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1. Introduction

The central Wishart distribution is the distribution of the variance-
covariance matrix of a sample drawn from a multivariate normal popu-
lation assuming that the expected value of each variate is the same from
observation to observation. The non-central distribution arises when the
observations have different means. The necessity of this distribution is
felt in obtaining the power function for many tests in multivariate
analysis and also in problems such as testing collinearity, (Fisher 1938)
comparing scales of measurements (Cochran 1943) and multiple regression
in time-series analysis (Tintner, 1944). This distribution was first derived
by Anderson and Girshick (1944) (see also Anderson 1946), for the linear
and planer cases. Later, James (1955- a & b) gave an alternative and
elegant derivation based on averaging over orthogonal groups.

In this paper, the method of random orthogonal transformations is
employed to derive the distribution and to consider the effect of non-
centrality on the distribution of the variates which form the ¢ Bartlett
Decomposition’ of a Wishart matrix in the central case. The method of
random orthogonal transformations consists in using orthogonal matrices
having elements dependent on certain random vectors. This is a useful
tool in various distribution problems in multivariate analysis. This idea
is not new but is often couched in geometrical language. This method
usually leads to the results in a simple, direct and unified way. Wijsman
(1957) and later the present author (1959) have demonstrated this in the
case of the Wishart distribution in the central case. It is now extended
to the non-central case. The motivation for presenting yet another
derivation of the non-central distribution is that it is believed that the
method presented here leads to the results faster than existing deriva-
tions and also enables us to study explicitly the complications introduced
by non-centrality on the Bartlett-Decomposition of a Wishart matrix.

2. Canonical form of the problem

There is no loss of generality in assuming the distribution of the
sample observations &, (1=1, +++, p;t=1, «++,m) on the p<n variables
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2y, e+, 2, to be
Y4
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where 0, is the Kronecker delta. Anderson and Girshick (1944) have
shown that this form can always be obtained by a series of linear trans-
formations. The matrix (pXxp)

S=[s,] =[ > xuxj,:l 2.2)

is the Wishart matrix of the sums of squares and products of the obser-
vations «;, which, on account of (2.1) are all normal independent vari-
ables with unit variances. The expected value of each xz, is zero except
for p of the variables, viz

E(x)=k;, (i=1,+--,p). (2.3)
Let X; denote the row vector
[xih °* xin] ) (izl, ccey p) . (2'4)

By the well known process of orthogonalization of vectors, we obtain
new unit and orthogonal vectors

E’zlyily “',’.'/m] ’ (i=1’ °ccy P) . (2'5)
The relation between the X;’s and the Y.'s is
XZ::bilYl"‘biﬂYz"' e +biilfi y (":=1’ 2’ ey p) (2'6)

so that each X, depends on Y, <+, Y; only and vice-versa. This can
also be expressed as

X'=BY' 2.7)
where
"AX’:[Xle bl p] ’ (2'8)
anP=[Y1:E Ya? e §Y,,] (2'9)
-and
_bll O eee 0 ]
b b LN ] 0
B= 21 Dgg ) (2.10)

®eecescescsccse

—Op1 bpg"'bpp_

Hence
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S=X'X=BY'YB'=BB’ (2.11)
as
Y'Y=I, (2.12)
the Y;’s being unit and orthogonal vectors. From (2.11) we have
Su= E’ B =X/ Xi=bht oo +B2 (2.13)
or
=X/ X,;—bjy— e =biy, (1=1,2,:+4,p). (2.14)
Also from (2.6)
b,=Y,X,; J=1, 00, 1; 1=1, e, p. (2.15)

The elements of the lower-triangular matrix B are called the rectangular
co-ordinates and these constitute the Bartlett Decomposition of the
Wishart matrix. (See Bartlett, 1933). In the null-case i.e. when k&,
.+, k, are all zero, it has been proved either implicitly or explicitly by
several authors [for example, Mahalanobis, Bose & Roy (1937), Elfving
(1947), Mauldon (1955), Wijsman (1957 and 1959) and Kshirsagar (1959)]
that the off-diagonal elements of B are standard normal variables and
the diagonal elements b; are y-variables with degrees of freedom n—i+1,
all these being independent. We are now concerned with the non-null
distribution of these statistics. We shall consider the following three
cases

(l) k1~—7&0, kzz coe =kp=0
(ii) kﬁEO 9 kg:#O y ka= oo —_-—kp:O
and (iii) kﬁﬁo y kﬁ':O 5 ksio y k4= e =kp=0 .

3. The linear case

Here we assume k; to be the only non-zero mean ; all the other k’s
are zero. This is called the linear case because in terms of geometry,
the expected values of the observations lie on a line in the p-dimensional
space, in this case.

Keep X, +++, X,_; fixed (hence Y, -+, Y,; are also fixed due to
(2.6)) and transform from X; (¢=2,3, <+, p but 1#1) to by, <=+, by_y, 74,
e+, 7, by an orthogonal transformation in which (see 2.15)

bil = YIIXi

bii-l= Y1,2—1Xi (3-1)
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and 7, +++, 7. are to be chosen suitably to complete the orthogonal
transformation. This is a random orthogonal transformation because
Y, ---, Y., are orthogonal vectors depending on X;, --+, X;_, which we
are keeping fixed for the time being. Since for any +#1,

E(X)=0

and as the transformation is orthogonal, b, «««, by_y, i, =+, 7., are all
standard normal independent variables. But this is their conditional
distribution when X, -+, X, are fixed. However, since these condition-
ing variates do not occur in that distribution, it is also their absolute
distribution and further they (by, ==+, bi_1, 7u, ***, 7:n) are independently
distributed of X, +++, Xi-;. On account of the orthogonality of the
transformation,

Nut e +7ﬁn=XiIXi_b?1_ cee —biiy
=0, (3.2)

by virtue of (2.14). Thus b is a x* with n—(¢—1) degrees of freedom.
Combining all these results we have (i) by, *<-, by are N(0,1); (i) bi
is a y! with n—(i—1) d.f. and (iii) all these are independently distributed
and are independent of X, ---, X;_, too. (3.4)
This is true for 1=2,3, =+, p. But when we come to ¢=1, since

E(X)=Iky, 0, +++,0]%0
we find that
b=X.X,
is a non-central y* with n degrees of freedom and non-centrality para-
meter k?. Its distribution is
) exp (BB g (—yigy S, (2N LD b

2" (n/2) al 2= I'((n/2)+a)
(3.5)
Using (3.4) and (3.5) we can write down the joint distribution of all the

b, and then transform to the Wishart matrix S by (2.11). The Jacobian
of transformation from B to S is (see Deemer and Olkin 1951)

20 [] b+ . (3.6)

Consequently the distribution of S comes out as

(k‘:’)“ T2y, (37

2/ 2I((n/2)+a)

(n—p—1)/2 —13 D3

ISIrr ™ exp (—3S)AS . oxp (— iy 33—

o=/t [T [((n+1—1)/2) '
i=1
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where dS stands for the volume element. This is the non-central Wishart
distribution of the linear case. The effect of non-centrality on the Bart-
lett discomposition is evident from (3.5).

4. The planar case

Here we assume k,#0, k;#0, but the remaining k’s are all zero. In
geometrical language this means that the means of the observations lie
in a plane in the p dimensional space.

Proceeding exactly as in the previous section, we can prove that
the result (3.4) holds for 7=3, «-+, p but not for t=1 and 2. We, there-

fore, keep X, fixed and transform from X, to by, 7, ++, 7:, by an
orthogonal transformation in which

by=Y/X,, 4.1)

Lga—byy¥Y1s 4.2)

T3 = (1 _ ygz)l/:

and 7, «+-, 7, are chosen suitably to complete the orthogonal transfor-
mation. From (2.6) and (2.15)

bu=¥iX;=—XiX,
11

and

Yu =—I;l“xu 4.3)
1

and therefore, the coefficients of x, &y, <<+, Z;, in 7, given by (4.2) are,
apart from a constant multiplier (1—y3)~"3,

Xy l_xlfz — T, _ Zwdy “4.4)

2 b2 ’ U ’ 2
11 1 11 i1

The sum of squares of these coefficients is unity and the sum of products
of these coefficients with the corresponding coefficients in (4.1) is zero.
The requirements of an orthogonal transformation are thus fulfilled. It
should be observed that (4.1) and (4.2) is a random orthogonal transfor-
mation. Consequently, by, 7y, *++, 7:, are independent normal variables
with unit variances.

E(bn): YI'E(XI)=[yll’ ey yln][oy k!; ey 0]’

=k _ (4.5)
and
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_ E(@n) —yuF (by)
B = 2o Ul
=k (1—yi)" . (4.6)
Thus

{E@Ou)} +1{E ()} =Fk: ,

and as the transformation is orthogonal, it is obvious that the means of
My ***, N2, are all zero. Hence,

77§3+ e +7]§n=X21X2—b§1—77§2
=b§2_77§2 (by 2.14)
=v, say “.7)

is a y' with n—2 degrees of freedom. The joint distribution of b,, Vag
and v when X, is fixed, is therefore,

«/127 exp [—4(by —Fksys)'] dby

X «/lz;eXp {—4[0u—ks(1— )1} dipy

1
x 2(n_2)/z[v((n _ 2)/2)

v P lexp (—3v) dv . 4.8)

From (2.6)
Xa =b21 Y1+ bzz Yz ’
and, therefore,

Y3 = (33— by 1)/ bis

=1 —Yh)"*/by (4.9)
by virtue of (4.2). Consequently from (4.7),
v=bh(1—yh—uz)/(1—y) . (4.10)

In (4.8) transform from z, and v to b, and ;. The Jacobian of trans-
formation is

2b§2/ (1 - y%z) v

and the conditional distribution of b, b, and y;, when X is fixed, comes
out as

exp [—ki— 3(0%+ %)+ Fo(bayyss + bssya)]

1 b;tz-z(l _— yzz — y2 )(n—l)/ﬂ
X ﬂz(n—Z)ﬂF((n — 2)/2) . (1 __ylfz)(n—zaz)/’ dbu db" dyn . (4-11)
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This conditional distribution involves the conditioning variates X, only in
the form

yﬂ:_bl_xl?:xlﬁ/ (x§l+x§2+ e +xfn)l/’ (4’12)
11

but @, ++-, 2, are all normal independent variables with means k,, 0,
+++, 0 respectively and unit variances. From this the joint distribution
of b, and y,; comes out as

Z axp (= phi— gt 5 (/D | GR) D01y vrmn
'\/; exp (—ki—1b}) §0 ol T((n—1)2)+ a]2 ™ D/ee dby, dy,, .

(4.13)
From (4.11) and (4.13), the joint distribution of by, by, by and Yigy Yoy 18

exp [— (ki ki) —3(b},+ b3+ bh) + Fey(ba1Y13+ basyns)]
e R G ) R e
2" ((n—2)/2) =0 al 2°I'[(n—1)/24+«a]
X dbyy dby; dby; Ay dyy; - : (4.14)

By making the substitutions
yn =Sin 0 y
Yy =cos 6 sin ¢

and using certain results in Bessal functions, the irrelevant variables Y1a
and y,, can be integrated out. The details of this are uninteresting and
can be found in Anderson’s paper (1944). The distribution of by, b, and
b;; comes out in the form

exp [ %(kz'l‘k ) ?(b 405+ gz)] b b;‘z—z

1 i i\’ (keiblibi) (Kb}, + k(b3 + %))
X T & i BBl (i 1)/2)+ all'[(n/2)+ 2a+ B]
X dbn dbn dbgg . (4.15)

Taking this distribution in conjunction with the distribution of the other
b,’s, stated at the beginning of this section and then transforming from
B to S as in section 3, the non-central Wishart distribution in the
planar case is obtained as

|SK"72/ exp (— 3¢,5) dS
27z [] [(nt1-4)/2)
2 2 e F(n/Z)F((n 1)/2)["7% (311822“312)] (k 311+k Szz)ﬁ
Xexp [ 3, o a8l TT(n/2) + 20t AT T(n—1)j2) 1)
(4.16)
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The complications introduced by non-centrality in the ditribution of the
statistics b,; forming the ‘Bartlett Decomposition’ of S are thus made
clear by (4.15). In the linear case, the b,’s remained independent but
the distribution of b% is a non-central 3 and not a central ¥* as in the
null case. But in the planar case, the b,’s are no longer independent.
There is an additional complication worth noting. In the central case
the elements of the matrices B and Y of (2.7) are independently distri-
buted. This is, however, not so in the planar case. This is evident from
(4.14) which shows that the b,’s and ¥y, ¥» are not independent. In
fact, the main trouble in deriving the non-central Wishart distribution
is that of integrating out the y’s entering in the joint distribution of
B and Y. In the case of three non-zero means k,, k;, and k;, the integral
becomes much harder, as will be seen from the next section.

5. The case of three non-zero means

We assume k,#0, k,#0, k;#0 but the remaining k’s are all zero.
As in section 3, we can prove the result (3.4) for i=4, .-+, p but not
for 7=1, 2 and 3.

Keeping X; and X, fixed, (so that Y; and Y, are also fixed) trans-
form from X; to by, by, %y, <+, 75, by an orthogonal transformation in
which

b31= Y{Xg (5.1)
baz = Yz’Xs (5-2)
= Tg3—by1¥Y13— bss¥ss (5.3)

B (1 - yfs - yga)llﬂ

and 7y, +**, 7;, are chosen suitably to complete the orthogonal transfor-
mation. As in the planar case, it can be verified by collecting the
coefficients of @, <<+, x;, in 7y that the requirements of an orthogonal
transformation are fulfilled. Consequently by, by, 735, <=+, 75, are inde-
pendent normal variables with unit variances. From (2.6)

Xo=by Y1+ by, Y4+ 0, Y5
and therefore, from (5.3)
733 =bsy¥ss/(1 — Yl —¥2)* . (5.4)
Since
E(X;)=[0,0,k,,0,---,0],

we get
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E(by) =vyusks , (5.5)
E(by) =yuks , (5.6)
E(py) =ks(1—yh—y2)"* . (5.7)

As the transformation is orthogonal and as

[E ()] + [E (bs)]'+ [E (9s))'=Fi ,

it is obvious that 7y, -+, 7;, have zero means and therefore,
7]§4+ e +7]§n=X3’X3_b§1_b§2—7]§3
=bj— 7733 (by 2.14)
=w say » (56.8)

is a x* with n—3 degrees of freedom. The joint distribution of by, bs,,
7, and w when X, and X, are fixed is, therefore,

L exp [—3(bu—ke)'] dby, » — e exp [—$(bru—Fsts)'] dby
s v 2z

X % exp [ — 4 {ns—Fs(1 =yl —42) "} diss
T

1

X 20-/2[((n—3)/2) w=9P-1 exp (—3w) dw . (5.9)

From (5.8) and (5.4)
w=bg3(1_y?a_yga_yga)/(l_yfs"ygs) . (510)

Using (5.4) and (5.10), transform from 75y and w to by and yy in the
distribution (5.9). The Jacobian of transformation is

2b§3/ (1 - y?s - yga)l/ﬂ

and we have the distribution of by, by, by and y, when X, and X, are
fixed, in the form

3 3
exp {—%k%—% E b+ ks §x bsYs } - b’

(1 =93 — Y —¥5:) """ dbys dbyy dbys Ay . (5.11)
(L — 1y — y2) ™ OA27=PB A (n— 3)/2)

This conditional distribution involves the conditioning variates X, and
X, in the form y,, and y,; only. So, we now keep X, fixed and trans-
form from X; to by, Zy, *++, Z;, by a random orthogonal transformation
in which
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by=Y, X, (5.12)

Z.— Las— basthns —_ byl 5.13
=)t -y ¢

and Zy, ++-, Z,, are suitably chosen to complete the orthogonal transfor-
mation. Asin section 4, it can be verified that Z,, satisfies the require-
ments of an orthogonal transformation. Proceeding exactly in the same
manner as in section 4, it can be proved that b, is a normal variable
with mean kyy,, and unit variance. Z,, is a normal variable with mean

—kyuy/ (L —yi)”

and unit variance and that
2+ oo + 23, =X, X, b4 — 2% =b%,— 72,
=01 -y —y5)/(1—yl) (5.14)

is a non-central y* with n—2 degrees of freedom and non-centrality
parameter

(L —yh—yh)/A—v) . (5.15)

From these the joint distribution of b, b, and y, when X, is fixed,
comes out as

1 exp { — 3k —3(b%,+ %) + kybyyyi— K5y 1515y s }
T 1- yfa
O (321 — g — ) b3 (L — gy — ) O+
X ﬁ;o ﬁ! 2((n—2)/2)+p(2]- _ yafa)((iz—s)/?)+2ﬂ]"[(1(3n_223)/2)+ ‘8) dbn dbn dy” . (5.16)

This conditional distribution involves the conditioning variates X, in the
form ¥, and y,. From (2.6)

X,=b,Y,
and therefore,
Y12 =%1s/byy , Ys=%u/by,  and
b =2+ o+l + o0 +at, . |

Also xy, *+-, 2, are independent normal variables with means k,, 0, +«-,
0 respectively and unit variances. This yields the joint distribution of
Yu, Y and b, as

1 , o ( k? /2)a b;l.—l+2a(1 — y‘:z — yis)((n—d)/z) ta
1 exp (—3k— . . (51
R R (=R e
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Combining the results (5.11), (5.16) and (5.17), the density function of
the joint distribution of b, (i=1,2,3; j=1, «++, %) and Yy, Yu, Yus, Yss iS

3
exp {_% § ki— 3 ; jZ‘. sz‘f‘ koboyn+ ks 2 bs:Yis — (Fe:Dos¥10Y15Y s/ (1_yfa))}
X bl b5 05 (1 — Yl —Yha — Y) "~
7/1]7((” 3)/2) 23("—2)/2

w5y (R/2)(e2Y Bl — =) PP (L g, )
=0 a B (n—2)/2)+all(n—2)/2) + ) (L—gi) "> 27
(5.18)

To get the distribution of the b,’s alone, it is necessary to integrate out
the variables ¥, ¥y, ¥ and y,. Performing this and combining it with
the independent distribution of the other b/s (7=1,2,444,1; 1=4, e+, D)
stated at the beginning of this section and then transforming from B
to S as in section 3, we should be able to get the non-central Wishart
distribution 'in the present case of three non-zero roots. However this
is extremely tedious and also unnecessary because James (1955) has given
the final distribution. He obtained it by an entirely different method.
The distribution of S is

[S|"-P=b2 exp (—4t,S) dS 2 2 E“’ rerbyl
np/s_pp—1D/t T . exp ( % k ).. Br=0 433+ g ,B' !
2m/iy, 1 IF'(n+1—1)/2) 7!
i=1

I'(n/2)I'(n—1)/2)
T [(n/2)+a+28+371'[(n—1)/2)+ B+27]

I'(n—2)2] | (n+a+28+4y-3)! (5.19)
I'((n—2)/2)+7] (n+a+28+3r—3)!

where 7, 7, r; are the elementary symmetric functions of the latent
roots of the 3x3 matrix

[kike;s.] (5.20)

(¢,7=1,2,3).

Unfortunately, the distribution is so complicated that its usefulness
is limited. However, for our purpose of investigating the interdependence
of the b,’s and the y’s, the method of random orthogonal transformations
is sufficient. The method of random orthogonal transformation has great
advantages in cases where it works easily. Thus in the linear case, the
method gives the result immediately; certainly easier and nicer than
with the method of Anderson and Girshick. In the planar case, trouble
arises due to the dependence of B and Y and this becomes worse for
more than two non-zero k’s.
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