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1. Introduction and summary

, Certain identities involving binomial coefficients have been found to

be useful in probability theory and statistics. Feller [2] gives a list of
such identities in his celebrated book on probability theory. While read-
ing the paper by Birnbaum and Tingey [1] we found an identity which
is a generalization of the identity used by Birnbaum and Tingey in order
to prove an integral formula. We are not aware this identity has ap-
peared in the literature and we also hope that this has some applications.

2. An identity involving binomial coefficients

RESULT 2.1. For any real ¢ we have

0, 0=m=k—1
k! m=k
2 %)e—m=] K-
¥ 5 (’,ﬁi;)a' 9(0) f"z*f...

=1

taking the summation over all 7,, 71, ***, 7, (non-negative integers) which

satisfy 2 ir;=l and Z} ri=

i=1

PrROOF. Consider
(1 Jo(x)= E (— l)j( )e(‘-f)-r_eaz(l —e~7)* .
Define

(2) fm(x)=-gf—;}ﬁ<x), m=1, 2, .
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Then
— B.rm ’n:l' m—-ji 1__ —z\k
fAw=e3)( ] )s a1
or
(3) fal@)=e2 (™ )omg(@)
j=0\ J
where g{’(x) is the jth derivative of g.(x)=(1—e™®)*. Now, we have
(4) 0u(m) =320 i
j=o gl
and also
_ x o2\
(5) @)=t (1=t gk o )

Expanding the right side of (5) in power series, we obtain

(6) gk(w)=§0 ax’,
where a,=a;= *++ =a,_,=0, a,=1 and

for 1>1 (integer)

= LMy (LY gy
ak+l_rl+2rg+'2~+lrl=l rlrl eee 7! (2! ) < 31 > ( +1)! (-1).

rotrytrgtecctr =k

Comparing (4) and (6), we have

99(0)=0, J=0,1,2,+¢¢, k—1,
(7)  gP0)=k!
w0, B ez ) (o)
ToFrpeetr =k
X(=1)k+D! .
From (3) and (7), we have
Ja(0)=0, m=0, 1, 2, e+, k—1

(8) fl0)=Fk!
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s .
fo@=3 (BT )omgpro0), i1, 2,00
On the other hand, starting from the series definition of f,(x), we obtain
k k .
fule) =5 () o—jres,  m=0,1, 2,
7=0 J
and so
k k .
(9)  fHO=2(-1 (§)e—ir,  m=0,1,2-.
j=o J
From (8) and (9) we have the desired result.
COROLLARY 2.1.1. For Ogmgk—i and any real & we have
k k .
—1) % — ) —
2 (—1( § )o—iym=0
where (6—7)™ denotes the product (6—3)0—j—1) e+ (d—g—m+1).
PROOF. Since (5—j)™ =518, (6—4)",  with S, =1
=0
where S, denote the sum of the products of ! integers taken from the

first m—1 positive integers, for [=1, 2, -««, m—1. This expansion to-
gether with result 2.1 will yield the desired result.

Remark 2.1.1. Birnbaum and Tingey [1] use the identity in result
2.1 with m=k—1 and 6=Ne+k-+1 in order to show by induction that

CQamke L ... _ € E+1\*
So Syl Sﬂk dyk+1 dysdyl_ (k+1)! <€+ N ) °
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