., X{) be a sample of size n taken
equally probably without replacement from a finite population, my, of size
N, and Y=Y, -+, Y) be a sample of size n taken equally probably
with replacement from my. Then (X{V, ---, X®) and (Y, -+, Y)

n—1 y
are asymptotically equivalent if T[(l——l{r—)—ﬂ as N—oo .
i=1

PROOF. Let f®(xy, - -+, x,) and g™ (yy, -+, ¥n) be probability func-
tions corresponding to X and Y, respectively. Then it is clear that

1
N(N—=1)---(N—n+1) if »,#x; for any 1#7,

(2'2) f(N)(xh ct Y wn)=
0 if x,=x, for some 1+#7,

(2.3) g(N)(wlv A xn)zﬁ .

Hence, from (2.2) and (2.3), we obtain

p(f®, g =3 f N @y, «+ s Ba) =g, -7 T
Rn

—_ — “ee —_ 1 - 1
=N(N-1)---(N n+1){N(N—1)“'(N“"+1) N"}

2.4)
+ {N"—N(N—l)- : -(N—n+1)}—l%n—

n—1

By the assumption that ﬁ
=

(1——5}—)—91 as N—oo, we can conclude from
1

(2.4) that p(f®, g™)—>0 as N—oco.

Remark. In order that ﬁ(l—-‘]\%—)—)l, it is sufficient that %—)O.
=1
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n—1 > n 2
In fact, from inequalities 13 (1—L> (1—£> >1—" it is easil
n fact, from inequalities _;H:l N > N/ = N 1 y

seen that rﬁl<l——j—)—>1 if i—-)(), and that o(f®, gv(”’)<Eyi .
i=t N N N

THEOREM. Let (X, ---, X®) be a sample of size n taken equally
probably without replacement from a population, ny, of size N with mean
Uy, variance o and the third order absolute moment B.y. Further,

suppose that é% is bounded for all N and that N and n tend to infinity
Oy

L5 x50 — )
Vn oyi= ’

is asymptotically normally distributed with mean 0 and variance 1, and
1
n

bution function if N=bn*?, where b is a positive constant.

2
i such a way that %——)O. Then the random variable

the degree of approximation is of order of O( ) in the sense of distri-

PROOF. Let (Y™, ---, Y$) be a sample taken equally probably with
replacement from =zy. Then (X{™, ..., X)) and (Y™, ---, Y{™) are

2
asymptotically equivalent by the remark of lemma 2 if —l"\%——>0 as N—oo,

2 ~ n
and p(f®, g™)< 2" Hence, by lemma 1, XM=—1 33 (X — py)
N 4/ noy j=1
and Y= la :V_‘. (Y —py) are also asymptotically equivalent with
Nn Oy j=1
2
measure p(f, g‘”))<%\l;— . Since (Y, ---, Y{) can be taken as a se-

quence of independent random variables from =y, as is well known,
YW= J'_la S (Y™ —py) is asymptotically normally distributed with
moy j=1

mean 0 and variance 1 and the order of normal approximation is n~"* (see
[8D). Let F(x) and G$"(y) be distribution functions corresponding to

X and Y respectively. Then, from the above arguments, we can
see that

(2.5) | F(@) G (@) | <p(F, y(”))<2—Nn2—
and
(2.6) l G;N)(x)__Q(x) | <c .B3N

ovvn '
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where @(x) denotes the unit normal distribution function and ¢ is a con-
stant, say, 2.03 (see [4]). From (2.5) and (2.6) we obtain

2n’ B

2. (€ oTPNN 3V

@7) | Fa) —0() | <+ o P

Since —‘i%’- is bounded for all N and N=bn*? by the assumptions, we
N

can rewrite (2.7) as

2.8) |F&@)—0@) | <-L, d=2b+cPu .
Vn o
Remark.

1) The sample mean Lé X )=%X’ M+ uy is asymptotically nor-
n =t n

mally distributed with mean g, and variance o2/n, and its distribution

function is F (‘”"_f’ﬂ_) which is different from qb(””‘_/‘fV_) at most
axl Vn ox/ Vn

d
vn

2) In the above discussion, » may or may not depend on N.

by

3) The condition that %ﬂ——)O as N—oo may be replaced by the

n—1 >
condition that ﬂ(l—%)—w as N—oo, which is more general than the
j=1

former, but is difficult to check.
4) The above evaluation of the degree of approximation may not
be so accurate in comparison with the true difference |F{"(x)—®(x)].
5) In practical applications, population size N is generally much
larger than sample size 7, and ¢, and 8,y can be estimated from the
sample. Therefore, we can evaluate the difference |F{(x)—®(x)| by
2.7). :
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