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1. Introduction

Let (R, S, m) be a o-finite measure space, and X and X' be two
probability distributions defined over R, which are absolutely continuous
with respect to m. Let f(x) and g(x) denote generalized probability
density functions (gpdf.) of X and X’ respectively. Further let D(X)
denote the carrier of a gpdf., f(x), of X (The gpdf. of X is not always
uniquely determined).

As is well-known, the Kullback-Leibler mean information for dis-
crimination is given by

Q) I(X:X’):S f() log L@,

E 9(x)
and we have I(X: X')=0, where equality holds if and only if f(x)=g(x)
(a.eem) on R. If m(D(X)—D(X'))>0, then I(X: X')=c0 [1], [2], [3].
Various properties of this information measure have been listed in [1],
and some additional properties of convergence will be seen in [4].

In order to clearify the role of this information measure in various
statistical applications, it would be desirable to characterize it by means
of some concepts familiar to the theory of statistical inference. As the
first step to work out this consideration, we shall consider, in the pre-
sent paper, the characterization problem in a certain conventional man-
ner.

Now, we introduce some notations necessary to our present discus-
sions (The reader may refer to [5]). Let (R, S, m) be a o-finite measure
space belonging to a set .7, 6f o-finite measure spaces consisting of all
product spaces of a certain fixed o-finite measure space (R, S,, m,).
Denote by V (R, S, m) the family of all probability distributions which
are absolutely continuous with respect to m, and the totality of such
distributions for all (R, S, m) belonging to .7 will be denoted by V(97).
We shall assume that, for any pair of probability distributions (X, Y)
both belonging to V(.77), the conditional distribution of Y always exists
under the condition that X is given.

Our problem of characterization may be stated in the following way ;
For any pair (X, X’) of probability distributions both belonging to any
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V(R, S, m), for which we shall always assume that D(X)SD(X’) up to
a set of measure(m) zero, consider a non-negative, extended real-valued
function I(X: X’), depending only on their gpdf.’s. We shall seek for
the conditions, among those which are satisfied by the right-hand mem-
ber of (1), which give the function I(X: X’) the expression (1).

Put, for a gpdf. g(x) of X',

p(E):S g(x)dm, for all E in S,
E

and let f(x) be a gpdf. of X, A(x)=f(x)/g(x). Then in our present situ-
ation that D(X)SD(X') (m), A(x) determines a gpdf. of a certain pro-
bability distribution defined on (R, S, #). In such a situation, the Kull-
back-Leibler mean information (1) has the expression

@) I(X: X)= Lz(x) log A(@)dp.

We shall assume, throughout the present paper, that it holds that
(3) M(S)={u(E); EeS}=[0,1]

for the second member X’ of any pair of two probability distributions,
(X, X’). It has been shown that some conditions characterize the Shannon-
Wiener information measure for continuous probability distributions
defined on the finite measure space (R, S, p) [5], which is helpful to
our present characterization procedure as will be seen in the following
section.

2. Characterization

As before, we consider an extended real-valued function, I(X: Y),
defined for any probability distributions X and Y belonging to any
member, V(R, S, m), such that (R, S, m)€. 7. Here, it is assumed that
the restriction (38) is always imposed on the distribution Y. First, some
assumptions will be set on I(X:7Y).

Assumption I. Let X; and Y; be in V(R,, S,, m,) with gpdf.’s fi(x)
and g,(x), respectively, and let X, and Y; be in V(R,, S,, m,) with gpdf.’s
fi(x) and g(x). Put dp,=g,dm, and dp;=g,dm,. For the probability ra-
tios, A(w)=/fi(21)/g:\(x;) and A(x;)=fi(%:)/9:(x,), and for E;, in S, and E;
in S; with g (E))=v,, and p(E;)=v,, suppose that

1/’01, if xleEl,
0, otherwise,

A(@y)= {
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and

v, if meE,

A(xy)=
() 0, otherwise,

almost everywhere with respect to m, and m,, respectively. Then, the
" condition v,>, or =w, implies respectively

I(X,: Y)<, or =I(X,:7,).

Assumption II. Let (R, S;, m,) and (R,, S;, m,) be any members of
7, and let X; and Y; be in V(R, S, m,), and let X; and Y; be in
V(R,, S;, ms). Denote by X=(X,, X;) and Y=(Y,, Y;) the joint distribu-
tions. They are both the members of V(R, S, m)=V (R, X R;, S;XS;, m,
Xm,). Furthermore, let f(x)=fu(x)fu(@|2;) and g(x)=g(x,)gx(x;|;) be
the gpdf.’s of X and Y, respectively, where x=(x,, x,), fi(x,) and g,(x,)
are the gpdf.’s of X, and Y,, and fy(x,|,) and g,(«,|x;) denote the gpdf.’s
of the conditional probability distributions Xj(x,) and Y,(z,) given X,
=g, and Y;=z,. Then, it holds that

4) IX: Y)=I(X,: Y)+Ix(X,: 1),

where
In(X, : 1:)=SR I(Xy) : Yilw) Fi@)dm..

Assumption III. Let X, {X}, (1=1,2,-+¢) and Y be the mem-
bers of V(R, S, m), with gpdf.’s f(x), {f(x)}, (¢:=1,2,++) and g(x),
respectively. Put i(x)=f(x)/g(x), A(x)=f(z)/g(x), (i=1,2,++¢), and dp
=gdm. Then the conditions

D(X)sD(X)m), (D(X)—-D(X))—>0, (i—> ),

and
d(X, X;)=ess. sup|i(x)—4,(x)| > 0, (1 = o),
ch(X,L)

imply that
I(X,:Y)>I(X:Y), (T > o).

Assumption I is concerned, in statistical terminology, with the trun-
cation of probability distributions, and assumption II is the so called
additive property.

We now prove the following theorem, which is the purpose of this
paper.

THEOREM. Under the assumptions I, II and III, the function I(X:
Y) can be expressed as
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) I(X: Y):S f(@) log L@ g,
R g(x)
up to a multiplicative positive constant, depending only on 7.
PrROOF. The proof may be partitioned into three parts, as that of
Theorem 2 of [5].
First, it will be shown that, if the ratio i(x)=f(x)/g(x) is constant

(m) on a subset of R, E, with p(E):‘Eg(w)dm=v, and is equal to zero
elsewhere, then it holds that .

) I(X: Y)=clog % (e>0).

Indeed, Assumption I states that, for any X and Y belonging to
V(R, S, m), such that X is a truncation of Y, the function I(X:Y)
deponds only on g(E) for any basic measure space (R, S, m), where E
=D(X).

To show (6), we consider two mutually independent sets of proba-
bility distributions, {X}, (i=1,2,+++, k), and {Y}}, (i=1, 2,+++, k), be-
longing to V(R, S, m), (i.e., Xi’s and Y;s are mutually independent),
where we assume that the gpdf.’s of X’s are all equal(m) to f(x) and
those of Y;’s to g(x), and f(x) and g(x) are such that

1/v, if xeE,
0, otherwise,

Az)= f(x)/ g(x)=

for a set E of S with p(E)=v. Then, by assumption I, it holds that
I(X,: V)=I(X,: Yy)=-+-=1(X:: Y)(=1(v), say),

and it is easy to see that Assumption II leads to the following function-
al equation

I =kI(v)

for all positive integer k¥ and 0<v<1. According to Assumption I, the
solution of this equation may be given by (6).

Second, we consider the case where the probability ratio 2(x)= f(x)/g(x)
for gpdf.’s f(x) and g(x) of X and Y is a simple function. Let z={A4}]},
(t=1,2, ..., k) be an m-partition of a subset E of R, with p(E)=v(>0).
Suppose that

pi/viy : on Ai; (7::1; 2’ °*cy k)v

Ax)=
M @) 0, elsewhere, (a.e.m.),

where v,=p(A), p.>0, (i=1,2,...,k), and Ekpi=1. We can choose a
i=1
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set of &k mutually disjoint subsets of R, Z'={A}}, (1=1,2,+++, k), such
that p(A)=p/iv, (1=1,2,--+, k), where Zzg p/v(=1). Let X’ be a

member of V(R, S, m) such that, if X falls in 4, then X’ is distribut-
ed over A; with gpdf. f(«'|«) which is given by

'Z)ig(a:’), x€A, and 2'€ 4],  (i=1,2,--, k).

On the other hand, let Y’ be in V(R,S,m), and be distributed
independently of Y, with the same (m) gpdf. as g(x). Then, the joint dis-
tribution of (Y, Y’) has the gpdf. defined by

®  f@)=

9(x, ') =g(x)g(x’)

on the product space (RXR, SxS, mxm), while that of (X, X’) has
gpdf.

Ag(x, @), if (z, 2)eF,
0, elsewhere,

(0, f)= @)1 )= |
k
where F:g} (A;x A;), for which it is seen that

pXF)= o(o, )d(mxm)=—.

The probability ratio of f(x, ') to g(x, '), now, becomes

flx, o) __{2, if (x, x')€eF,

9 M, &)= = .
®) (@ &) g(x,2') (0, otherwise.

By Assumption II and (6), we can obtain the following

k .
(10) clog2=I(X: Y)+c¢ 3 p;log M’.
i=1 i
Considering, in particular, the case where v,=p, (1=1,2,...,k), and

k>1, in the above definitions (7) and (8), we have I(X:Y)=0, and 2
=k, from which we get ¢=c¢’. Then, the equality (10) turns out to be
the following

1) I(X:Y)=> p,log P
i=1 v;
Finally, we shall examine the general case. Let E be the carrier

D(X) of gpdf. f(x) of X. Then the carrier of A(x)=f(x)/g(x) is identi-
cal (m) with E. As was noted in the first section, (x) is the gpdf. of
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a certain probability distribution defined over the measure space (R, S, ).
In the analogous manner to that of [5], we take for each positive
integer n a truncated function of A(x) such as

(n) — M
(@)=,
where
l(x), if 1/n<i(x)<n,
Pa(®)= .
0, otherwise,
and
a=|, onle)dn.
E

Then, for each n, there exists a probability distribution X ™ belonging
to V(R,S,m), whose gpdf. is identical(m) with f®™(x)=21"(x)g(x).
From the definition of 2™(x), it will easily be seen that
#(D(X)—DX(™)) >0, (n— ),
12) and
(X, X™)=ess, supll(w)—l(")(x)l -0, (n — o0).

zeD(x ™)

For each X®, we can choose a sequence of probability distributions,
{Xl(in)} (i=1y 2, ') in V(R’ S, m), with gpdf.’s {fgn)(x)} (i’:]-’ 2,009)
such that

2(")(:”)_&_ {pg”)/,vgl)’ on A(”) (j=11 2, b kin)r
, T gy o, elsewhere,
where, for each 7, {AD} (j= 1 2,...,ky) is a p-partition of D(X™)
with v{P=p(A$), p’>0 and 2 pP=1, for which it holds that
(13) d(X®, X{P)=ess. sup|2™(@)—4"(@)| >0, (i oo).

a:eD(X )

(As for the construction of this sequence, see the proof of theorem 2.1
of [6].) From (11), it follows that

" B 0e P
(14) I(X:Y)= ZP"log Z,>,

up to a multiplicative positive constant. Since, by Theorem 1 of [5] and
(13), the right-hand member of (14) converges to the right-hand mem-
ber of the following expression, Assumption III and (13) imply that
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(15) IX®: Y )=cSR () log %ﬂdm, (€>0).

According to Theorem 1 of [5] and (12) the right-hand member of
(15) converges to the right-hand member of (16) below, hence, by
Assumption III and (12) it holds that

(16) I(X: Y)=cSRf(x) log %dm, (¢>0),

which completes the proof of our theorem, since Assumption I implies
that ¢ is a constant depending only on 7.
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