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0. Introduction and Summary

The largest and the smallest value in a sample, and other statistics
related to them are generally named extreme statistics. Their sampling
distributions, especially the limit distributions, have been studied by
many authors, and principal results are summarized in the recent Gum-
bel’s book [1].

The author extends here the notion of extreme statistics into bivariate
distributions and considers the joint distributions of maxima of compo-
nents in sample vectors. This Part I treats asymptotic properties of
the joint distributions.

In the univariate case the limit distributions of the sample maximum
were limited to only three types. In the bivariate case, however, types
of the limit joint distributions are various: Theorem 5 in Chapter 2 shows
that infinitely many types of limit distributions may exist. For a wide
class of distributions, two maxima are asymptotically independent or
degenerate on a curve. Theorems 2 and 4 give the attraction domains
‘for such limits. In bivariate normal case, two maxima are asympto-
tically independent unless the correlation coefficient is equal to one.

Throughout these arguments we remark only the dependence between
marginal distributions, whose behaviours are well established. For this
purpose a fundamental notion of ‘‘dependence function’’ is introduced
and discussed in Section 1.

A practical application will be considered in the subsequent paper.

The author is very grateful to Messrs. M. Motoo, K. Isii and K.
Takeuchi for their suggestions and discussions, by which theorems in
Section 2 are considerably improved.

1. Dependence function

Let (X,, Y)(i=1,---, n) be a sample from the population with the
distribution function F(z, y). The maxima of the components, X.x and
Y..x, have the joint distribution function
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Pr(Xope < %, Yau <¥) = F(z,9) . (1.1)
We write the marginal distributions of F(x, y) as
G(x)=F(z, =),
Hy)=F(, y) . (1.2)

The distribution functions of X,.., G*(x), and of Y., H"(y¥), are marginal
distributions of F™(x, y).
We introduce the function Q*(z, y) defined by

F(z, y)=0%(, y)G(x)H(y) .
From the relation
Fyz, y)=0*(z, y)G"(x)H"({Y) ,

the asymptotic dependence between X, and Y., is clarified from the
behaviour of Q**(x,y) when n—o. To simplify the argument, we
redefine this function as follows:

Definition 1. The dependence function Q(G, H), 0<G=<1, 0<H<1
of the distribution F(z,y) (or of the r.v. (X, Y)) is the function that
satisfies

F(z, y)=QG(x), HY)G(x)H(y) . (1.3)
For G=0 or H=0, Q(G, H) may be defined if the limit

Q0, H)=lim L& ¥)_

e(z)-',oG(a;)H(y) ’
N Fz, 9)
e Q(G, 0=l Z, Y .
G 0= i e oHY (1.4)
exists.

Remark 1. Although G(z)=G, and H(x)=H, (G,, H, are constants)
do not determine a point (x,%) uniquely, the value of F(x,y) is the
same for any (x,y)e {(x,¥); G(x)=G,, H(x)=H,}. Therefore, Q(G, H)
is a one-valued function defined for all possible values of G and H.

Remark 2. Clearly Q(G, H)=1, if and only if X and Y are inde-
pendent. From the definition

Pr(X<z, Y<y)
Pr(X<z)Pr(Y<y)'

QG, H)=
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Q(G, H)>1(<1) corresponds to the positive (negative) association between
the events (X<z) and (Y <¥).

Remark 8. G, H) is ordinally invariant. That is, if ¢(x) and
Y(y) are monotone non-decreasing functions, the dependence function of
(@(X), ¥(Y)) is also that of (X, Y), because F($(x), ¥(1))=2UG(9(2)),
H((y))G(9(x))H(y(y)). The domains of two dependence functions are
not always the same, unless both @(x) and y(y) are strictly increasing.

Remark 4. Considering the r.‘l. (G(X), H(Y)) we see that; a
necessary and sufficient condition for Q(G, H) to be a dependence func-
tion, is that (G, H)GH is a distribution function defined on 0 <G, H=1,
whose marginal distributions are uniform.

THEOREM 1.
LG, H)<Q@G, H<UG, H), 0<G, H<1, (1.5)
where
U(G, H)=min (é Flf) (1.6)
I(G, H)=max (o, ‘i%HH;l) 1.7

The right hand equality holds when the distribution F(x,y) degener-
ates on a non-decreasing curve on the x-y plane, and the left hand
equality on a mon-increasing curve.

ProOF. The right hand inequality:

F(z, y)<F(z, «)=G(®),
F(z, y)<F(, y)=H®) .
Therefore,
F(z, y)=G(x), H(y))G(x)H(y)< min (G(x), H(y)) -
The equality holds, if and only if F(x, )= min (G(z), H(¥)), which mean

the above mentioned condition.
The left hand inequality:

G(x)+ H(y)— AG(x), Hy))G(x)H(y)=1— Pr {X>z, Y>y}=1.

Therefore,
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G+H—-1
QG, Hyt——=,
( )= GH

Q(G, H) is apparently not negative. The equality holds if and only if
Pr(X>2, Y>y)=0 for G(x)+H(y)=1.
See Fig. 1.

Ezxample 1. Consider the probability density function defined by

2, 0<w<l, 0<y<l, 1<a+y,

f@, y)={0’ otherwise.
As
Fz, y)z{(w+y—1)’, 0<z<1, 0<y<l1, 1=2+vy,
0, 0=2<1, 0y, 1>2+y,
and
G(x)=2", H(y)=y",
we have
VEHVH-I g ivEe,
2@, H)={ GH o (1.8)
0, otherwise .

(G, H)<1, because VG +VH—-1=<V'GH . Xand Y have the negative
association.

Example 2. Let Z, (i=1, ---, k) be a sample from the population
with the continuous distribution function K(x), and put Z,.=X and
Znx=Y. We consider the distribution of (X, Y).

F(z, 9)=K*(y)—(K@)—K@), z<y,
G(x)=1—(1—K(®))*, K@)=1—1—G)'*,
Hy)=K"y), K@y)=H",

H-(H" (-G 1) o
G, H)= GH T (1.9)
0, otherwise . v
As H' 4 (1-G)*—1<H'™1—-G)", we have
H—H1—G) _
O s H 2___._1 5 GSH .
G Hz—FF =

Zm and Z,,, have the positive association.
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Q(G, H):.C%{.{H_ (1+log H+lzg 1-G) +O(l)>t}

k!
which is a well-known result.

Example 3. Consider a bivariate normal distribution.

LN 1 _ 1 2 2
¢(£D, yr p)—Zn'l/—l_—-— _pzexP{ (1—_‘02)(9; +’.U 2ny)} ’
Oz, y; p)=S:SL¢(u, v) dudv .
As

do _ 1 do 1

= = % =~ >0 1.10

do GHdp GH' (1.10)
(see Appendix) and Q=1 when p=0, we have 2>1, <1 corresponding
to p>0, <O0.

The value Q(G, 0) and Q(0, H) were defined as the limits. When
F(x, y) has the probability density function f(z,y), the limit (say)
Q(0, H) is: '

v 0
0, H)= lim 2&Y)__ jim S—«»f(x vy =L im Hy|z), 111
wC@HY) =gy fwpay H

Yo I G

bro'ken .“"9 p=0 broken line p=-10
Solid Line p=08 Solid line p=-08

Fig. 1. Q(G, H) for bivariate normal distributions.
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where H(y|x) is the conditional distribution function of Y given X=z.
Like the bivariate normal distribution, if X has the positive density in
a semi-infinite interval (—o, b), and if the conditional distribution
of Y given X=u« has the finite dispersion, monotone increase or decrease
of the regression curve corresponds to lim H(y|xz)=1 or 0, that is to
Q0, Hy=H or 0, which is the same as the value of U(0, H) or
L0, H). G, H) for normal distributions are shown in Fig. 1.

2. Asymptotic ;;roperty
From the previoﬁsly mentioned relation
F(z, y)=0"G(x), Hy))G"(x)H"(y) , (2.1)

the dependence function of maxima (X,.., Ym) in sample of size n is
o~G'™, H'"). In this section the asymptotic behaviour of

Q.(G, H)y="G"", H'™) (2.2)

for (n—oo) is studied. We assume the continuity of F(z, ) or of G, H).
If G(x) and/or H(y) have a positive jump at the point where G(x)=1 or
H(y)=1, then the limit distribution is trivial. If the distribution has
infinitely many points with positive probability, slight modifications in
the following arguments are necessary. At first, we examine the ex-
amples in Section 1.

Example 1.
VG+VH-1Y = H
ae.m=— eu = VErVH=L
0, otherwise .
Qn G, H fend (G1/2”+H1/27‘._.1)2”
( ) GH
_ 1/ log G+log H l " 1/2n 120~
(1B H o) gz
Therefore,

lim 0,(G, H) = % exp {log G+log H} =1, G, H>0.

The convergence is uniform for G, H=¢>0, where ¢ is any constant.
This is true throughout the following convergence statements.

Ezxample 2
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(G, H):H_(HIM_"((;II;G)”E_I)" , 0<G=<H,

Q,,(G, H)=_G!17[Hlln_(Hl/nk+(1_G1[ﬂ)1/k__l)k]n

- i [ (Y T (L]

-1 (n—w), 0<G=H.

Example 3
QG, H)y=L(G, H),
0@, Hy=CmrHr=1r
( ) GH
—1 (n—), 0<G, H.
Put

Pr{X>z, Y>y}=PG(x), H(y))
or denote it simply by P, which satisfies

(@G, H):Qﬂfé;{_ltﬁ o (2.3)

The above examples suggest that, if P(G, H) converges quickly to zero
as G, H—1, X,.. and Y., will be asymptotically ‘independent. In fact:

THEOREM 2. If the convergence P(G, H)—0 is of such order as
P(l—s, 1—s8) = o(s), (2.4)

X... and Y... are asymptotically independent, and vice versa.

PROOF.

1
Q G, H —_ Gl[n Hlln_l P lln’ 1/ny\n
ol ) GH( + +P(GY", H'™))
- exp{lim nP(GYn, H‘/")} (n—oo) .
Then, Q,.(G, H)—1 (n—w, G, H>0) is equivalent to
i/n 1ny — _l _l_ _i l — _L ¢
P(GY», HY™) P(1 ‘. +0(n2), 1-2 +o(n,)) o(n) (2.5)

where g=1—G, h=1—H. As
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P(min (I, m), min (!, m))<P(l, m)<P(max (I, m), max (I, m)) (2.6)

(2.5) proves the theorem.
Remark. As

P=1-G)1-H)-(1-Q)GH,
if O(G, H)<1 in the neighbour of (G, H)=(, 1), X, and Y., are
asymptotically independent.

As an application of Theorem 2 we have:

THEOREM 3. For a bivariate mormal distribution with the correla-
tion coefficient p<1, X, and Y... are asymptotically independent.

Proor. Without loss of generality we assume the means to be zero
and the variances to be 1, and let ®-*(S) be the inverse function of the
cumulative distribution function ®(s) of the standard normal distribution.

P(S, S)=Pr {X>®-(S), Y>®%(S)}
<Pr {X+Y>2d-%(S)}

As the distribution of X+ Y is N(0, 2(1+ p)),
P(S, S)<1—d(ad-(S))
where a=1"2(1+p) >1. Write
1-S=s, P(1—s, 1—s)=p(s),

and
O (1—8)=2(1—p(s))/a=z,
to obtain
s=1— @(z)—me;/{l—%+0<—z17>} )
p(s)=1—cp(az)=VL§r ,‘5';:2'2 {1_E+O(zl)}
From these, '
2O Lo-ras[1-(14 D)L 0@ | ~0 (5-0) .

On the contrary to the case of Theorem 2, if P(1—s, 1—s) is
near its maximum value s, the distribution of (X,..., Y...) degenerates
to one on a curve.
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THEOREM 4. If
P1l—s,1—s8)=s—o0(s) , 2.7)
Q,(G, H) converges to U(G, H) and vice versa.
Proor.
‘Qn(Gr H) _—’U(Gr H) (n'—'oo)

is expressed as
(Gl/n+H1/n_1+P(Gl/n, Hl/n))n _){

Putting 1—-G=¢g and 1—H=h, we see

[1——-"—;—"+P(1—%+0(l), 1-k +0(1))]"_.{1—h’ g<h,

n n®

por 1—g, g>h,
or equivalently
1 b of1 ‘grf”’(%)’ o>k
P(1-L+0(2) 1-2+0(33))= k(L) o>,
n

which, with the inequality (2.6), proves the theorem.

Between these two extremes, there may exist other limit dependence
functions. To study general ones we consider the limit of Q.(G, H)
when G—1 along the curve C,: H=G*, 0<a<o. Notice that, if the
point (G, H) is on C,, the point (G*", H'") is also on C,.

If the limit exists,

n—ro0 n—oco . 1

lim 0*(G'", G*I")=exp {lim log (G, G°7) }
n
=exp{?g___]og (G-, Gur)}

T=+0

= expl:log‘ G- {aﬂ(g{; G7) + aaﬂ((;,HG’) }a - 1—0]

If, further, the distribution F(x,y) has the probability density
function,
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60__(1 oF Q)l

G \HaG /G

lim 2G> G _yim OF 1 i Hy(G#) | 5(G)) -1,
aG G-1-0

G—-1-0 oG G-1-0

where %(G) and y(H) are the inverse functions of G(x) and H(y), re-
spectively. The same relation, also holds for 6Q/6H and

n—oco

lim Q¥(GY", G*'")=exp [log G 0‘251_10 {Hy(G") | 2(G))
+aGEOWE) 1+ ]
=G*= , (2.8)
where
x(@)=lim {H@(G") | %(G)+aG((G) |yG)} —(1+a) . (2.9)
The limit distribution thus obtained is stable in the following sense.

Definition 2. The distribution of (X,.., Y..x) is said to be stable
with respect to dependence, if for all »n

G, Hi"=Q(G, H). (2.10)

Evidently, when X and Y are independent, and when the correlation
between X and Y is one, (Xo., Ymax) is stable.

THEOREM 5. The distribution of (Xua, Yme) 18 stable with respect
to dependence, if and only if the dependence function has the form
QG, H) = GrosHlle® (2.11)

where x(a), 0=<a<c, is a continuous convexr function which satisfies
max (—a, —1)<y(a)<0. (2.12)

Before the proof of the theorem we prove:

LEMMA. Let x, x,, Az, Az, be any such numbers as 0<x,<x,,
Ax,=ex, and Ax,=ex, (0<¢), or z,=2,=0 and 0<Ax, <Ax,. Then

P +A%) —p(x) _ P, +AT)— (%) (2.13)
Az, - Az, .
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18 necessary and sufficient for the continuous bounded function ¢(x) to
be convexr in 0=xr<<oo.

PRrOOF. (2.13) is necessary. Because, if @(x) is convex, for any
0=<u,<u,<u;, we have

Ps) = P(h) L P(ths) —P(1h)  P(ts) = P() 2.14)
Uy—Uy Uy —Uy Us— Uy

By definition, x,4+Ax,<%,+Ax,. In the case z,+Ax,=, the relation is
equivalent to (2.14), and if x,+Ax,#wx,

P+ AL) — (@)  PE+AZ) —P@)  P(%+AL) —P(F:)
wa o (xl + Axl) — &, o sz

Conversely, if (2.13) is true, putting x,+Ax,=2, and 2,+Az,=x,,

P(%,) — p(,) < P(&5) — p(,)
Ly— 2, L3— Xy

holds true for any 0<z,<x, and their geometric mean x,=1"zx,. Apply-
ing the inequality successively to the points (x,, 2" =V'%,%,, *,), (%, 2=
V&5, ); (2, 8P =V 22D, 2); (2, 20 =V20,, 2,), (2, 27 =102, 25P),
(x>, 2?=1"2Px, «,); and so on, we see that at the geometric means
the function @(x) is below or on the cord joining (x,, ®(x,)) and (x,;, ®(x;)).
As the series of geometric means is dense in (x,, ;) and @(x) is con-
tinuous, @(x), x,<x<x; is below or on the cord. 0<z,<%, is arbitrary
and @(x) is continuous at =0, so @(x) is convex in 0=wx<oo.
Now we give the proof of the theorem.

PRrROOF. At first we prove that Q(G, H) must have the above form.
Put

g=logG, n=logH, 02§ 7>—o, (2.15)
w(E, n)=log Q(¢, e), (2.16)

then the stability condition may be expressed as
—o(L, 1
o, D=0(£, 1).

That is, w(£, 7) is Euler’s homogeneous function of 1st order, and must
have the form (see for example [2])

oft, N=to(L).
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which is the same as (2.11).
For

Q(G, H)=Gx(log Hflog G)
to be a dependence function, QGH must be a distribution with uniform
marginal distributions. We transform G and H into £ and 7 by (2.15).

In other words, we consider the distributions with marginal distributions
exp £ and exp 7. Then

F(, 77)=exp{§(x(—§7’—)+1)+77}

=exp {u(, 1)} . (2.17)
The conditions F(£, 0)=exp & and F(0, 7)=exp 7) pose the restriction
x0)=0, a)=oa) (a—w) (2.18)

LF(E N)=F(§, 7)—F(E—AE, n)—F(E, n—An)+ F(E—AE, n—A7)

=F(&, 7)[1—exp(—A4E, 7)) —exp(—A,(E, 1))
+exp((E—AE, n—An)—uE, 1))

=F(E, n)exp(—AuE, 7)—A,uE, 7))
x [{exp(Agp(E, 1))—1} {exp(A, (£, 7)) —1}
+exp(A, (¢, 7)) —1]

=F(&, n)exp(— A&, 7)—A,UE, 1))
X [AUE, 1) - Ay &, 1) - exD(0,(E, 1))
+ALUE, 1) - exp(6:(E, )] , (2.19)

where 0,(&,7) and 04§, ) are functions of the value of factors before
exponential functions.

AcpH(E, 7})=E(x(——) +1)—-a8)(x(Z = )+1)
-e-20(i2) s ) ).

If £+0 and 7+0, putting

g D1 =DM _pnsy
e~ % FTF_aE HE-ap %7

we have

Aept, m)=—a - Ag(HO= i‘;‘ Aq)_ 7‘(“;“) (2.20)
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Aep0, =051 = 7)+1). (221)

From the condition

AcF (&, ))=F(&, 7)—F(E—AE, ) =0,

or

Agpu(€, )20,
we have
)=-1, (2.22)
and
W) —y(@—Aa) y(@)+1 2.23)
Aa a

According to the restriction (2.18), the right hand of the above inequality
diminishes when a—oo.

AntAE, v)=§(x(—;7—)—x(’7—?i))+A77=A77(X(“+A§;“‘X("‘)+1) 2.24)

for £<0, where

=1, Aa=A1,
&

—&
From the condition

AF(E )=F(E n)—EE n—An=0,

or

A,m(E M)=0,
we have
atda)—y(@)- (2.25)
Aa
Apu(E, v)=[§{x(l)—x(17"—mj} +A7J—[(E‘A§){X( E_v AE )
x £Z Ag) + 77]

Av( x(a1+Aal) xa) x(a,+Aaz)—x(aa))
Aa,
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—apap 8 1 (Heatba)ox@)pecrdn)—y@),

—E a,—a, \ Aa, Aa,
(2.26)
for £+0, where
al_—_i , Aa1=A7]— ; az=—-—-77 , Aaf,,=———A77 ;
¢ —£ §—Af —(£—Af)
al—a,z—ﬂ =0.
§(E—A¥)
If £=0,
80, )=g{y( = )=x( *”:&A’?)} : (2.27)

Considering (2.19) with (2.20), (2.24) and (2.26), in order to have
ARF(E, 7)=0

for any small & A} (&, 1) must not be negative, or

X +Aa) —x(a) > X(ay+Aa,) — x(a,)
Aa, - Aa,
for any 0<a,<a, Aa;=ea, and Aa,=eaq,, or for a,=a,=0 and any
0<Aa;<Aa,. Then, according to the Lemma, x(a) must be convex in
I=a<w,.
In the case £=71=0, A}, (0, 0) must also not be negative, and from
(2.27) we have

1)=x(0)=0, O0<a<ow (2.28)

Summarizing the above results we can conclude the necessity of
the theorem. Conversely, if (2.12) is satisfied, ALF(E,7)=0, and
F(¢, 7)) is a distribution function.

Example 4. Let us define

—ka '
==k ock<1,
x(a@) Tta <k=

_ —klogGlog H
Q(G, H)—expi log G+ log H } .

Transforming (G, H) to (§, 7), we get
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FE, 7)= exp{ﬁgﬁ?%’-} 02 7>—oo

where ¢=2—-k(1=<c¢<2), and

OFE 1) _ {2(0 2)n | (E'+287+(c—1)7) (e~ 1)§’+2§77+77’)}
3] E+7) &+
xF(, 7) >0.

(5 2)ere 0.

Example 5. Let us define
()= max(—ka, —k), 0<k<1,

Q(G, H)=min (?;l—k—, —Il;ﬁ) ;

GH'*, G=H,

F@G, H)z{G“"H, G>H.
The p.d.f. is

OF_ {(1 —k)H*, G<H,
8GoH |(1—k)/G* G>H,

and the one-dimensional density on H=G=t is

£6)=3 LeS

APPENDIX

The relation
dd(z, ¥; 0) _ =
. (x, ¥; P)

seems to be well known for table computers of ®(x, y; p) (see, for ex-
ample [3], the equation (3.6)), but we prove it for completeness:
As is well known,

¥, 45 )=t ST Yo =t Je)
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‘where ¢(t) is the p.d.f. of the standard normal, and therefore

(@, v; p=|" @(jl YL V() du .

Using them, we get

aal ¢<u>{¢(é’f_”2; P

* —(u—py) y— Pu
1/1 ) V1p 1/1_p2‘¢< )"’(“) du

—(u—pz) 1 u—py
1/1 -0 S-w Vi—pr Vip Wi )<l>(y)du
1

= T P =9t ; )

For general N(u., t,; 02, 03; ), by the same procedure we have d®/dpo=
G, 0,p.

THE INSTUTE OF STATISTICAL MATHEMATICS
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