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Summary

In the present paper we shall get an estimate, by using a multiple
recapture method, of the total size of a population which consists of
several classes, and consider some asymptotic properties of the estimate.

1. Introduction

In most of the models for the estimation of the total size of a popu-
lation, it is usually assumed that any individual in the population has
equal probability of being caught, but we may easily imagine a popula-
tion where this assumption is not valid.

D. G. Chapman and C. O. Junge considered such a case [1]. In their
model, the population is stratified and partial mixing takes place between
strata. The individuals of different strata have different probabilities
of being caught.

Now, our situation is as follows. Our experiment will consist of T
repetitions of sampling. In ¢® sampling, the individuals caught will
be tagged with ‘“4”’ and then released, where 1=1,2, -+, T. Therefore
the data obtained by our experiment are the set of n,,...,’s, where n,,...,
denotes the number of individuals which are caught in the <®, 5%, --.,
and k™ samples. On the other hand, in Chapman’s model, any in-
dividual caught is tagged with ‘‘s’’ when it is caught in s* stratum.
In our model, it will be assumed that a population consists of several
classes and each class consists of the individuals of the population and
the individuals of different classes have different probabilities of being
caught, while each individual of the same class has the equal probability
of being caught. Furthermore, it should be noticed that we can not
know which class the individuals caught belong to.

Practically, our results may be applied to the estimation of the size
of an animal or fish population where the individuals are moving in
several groups within a bounded area. We notice that the procedures
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of our experiment are just the same as those of the experiment for
the estimation of the size of a population where any individual has equal
probability of being caught, when we disregard the restriction below, on
the number of samples taken. Therefore, if the number of samples taken
is large enough for our model, our model may be applicable to the case
where the experiment is carried out under the assumption that all indi-
viduals of the population have the equal probability of being caught,
and yet we can not obtain valid results, but the obtained data satisfy
the conditions of our model for an appropriate number of classes. In
this case, the number of classes may be estimated by using the idea of
the latent structure analysis [ef. [2] Chapter 10, 11].

In order to get our estimate we shall use the notion of the latent
structure analysis [see [2] for example]. The obtained data in our model
correspond to the response pattern for a sequence of items in the usual
latent structure analysis; tags correspond to positive answers, the differ-
ence among samples to that among the items, and our classes to the
latent classes. However, there is a remarkable difference between
our model and the usual latent class model; in our model, the total size
of a population is unknown, so that the number of individuals which are
not caught at all is unknown. Since it is very difficult to get the maxi-
mum likelihood estimate in our model, we use relations of the ex-
pectations of the observable random variables. Furthermore, we notice ’
that to our method information about the. frequencies of third
or higher order may not be useful for obtaining an estimate of the
total size of the population. But they will be used for estimation of the
asymptotic variance of our estimate.

2. Notation and assumptions

N  =the total number of individuals in the population (unknown),

s =the number of classes (assumed to be known),

N@® =the number of individuals in »® class (r=1,2, :-+,8) (un-
known),

T  =the number of samples taken,

p’ =the probability that any individual in »* class is caught in

j® sample (r=1,2,+--,s; j=1, -++, T') (unknown),
My,...5,=the number of individuals that are caught in the 5, 7, -+,
and j,* samples (observable),
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n;)...,,=the number of individuals in r* class that are caught in
the 5, 7,", -+, and j,™ samples (unobservable).

Assumptions
(1) nf gy, -+, and nff.., are independent for all ji, --+, .
nl(')) ,ngf), ceo, and ,n(r) are lndependent for ’r=1’ 2) *ee, 8.
Py e )
Apd ,,, np@ . .
(II) D;, Pi, P, +0 for all Jiy %5 Jse

p}ll)p};) cee p,(:)
We shall later see that this assumption is essentially necessary.
(I11) T=2s.
3. Estimation of N

The expectations of the 'rl,,1 .3,’S are easily calculated to be

(1) En,,.. ,,—E N@p eeepi for all gy, =+, Ju,
and we have .
(2) N= Z'I N®

r=1

Since it is generally impossible to repeat the experiment under the same
conditions, we shall practically substitute the values obtained by only
one experiment into the left hand sides of equations (1).

For the purpose of obtaining an estimate of N, we consider
algebraic relations between the right members of (1) and that of ‘ 2).
For simplicity, the right hand sides of (1) are also denoted by the n,,...,,’s.
We can use here the basic determinants in the latent structure analysis,
that is, the determinants of the form

N oy eeemy,
Ny

1 Ny, ** Mg,

(3) :

ny, sy *** Wapk,
If t=s, (3) vanishes. For,

2 N® Z Nop (r) e iN(r)p’(‘r.)

r=1

the left hand side of (3)=| NP S NVRIEL o 3 Nl

3 8
2{ N(r)ﬂ:) Z“l N"’p}:’pi{’ ce Z N(r)p(r)p(r)
= =
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1 cee 1 Of|N® Qeeeeeeees0] |1 p-eepd
0 N@®-.
... p@ . . . N I . .
= pu pu 0 E . ., -.. . 1 p’(:x) _..p’(‘:)
: . N® 0
pY +eepP 0 Qeceeeeees0 010 0eceev0
If
Mgy **° My,
(4) : ¢ |0,

n-’:kl tec n-’sk:
we can solve (3) with respect to N, so that we have

0 Mgy * " N,

2N nh"l ot My

(5) N=— Ny, Mggx, *°° Mgk

LR (TN

Mgy *** Wik,

Thus we obtain an estimate, N, of N when we regard the n,’s,
ny,'s as observable random variables;

0 (EEEE (%

Mg, Mgy *° Mgy

(6) e 100 M P,

Togey = Mok,

n-’akl (TN
The left hand side of (4) is
S Npply -+ NP

DR R R A R R )

(7)

( ( (
Z N(r)pj:)p'(‘:) cee E N(r)pj:)pk:)
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N® Q«.e0
R P R
= :( : e e 0 : :
1 '(8) M * . ) ()
p.i;) cese pjs 0- o .0 .N(r) p’(‘l) ces plf:,)
Therefore, (4) is satisfied if and only if
Py - B Py -+ iy
(8) +0 and #0 .
yOMERER 4 Diy oo D

Our assumption (II) is thus seen to have its origin in (8).

4., The asymptotic variance of N

In this section, the term ‘‘asymptotic’’ will be used in the sense
that the probabilities p|”’s are arbitrarily fixed and the N™’s become
sufficiently large. Furthermore, we shall assume that

(9) NO N® oo NO"=0O(N) as N—oo,

Now, (6) may be regarded as defining N as a function of Mgy Mgy =0y
and 7,,, and we may expand N about %° =(ng, «++, n3x,), where
NS,y ooy Nk, denote Z NOpR, oo, 3 NP pp.?, respectively. (5) shows
that N=N®°). ’

Hence, we have

S ar_ < N . oy ON
(10) N—-N=3, (v, —n3) -~ on, o2, —ng) one_| v
+ 3 g —nEr) 2 2
1,m=1 on ’t ne

It can readily be shown that

E(n,—n5)'= SN "p (1)
E(n,,—ng,)'= Z‘. N p(1—-pi7) ,

By, —150,)'= S N"Dp01—P0E) |

(11) Emy,—n3)®y 5, —n5,)= ZN"’pﬁ"p"’(l 7)),
E(ny,,—ne,) (Mg, — 15 1,) = E NOpPpi(1—pi7) ,

EMy =15 0,) Mgk, — 15 0,) = ZN Op i i, (1—D57)

EMy 5, =15k, ) Pyn, =15, x,) = ZN o P (1—p()
11 13
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E(n,—n3)m,,—ng)=0,  E(my,—n$)(n,,—ns)=0,
11" E(n,,—ne,) My, —n;,)=0, E(n,,—n)"y,x,—"5,5,) =0,
E(nllkm_n?;km)(nhrkm»_n?zw nr)zo » Where l¢l’, m:t&m,c

and
1 1 -1
YO ) SRERRE
PiL Pil et P
Pitsy Piey*** Pl
O | (gl B e
= ; ,
omny, twe AR 4
pi) - o)
1 1 ... 1
12) b Py DLy
Pipy Pipy " Phny
Pinss Phms """ Pis
S, (1 (2) ()
ON | _(_pymn Pi, Py Py |
3’"/1;,,, e p’(‘ll) cee p®
pu‘) e p",’
oN | __aN| N
a'nh,,m n° 6”&,‘ n an,, ne

and generally

E(’n,l—n;?l VI e (n’xks—n?‘k‘)vhks=O(N[v/2])
(13) N

e g | T Where w=vy sy, -
1l eeoe "s
7y Gsks

ne

From (10), (11'), and (13), we obtain

(14
N SAL |2
BE-Ny~_ 3 Ba—np ) o 5 B, —n5.) 2
s'=ix ..... i, on; In ‘::}_:::': ' anf;"m e
i F
1)y ) I | 0N
—}-2”{:%',."1'7(7&,1 ’"’:,)(”Jlk,,, N3 k) on,, I W:,x,,. -
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oN oN
° __mo© .
+2 l—1z'.. .E(n"m_n"m)(n-’z"m n“k"‘) on n on ne
mois *m Jikm
oN oN
+ 3 Emgu,—15k,) M, — M5 k,) .
T ! “m ° o
l,m,:;;;...,a m L m an,lkm n 6’n,lkm, n
oN oN
+ En,, —nl, Y0, —nf. . .
l.l’,mz——-:ll,-..,s ( Jlkm Jlkm)( 'tm t km) an.’lkm w an-fl,'km "

1L

Substituting (11) and (12) into (14), we obtain the representation of
the asymptotic mean square error of N in terms of the population para-
meters. Furthermore, we can see that the asymptotic bias of N has

order O(1);

N s asﬁ
— ~ —n® —n? -
15)  EE-N)~ 35 B30 =050 o |
13 'm
N
+E(n,, —n0,) My, — M5 1) I o
nkm ’nhkm n
1 o v N
+—2'E(nh"m_niz"m 3 "
i km,
: o*N
—n® —n° —_
+z.m.2m"=1E(njlkm n’z”m)(n’lkw n’zkm’) oMy, My, 0
mFEm! 'm 'm
: N
+ 3 By, — N )0y k=N k) |
= m 1om m m s
bhart ! ' ! an’zkmanfz"‘m n
and, for example,
P
B, ~n3) (., —55,) —
t v ™ on,0mn, , in
1 i'm
1 e 1
: ( @
. pjll) cee pj'l
(S Nopg e —pg)) eeens
=- = w @ |2 iy TR F2 MPRERE ¥
b;, “'p-"’x) DPr, “.p’(‘s) ‘le)-l jl)-l
8 . . L L Y LN ] .'
(H N"")) . . of . . p:’;+1 p:z+1
r=1 . . . * seesso e
1) , .. m® 8 .., ms
Dj; 2% Py D, p;}: SN p;:)

)y (1) () ) (1) (1) ) () (1) ) 1 (7) (1)
ZNrpj:pk: cee ZNrpj:pk:,,,_lZNrpj:pk:n+l"°ZNrpj:pk:

€00 0000000000000 000000000000C000000ROOIRIROCEOIOIOREEOIOIETOSIEOETDS

(M) () (r)
ZN pjm—lpk: €000 e0 e 00 s 000000000000 0000000 RSOOOSOTS

K S NOPY P eeeeneeneee e

© 00000000000 00000000000 000800s000000000s0s0ss0sLGLLTL

ZN(")p;.’:p’(c:) ....a...............-.-........ZN(')p;:)p}";) j
—0(1) .
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Therefore, it makes no difference whether we speak of asymptotic mean
square error or of asymptotic variance of N.

Now, it is very difficult to estimate the asymptotic variance from
the observed data. We shall restrict our consideration to the following
two cases.

(I) First we assume that s=2. In this case, we can write the
asymptotic variance in terms of the n’s, n{’s, nd’s, nfj’s, and N ete.
It is easily verified that

N ny| [N n?
Bn,—ne)=TEWN=—m2) _ 1 [nd ni] |n? mi|
N N N x?
ny M5
N ng N nd
Eng—ng)="20N=n3) _ 1 [nd | [nd i
N N N g
(16) Niom  Miomia
N n? N n?
By —n2)(ny—ng)="5WN=n0) 1 [0y Momp| |75 Mo

N N N ny
Nimg  Mhmg
N nf N
E(ng—n?)(n;;—nf’j)=n&(l\1’v—n?) ___11\7 Tk 'ng; n":l?k Niky ,
[
TR M

where the different letters of sub-indices take the different numbers.
On the other hand, each of (12) can obviously be represented by %3, «++,n 5.,
and N. Thus, from (14), (16) and (12), if for simplicity we put j,=1,
7.=2, k,=38, k,—=4, we have

N =
< 1 : ny nol| |nd g
17) EN—-N)P~——| Sind(N—np)—— 14 L wiiD?

2 4 [o]
o 1=1 N nh
ny i
N n N nf;

S AnS(N—ng)— ng  Min ] Niom _ Nignm | D2D?

NDO ;Zl 1.1 7 N ,nl?l 1

o o
Nim  Mhmie
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—

N n? N »?
1 o “lne. me
t—=| = {ngu(N—ng)— \Time Tuwmg| 1M Miim |4 D2, D,
ND@ i?‘lvz N ’n,o
k., j=3.4
- 'n'?nq nlohmv
i N n? N np
2 ng N “Ing mg
+ o N__n() _ 1 7% ikh iJ L1 DﬂD
ND¢ | w.n= %) )18 i ¥) N w .
(8 1) (4,1) o o
L @l e M
Ny M n, N N N
where Dy,=| ** I 3 = “| and D,=
RN TNgs nu ’ T My, Ny Mgy ‘
4Ty Ny

o T and the different letters of sub-indices take the different
numbers in one and the same { }-bracket.

Therefore, we can get an estimate of the asymptotic variance of N
by substituting the observed values %,’s, n,’s and N into n’s, n5’s and
N, respectively. It should be noticed that the number of repetitions of
sampling required for estimation of the asymptotic variance of N is at
least seven while for estimation of N the required number is four. If
we can estimate the asymptotic variance of N as in the above case,
we may solve to some extent the problem of which combination of
(Js *+*yJu; 1y <+, k) we should use for the estimation of N.

(II) It may be useful to consider the fluctuations of the asymptotic
variance subject to that of parameters. However, since our model
contains a very large number of parameters, general analysis will be
complicated. Now, we shall consider the following simple model. Let
us now assume p§”—p"’—a for r+! and p{? =p{”=c, where r=1, ++-, s
and [=1, ---,s. Then we have

(s—a(l—a)+c(l—c)} )

(18) asymptotic variance of N~N { {(s—Da+ef

Let
_{s=Dad—a)+e@—0)}
(19) P(a, c) G—Tato} .
We consider @(a, ¢) for fixed ¢. Differentiating ®(a, ¢c) with respect to
a, we have
20) dp(a, ¢) _ (s—1{(s—1)+2¢c}-(a—a,(c))(@—ax(c))(@—asc))
oa {(s—1a+ef

a,(0)= (s—1D)+V (=1 +(s—1)e(l—¢)
2(s—1) ’

where
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(8—=1)—V(s—1P+(s—1)A—c)

al0)= 2(s—1)

c(2c—1

and ai(c )—-(S(—IH%
It is easily shown that a,(c)>1, a,(c)<0, and also a,(c) <0 when 0<c<1/2,
a;(c)=0 when ¢=0 or 1/2, a,(c)>0 when 1/2<¢=<1 [cf. Fig. 1]. Hence,
if 0=<c=<1/2, ®(a,c) is monotone decreasing with respect to @, and if
1/2<¢=1, it is increasing when 0<a<asc) and decreasing when
as(c)<a<1, so that ¢(a, c) takes the maximum value {s—(2c—1)}'/16s%c
at a=a,(c). As an example, we show the case s=3 in Fig. 2.

For reference, @(1,0)=9(1,1)=0, {1, (3/4)}=0.0006,

#{1, (1/2)}=0.0016, {1, (1/4)}=0.0014.

It should be mentioned that o(c, ¢) cannot q4(c)
be defined if s=1. If a=¢, s must be 1.
However, the value @(c,c) computed from
(19) is just equal to (1/s*)-[asymptotic vari-
ance of the estimate N when we take s=1].

In the case s=1, we have N=(n,-n,)/n,,. rr il S
This is the Peterson estimate. The aspects / ‘
of @(a,c) as a function of ¢ for fixed a ' _%. 1 c
are similar to those of ®(a, ¢) as a function [Fig. 1

of a for fixed ¢. Even the simplest example mentioned above shows
that it does not always give smaller variance of our estimate to increase
the probabilities of being caught without any consideration of the situa-
tion.

A numerical example of asymptotic bias.

For simplicity, let us put s=2 and NY=N®, In this case, we
have as an asymptotic bias of N

@1

S 25 PE (L= PLDE) + 050 (L~ pi)

x (037 —03)(®8) —p) (05, pii) + i i) + -
+{p(l)p£ll)p(l)(1 p(l)) +p;i)pl(c:)p(2)(1 p(i))}
x{(p5; — i (@5 —p3) (@) — i) (pi) — pi2)
— (@5 + 230 pi) —pE DI+ -+
+{pf) v 1 —2{)) + 25} (1— )}
x(pf) — i) (@8 piy — i) D) (05 piy) + D)+« ¢ ]
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1
T

|
oo

[Fig. 2]
where 6=p{ppi)pil +p§ D} iDL — PY P P PG — PP PLPL -
From (21), we can roughly say that if we multiply each p{” by constant

¢, then the asymptotic bias will be multiplied by about 1/e.
For example, if we put

pP=0.1, pP=0.04, p{=0.05, pl=0.125
pP=0.05, pP=0.1, p{=0.125, pi=0.05

then the asymptotic bias of N is 18.7.
If

pP=0.1, pP=0.05 p=0.125 pL=0.04,
pP=0.05, p»=0.125, p?=0.05, pi=0.1,

then the asymptotic bias of N is 17.5.
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In such a case as the above example, for using our estimate it may be

desirable that N is greater than about a thousand.
THE INSTITUTE OF STATISTICAL MATHEMATICS
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