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1. Introduction

The general theory of unequal probability sampling without replace-
ment is given by Horvitz and Thompson (1952). Their estimator of the
population total Y is
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where y; is the value of the character for the ith unit and /I, is the
probability of selecting the ith unit in a sample of size n drawn from

the population of size N. The variance of Y is ‘
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where II,; is the probability for the 4th and 4'th units to be both in
the sample. Horvitz and Thompson’s unbiased estimator of variance is
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Yates and Grundy (1953). suggest an alternative estimator of variance
which is believed to be less often negative than Horvitz and Thompson
estimator of variance. Their estimator of variance is “
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It is shown by Sen (1953) and Des Raj (1956) that Yates and Grundy
estimator of variance is always positive for the following two important
sampling systems: (a) The first unit is selected with probabilities p;
(Usually p; are probabilities proportional to the size of the units
denoted by p.p.s.) and the remaining (n—1) units in the sample are
selected with equal probabi!ities and without replacement. This scheme
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is due to Midzuno (1950). (b) The first unit is selected with p.p.s. and
the second unit is selected with p.p.s. of the remaining units, the
sample size being two. This scheme is due to Horvitz and Thompson
(1952).

It will be of interest to identify more sampling systems which
yield simple expressions for the probabilities /7; and II;;, as in the case
of sampling systems (a) and (b), and for which Yates and Grundy
estimator of variance (4) is always positive. The purpose of this note
is to identify a new sampling system with n>2 which yields simple
expressions for /I; and I, as in the case of sampling systems (a) and
(b), and for which Yates and Grundy estimator of variance is always
positive,

2. The new sampling system

The sampling system is as follows: (c) The first unit is selected with
p.p.s., the second unit with p.p.s. of the remaining units as in sampling
system (b) and the remaining (n—2) units in the sample are selected
with equal probabilities and without replacement. Now from the above
description of the sampling system (c) it is easily seen that
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Noting that Sp,=1, (5) can be simplified as
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Also it is easily seen that
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For the special case of equal probabilities p;=1/N, it is well known

that II,~=% and IL,-,=—J%. Now, if we substitute p,-=% in (6)

and (9) we obtain % and %

Yates and Grundy estimator of variance (4) is always positive when

H.'Hil_II“I>0 (10)

respectively, thus providing a check.

for every pair (¢,%). So, it is sufficient if we prove that (10) holds
for our sampling system (c) for every pair (¢,%). After some simplifi-
cation using (6) and (9) we find that
i, —11;= (N—n)l'(n——Z), 1—p;—p:)—Aii(p; i’
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Consider now the term

M=Q1—p:—p.)—Ai(0i+D:) (12)
in (11). Since

1-p;>pi+ps for j#(z, ¢')

we have that

A (Dt D) =j#% G L jp,) (p,-+p.-l)<#%g>j= 1—pi—ps (13)
so that
M>(1—pi—pi)—(1—p;—p:)=0 . (14)
Therefore
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2] a9
To prove the that r.h.s. of (15) is greater than zero, one can use the
proof of Sen (1953) and Des Raj (1956) for the sampling system (b),
which consists of finding the minimum of A;;; and substituting it in (15).
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However, ‘we give here an elementary alternative proof to show that
r.h.s. of (15) is greater than zero. This proof, of course, can be used
as an alternative proof to show that Yates and Grundy estimator of
variance is always positive for sampling system (b). The proof is as
follows: Since

N N
=1—p;,—p: 16
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by substituting for A;, from (16) in r.h.s. of (15), it immediately
follows that

) , (N—n) _ DAL (N—n)p:p:- D)
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which is greater than zero. Hence, Yates and Grundy estimator of
variance is always positive for sampling system (c).
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