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0. Introduction and summary

In the former paper [1] the present author reported a result of the
analysis of statistical structure of the automobile flow in the street.
There we have observed a remarkable agreement of the observed data
with a model of recurrent type zerc-one process and the possibility of
application of the model to the reeling process was suggested. Since
that time applications of the model which we call the gap process in
this paper was developed by Shimazaki at the Sericultural Experiment
Station of the Ministry of Agriculture and Forestry to construct the
statistical system for controlling the reeling process with fixed number
of cocoons. Part of his results were presented in the papers [9, 10] and
a discussion of his results was made by the present author [2]. In the
course of the development of the applications it was then recognized
that the variance-time curve which will be defined in §2 of this paper
plays central role in the construction of the system. And the discussion
of its sampling fluctuations has become necessary to settle the theoretical
foundation of the system.

The purpose of this paper is to present the asymptotic distribution
of an estimate of the variance-time curve and to discuss the construction
of a statistical control system of the gap process.

Main analytical tool used in this paper is the method of differ-
entiable statistical function developed by Mises in his paper [7] combined
with the generating function method. The results show that our
estimate will be practically applicable to most of the practical cases
using a sample of moderate size of the primary gaps. '

Shimazaki has recently succeeded in establishing an overall statistical
control system for the reeling process and the results of this paper
were found to be sufficient as the foundation of his system [11].

In §1 of this paper we shall give the definition of the gap process
and describe some of its foundamental properties. In §2 an estimation
procedure to get the variance-time curve of the gap process is given.
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Asymptotic distribution of the estimate is obtained with the aid of the
differentiable statistical function. In § 8 numerical examples are given
to show the practical applicability of the asymptotic results. We dis-
cuss in §4 the construction of a control system of the gap process
under the typical condition suggested by the reeling process. The
discussion is made on the basis of the variance-time curve of the process
and an interpretation of the results obtained by using the differentiable
statistical function is given. Some comments are made in §5 on the
practical application of our method. These comments will be of im-
portance to those who want to use the gap process as an approximation
to some continuous time parameter process.

1. Definition of the gap process
We shall here define the gap process {X,(w);— o <n<o} with the
gap distribution {p,;v=1,2, ---} as a strictly stationary process of
discrete time parameter with the finite dimensional distributions satisfy-
ing '
Prob{(X,.,(®), Xpis(®), «++ Xpu(W))=(ay, a,, + -+ @)}
=P, >.p, when all the a,’s are equal to 0,

B>k v2u )
=P(y§1pv)p:,-zlpe3—ez M psr—er_l(“>§erpn)

when a.,a., - a._ arranged in ascending order of

suffixes are equal to 1 and other a,’s are equal to zero,
where {p,;v=1,2, ---} i3 a probability distribution over v’s with finite
mean L=wp, and P=L"'.

It is é:lsy to see that X,(w)=0 or 1 almost certainly and that for
any probability distribution {p,;v=1, 2, ---} with finite mean L there
exists a gap process {X,(w)} with the gap distribution {p,;v=1,2, -.-}.
If we define for any finite set of suffixes (n+1,n+2, .- n+k) the
additive set function PJY,, ..,..n+x On R* with its value defined for any
ACR* by Priinss...ne(A)= > P onea . ne((@, @, <+ + @) where

(oo mea
P i nsa,...aex((@y, @y, + <+ @;))’s are equal to the values given in the above
definition of the gap process as Prob{(X,.(w), X,.{(®), -+ X,. (@)=
(ay, ay, ++ i)}, then we get P, ..y qex(R¥)=1. Taking into account of
the fact that L=>] > p, the proof of this last equation is essentially

h2lvZe
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contained in the following equations

P:n n42,. n+k+l((0 0 0 0))+Pn+1 n+g,. n+k+l((09 0; b 0; 1))
=P3, ¥p+P 3 »

w>E+1 y2p v2k+1

>k vZp

=P:+1,n+2.-nn+k,((0r 0,--- O))’
) TP ( (» 2 ZRCTICN SR 1) ) B o0 2P ( (+ 29 WURY/ 8 1))

.._P( > pv)pe,_slpz,_e, per—er_l(u>,§{_g pu)

VZE

+P( ; pv)pzz-e Pey-e,®* *Pe -2, _ Pr1-e,
vee
=P(v§1pv)pe’-!lpe3-e’ "Pe,- 2""(»>§er pﬂ')

=PFinea.aee((@y Ay o0 Q)

and the similar equations of the type PFps..aen((d, @, <o @)+
P o nar((0, gy = o0 @) =PFospas, i@y, g,y ++ - @), If we define the
system of distribution functions {F,,,... (%, @y, *+* @, )} for the set of
suffixes of any number n of mutually different integers v,’s by

F“l-“zr""’,,(x"‘j’ xyzy b 'xvn)
=Fy e, By Buyy =0+ B)s () thy =+ 2 ) is the rearrangement of
(vy, vy, +-- v,) into ascending order of v,’s
EP:l,uln.uln,...y.”{(zp.ly Zpi+1y Bpgany 00 zun); zu‘§xu‘ for i=1,2, .- n}

we can see from the above stated equations that the system {F,,,
o (B0 B, 2 )} satisfies the consistency relations to assure the existence
of a stochastic process with these Fy vy (@) Tygy + =+ @, )'8 28 its finite
dimensional distribution functions. The process defined by this system
is the gap process with the gap distribution {p,; v=1,2, ..-}.

We shall state here a theorem for the use in the later sections.

THEOREM : For the gap process {X,(w)} the generating funmction
fi(2) of the k-th order (k=1) factorial moments of v, (h)=X,.,+ Xyt
X+ 18 given by the following equation

£ =SEL @A) ~DEH)—2)- - - () ~k+ 1"

Cwp A (P Y
=+ P 25 ()
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valid for —1<z<1, where p(z)=32"D,.
v=1

Proor. For P,(\)=Prob{v,(h)=)\} we have
};‘Ph()\'):PrOb{Xtu(w)‘*'Xz+2(w)+ e+ X (@) =v}

=SP( 55, )P~ ) v>1,
=1 P

-2r(ze) »=L.

=1 _ v=0

where F*’(X):ﬁ‘, p*'(¢) and p*/(-) denotes the v-th convolution of the
gap distributiozi{r l These equations are easily verified by decomposing
the event (X,..(®)+ X, .(®)+ - -+ + X, .2(@w)=v) into the sum of % events
in the p-th of which the first 1 occurs at the pg-th component from the
left and then by applying the probability relations for finite dimensional
events stated in the definition of the process.

As we have for |z|<1

ZP(Zp. "—ZP(I zp,,)zu—

w2l \p2p

SRR

1spsSp

we get

9.(2)= g,lProb{Xm(w)+Xm(w)+ et X (@) =vig?

_ oz
=, (1 )2(1 p(z)) v=0,

(—~~7(1 p(2)yp'(z) v=1.

Thus we get by using a real u the bivariate generating function
=39 @uw= % -P * (- PEN+P ~E L A—pE)y —
()E( 1—z) (1—2)’ l—p()

valid for |z l<1, | uz |<1. We shall here represent by g.(u) the probability

generating function of {P,(v)}. As P,(v)=0 for v greater than A& we
have |g.(u)|<1V|u|*, thus for z and u satisfying |2|<1 and |uz|<1

the infinite sum Xg,(u)z" converges absolutely and is equal to g(z, u).

h=1

Now as v,(h)<h holds for any % we have "’_"g_;(k@ = E[v (h)v,(h)—1)- -

u=1
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?’”a&(u) ‘
k

(k) —k +1)] < h* (k=1) and <h*(1v|w|?). Thus for z and

satisfying lz |<1 and |uz|<1 the infinite sum Z 8 g;gu)z" converges
h=1

Ao 0° n
uniformly and absolutely and we have ﬁv(nz.lg"(u)z )—gl(aukgh(u))z .

Thus we can get for z with |z|<1 our desired factorial moment generat-
ing function f,(z) by differentiating the bivariate génerating function
9(z, w) k-times with respect to # and then putting u equal to 1.

In the former paper [1] we have given a definition of the gap
process slightly different from the present one. The presé;xt definition
does not exclude the case where the primary p,’s take positive values at
only those v’s which are multiples of some fixed positive integer 7>1,
while it was excluded in the former definition. When such 7 does not
exist we call the gap process to be aperiodic and it represents the steady
flow of renewals of an article with the life length distribution {p,} [1, 8].

We shall hereafter call a random variable following {p,} the primary
gap. In the gap process we can see from the relation Z{PE pyp,,lpvz
.- -p,”} Dy Dy, oDy, (n=1, 2, ---) that the successive gaf;; of tlme be-
tween 1’s after a ﬁxed time make a sequence of mutually independent
primary gaps. '

REMARK. In §2 of the paper [1] a proof was given of a theorem
which states that the gap process with the gap distribution {»,}
has continuous spectral density’ function if the number of v’s with
p,>0 is finite and the greatest common divisor of those v’s is equal to
1. The proof was given by using the difference equation method but
it was incomplete as the case of multiple roots was overlooked in the
description. Taking into consideration the case of multiple roots we get
the complete description of the proof by using the relation Z‘;n"lzl"< +
valid for |z|<1l. The result of the theorem suggests that ‘for the
treatment of the gap process the analysis starting from observations of
primary gaps will be pertinént. In this paper we follow this line of
approach.

We shall here note that our gap process is reversible in the sense that

P((20,41(®), T4 @), + - Tpsn(@))=(y, @, + == Q)
=P((xt-h+1(w)9 s mt-l(w)! xt(w)):(an cee Oy, al))

holds for a,’s equal to 1 and 0,
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2. Estimation of the variance-time curve

We shall here call the curve of which graph is given by
{(V(h), h),h=1,2, ---} the variance-time curve of the gap process
where V(h) is the variance of v, (k) and is independent of t. Variance-
time curve plays an important role in the statistical treatment of the
gap process and its use will be discussed in § 3 of this paper. From
the result of the theorem in the former section we can get the generating
function V(z) of the sequence {V(h); h=1,2, ---}. We have

Viz)= g‘,lV(h)z"

=f{A)+f(2)— ThP%
—p % 149(2)_p.2(1+2)
1—2F1-pe)  (1—2)

=2P % 1 _p 2z _p#lt2)
2P i Taey Ty o lEI<t

V(h)=P@2R(h)—h)—h*P*

where R(h)=R(h—1)+ hz_‘,:Py with R(1)=1 and P,=ﬁp“P,_“ with P,=1.
ve= p=1
We shall discuss in this section the sampling fluctuation of an
estimate V() of V(k) where V(&) is defined by the defining formula of
V(h) with {p,} replaced by {H,} the empirical gap distribution.
The main result is given by the following

THEOREM : If we use as {H,} the emprical gap distribution obtained
from N independent observations of the primary gaps, then under the
condition SV'p, <+ the distribution function of the randon variable
VN(V(h)—V(h)) tends to the Gaussian distribution function with the
zero-mean and the variance D, as N tends to infinity where Dj 1is
given by the following

Di=P{ 7R Ty A4S —Ip,+ Y ES(h—)vp,)
- 'Y(h)+2P§:S(h—v)p,]a
where v(h)=Ph*—V(h) and S(v)=y§:j,:(v—p)(g,P“_,\P,\) .

NoTE: The expression for D} given above is rather complicated
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and for practical computations the following recurrence formula for S()
will be useful :

S(u):S(u—1)+gQ,., S(0)=0

where Q, =§P;&-APA

=2(F:Zl)/}’,‘_,\P,‘ when ¢ is an odd number,
=0

(n/2)-1

=2 ; P, \P,+P2, when g is an even number.
=0

Proor. Here we shall use the idea of the differentiable statistical
function introduced by Mises [7]. For the sake of simplicity we shall
represent by ¢, the difference p,—p, and by &(z) the generating function
of {¢,} or the difference »(z)—p(z), and further by & the difference
between the means of {p,} and {p,} that is 8=v(h,—p,)=>ve,. By
supplying subscript p to V(z) we shall represent tﬁ; generatinglfunction
of {V(k)} corresponding to {p,}. Thus the notations V,(2), Vi(2) and
V,ere(2) represent the function V(z) with p(z) replaced by »(2), P(z), and
p(2)+1te(z) respectively. The notations V,(k) Vy(h) and Vyeee(h) should
be interpreted accordingly. Taking into account of the relations
| p(2)+te(2)l<l2z] (0<t<1,|z|<)), le(@)I=]2] (J2|<1) and L=1 we get

V,onl2)= 1 14p@)+te(z) z 1 21+42)
P (LA 18) 1—-ple)—te(z) (1—2)  (L+18)(1—2)
0Vyue(®) . —8  1+p(2)+te(2) 2 1 2¢(2) z
ot (L+t8) 1—p(z)—te(2) 1—2)*  (L+t8) (1—p(z)—te(2))'(1—2)
25 z2(1+2)
(L+t8)(1—2)
0*Vyere(?) _ 28" 1+ p(z)+te(z) 2 45 &(z) z
et (Lt 1—p(z)—te(z) (1—2). (L+t8)’(1 p(z)—te(z))*(1—2)
+ 4 e¥(z) z 68 2142
(L+t8) A —p(2)—te(2))’(1—2)* (L+1d) (1—2)
e . ' 1 1
for z and t satisfying the conditions Izl<—+— and (a/\ | 8|><t< 1+
(a/\l—;—l) for some a>0 Further as :—t’< Vorie(2 )) (:t' ,ﬂ.(z))

holds for any ! and k for ¢t and 2z satlsfymg the above stated restrictions
we get from the Taylor expansion
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Vere@=Vy@+( 2 V@) +2( L Vol 0<0<1

and the expression

_ 2(1+2)  pl4p(z) =z 1 z
~Pizp A—zp T 1=pe) =2y }8+2P(1—p(z»*‘ A

—p{pA1+2)_ , 1z
=P|P s Vi@)|o+ 2P o @

0V ye0(2)
ot

the desired representation

V(k)=Vi(h)=V,..(h)=V,(h)+A,.V(k)+B(h, p, €)

where
A, V(h)=P{h*P*— V,(h)}5+2P S:S(h—v)e, , and

B(k, p, €)=coefficients of 2" in the expansion of ﬂ;%(z)—l' .
T
=8

We shall first concern ourselves with the term A,.V(h). As
6=>ve, we have
vl

A,,,eV(h)=P[v(h)u§ﬂeu+':i_i{zs<h—v)+v(h)»}ev]

and thus from the fact that p, is given as the ratio of the number of
primary gaps of length v to the total number N of the independent
observations we may consider it to be a sample mean iA V®M)/N of
N independent random variables AV®(h) where AV(”(h;-lis defined by
the formula for the definition of A,.V(k) with ¢/’s replaced by ¢¥’s
where ¢’ takes the values 1—p, and —p, according as the i-th primary
gap takes the value v or not.

For such &{’s the random variable X=3a.c" defined by some {a,}
. v=1

satisfying the condition }a2p,<+ o has the mean value zero and the
variance given by

D(X)=3Yap,—(Xa.p)=3ap,1—-p)—2Y, 3 ¢,0,0,D, .
‘ v21 v21 ya1 v21u>y
Thus for AV®(h) under the condition Yv*p,<+  we have
vl
EAV®(h)=0,
h=-1
DAVOW)=P{ v(W) S 1P+ 5250 —0)+ YT,
I y=1
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{2 S pput S [2S0 =) +9ln ) |
=P’|:v”(h)§1»’p,+4:‘2:‘;(5’(h—v)+'7(h)S(h—v)v)p,]

—[v(h)+2P§S(h—u)p,:|’

and for A, .V(k) we have E(A,.V(h))=0, D(A,.V(h))=D(AV®(h))/N.

Now as the random variable A, .V(k) is given as an arithmetic mean
of the independent random variables AV®(k) we can at once see that
the distribution function of 1/NA,.V(k) tends to a Gaussian distribution
function with the zero-mean and the variance D*AV®(h)) as N tends
to infinity. Thus our proof of the theorem is complete if we can show
that the term B(h, p,¢) tends to be statistically negligible. To show
this we shall here give an estimate of the magnitude of B(h, p,¢). The
generating function for B(k, p, €) is represented as

z [( 2 149'()_ 6 1+2\5m 4 €z) 5 4 ()
(l—z)2|—<(L')3 1-9'(2) (L’)‘1—2> ZyQaQ-pr@y M7 (l—p’(Z))a]

by some gap distribution {p)} and its mean L'.
Thus taking into account of the fact that P,<1 and L=1 hold for
all v and for any gap distribution, we have

| B(h, p, 6)I§8h(h+1)5’+§h§‘;(h—v)(h—-V+1)(h—V+2)I & 18]
h-1 v—1
Y RV R VESEA R
y= p=1
From the inequality E|XY|<D(X)D(Y), valid for any pair of
random variables X,Y with the means both equal to zero and variances
D¥(X), DY) respectively, and by the equations
_1 2 72— 1 o(ey— 1 =1
D)= 5 (Zpn—L1)= 3 D;, Die)=grd—p)=3D;
we have

E| B, p, s)lg%{sww1)D3+§”§§(h—u)(h—u+ 1)(h—v+2)D,D,

+%:'gi(h—v)(h—v+1)(h—»+2)(h—v+3)gDV-MD,L} :
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Thus we get
ElVN(V(R) =V, (h)—A, . VI - C(h)
VN
for some positive constant C(h).

As the convergence in the mean implies the convergence in law and
the convergence in law is equivalent to convergence in some metric
space of distribution functions we can see from this last inequality that
the distribution function of 1/ N( V(h)—V,,(h)) converges to the Gaussian
distribution function with the zero-mean and the variance D*(V®(h)).
This completes the prdof of the theorem.

Proof of the above stated theorem may be given directly by applying
the general theorem of the differentiable statistical function given by
Mises [7]. But we have derived our result under slightly weaker condition
of existence of the second order moment of the gap distribution, and
our approach is simpler for this special case.

We shall here discuss further some properties of variance-time curve
at large h. We assume that the process is aperiodic and for a complex 2
p(z)=.p,2* has radius of convergence greater than unity to assure the
validity of the following analysis. We define functions ¢,(z) for |z|<1
by the recurrence relation

(1-2)q:(2)=q;-,(1) —q;-+(2)
9(2)=p(2)

where i! xq,(1) is defined as the i-th order factorial moment of the gap
distribution. Under our assumption ¢,(z) tends to ¢,(1) as z approaches
to 1 along some proper path inside the unit circle. If we use the repre-

sentation q‘(z)=21q,,'vz“ we have ¢, .= fj. @i-1... Using these functions
V= p=y+1
we get the representations

2(2)=q(1) — (1 —2)q;(1)+ (1 —2)’q.(2)
2:(z) =q,(1) — (1 —2)qs(2)
=q,(1)—(1—2)g:(1)+ (1 —2)"q(?) .

By these representations we get

l—lp(z) =(1—zl)q1(1)(1‘(2:(.1§)"2(z))_1
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(- z)ql(l)[ (q (1)> 0:(1)—(1—2)g(1) +(1 —2)'q.(2)}

+(1 ) ww-0-2a@y

( 1(1)) @,z ))3( ( ,(1))"’(2)) ]

_ 1 0D _ g 8D g (D)
e e T A e e v

3{242) _ 92:(1) (1—-2) .
+—2p{ 20 288 @)+ Y ae)

o) 0-G k@) 1

Thus using P=(q,(1))-* we have for |z|<1

—92P. —-P 2 _Pzz(1+z)
Vie=2P " p(z) =2~ (1—2y

—opr ? 1 2 2 _ p(l+2)
=2P z)-,[—-»+Pq,(1)+<1 AP0~ PaD) | Pt~ PR

+2P’2[PQ.(Z) 2Pq,(1)g;(2)+ P (1 —2)gi(2) + P'qi(2)———

1— p()]

All the members in the second square bracket represent the generating
functions of sequences of numbers dominated by some sequence of
positive numbers of which infinite sums are convergent. Thus we
get the asymptotic expression of V,(h)

V,,(h)~2P=N;9+2P3hq,(1)+2P3(an(1)—qa(l»—Ph—P*h*
=P+ Phe+2p S ) pr—powe

+P*

(Lz _ Ll)2 — P3Ls - 3Lz+ 2L1
2 3

= P*h*+ P’h+hP°L,— P*h— Ph— P°h’
+ P 8L:—6L,L,+3L:—2L,L,+6L,L,—4L3
6

=hPY(L,— L})+P*=

3L;— ZIéL —Li_ 7.(h)

where L, stands for the i-th moment of the gap distribution and L,=P*
holds, and the sign ~ means that the difference V,,(h)—f’,,(h) tends to
zero as h tends to infinity.
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Now using this asymptotic expression we want to discuss the sampling
fluctuation of our estimate at large #. For this purpose we use again
the differentiable statistical function method. We get

0V pers(h) =_< L+ts, , 1 1 (Ly+t8) 1 (L, +18;)
ot Lt sy (Latt) | 2 (Li+td) 3 (Lt

1 1 ~~)
6 (L, +18,)"/|,_,
8,L3—38, 2L, , h , 28,L,Lt—48 I:L:
=h 2441 148414843 _8 2442441 1441443
L +L’ o A 2L}
_18L;—35LL, 125
3 Lt 6 L

(S ) g )

11
+5(-513)
where 8, represents the deviation of the i-th order sample moment from
its expected value. Thus using the relations E(8,8,)=(L.,—L.L,)|N
(N; size of the sample) we can get approximate value of the variance

of the estimate by proceeding entirely analogously as the case of V(h).
It we put

L 1 Ly L, 11
h)=—82"h 2 ==
Cilh) L +L2h 2L"_"L‘_i_3 L

L,
h _—-v-»h
City=F bt T
11
Ch=—5 s

we can expect that for large n the asymptotic variance of our estimate
will be approximated by

%Dh%{Ci(h)(Lz—Lf)+C§(h)(L.—L§)+C%(h)(La—Lﬁ)
+2C,(R)Cuh)(Ly— LyLy) +2C,(h)Co(h)( Ly — L.L,)
+2C,()Co(hY(Ly—LuL,)} .

From the above expression we get

/(1 i e G LI;L+LL4L2

h

eV, (h) L—Li
L
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This result will throw some light to see the dependence of the order of
fluctuation of our estimate on the characteristic values of the gap dis-
tribution. Esgpecially we can see that for large h’s the coefficients of
variation of our estimates will remain near the same value and the
size of the sample of primary gaps will remain nearly the same to
guarantee the desired relative accuracy of our estimates. But when we
use the sample variance of v, (k) as an estimate of V{(k) its coefficient
of variation will remain near the value of 12 for large h as is expected
from the tendency of the distribution of v,(k) to approach to the Gaussian
distribution and we have to spend total time length of observation linearly
increasing with h. An example of this type of estimate was discussed
by Cox and Smith in the paper [5]. Thus for the estimation of V(h)
at large h the latter approach will not be practically applicable.

3. Numerical examples

The evaluation of the magnitude of B(h, p, ¢) given in the proof of
the theorem in the preceding section is very rough and has little meaning
for practical application of the results. Sharper estimate of it will be
desirable but it is not easy to get some efficient estimate which will be
of practical meaning for arbitrary {p,} and finite N. It seems that
this is just the place where the Monte .Carlo method will be applied with
high efficiency. In the former section we have decomposed the random
variable V(&) into two parts V,(h)+A,.V(k) and B(k, p,¢). The first
part permits the analytical evaluation of its variance and as N becomes
large it is expected that almost the whole fluctuation of our estimate
will be due to the fluctuation of A,.V(k). Thus we have only to get
some rather rough evaluation of the residual B(k, p, &) by Monte Carlo
method. This approach will present a typical example of benefitial
application of Monte Carlo method and is by far the superior to the
heuristic procedure in which we get the estimate of the order of variation
of V(h) by simply computing the values of V(h) for each values of {p,}
using a great number of experimental {,}’s.

We shall here illustrate part of our numerical results in fig.’s 1~5.
From these examples we can see that at least for these cases the term
B(h, p, €) seems to be statistically negligible compared with the term
A, .V(h) for these N’s. Thus our estimate V(h) seems to be of practical
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0 5 10 45 20 4y N=500
‘ t
V& w P b | 8peV(R)x100 | B(h,p, &) x103
10120 vik)
—4.2515 0.1891
02- 8 3.8310 0.1448
1.3646 0.0186
a5+io —5.6988 0.1302
o O ~5.4391 0.2742
itllh o 3ET o O
IITrrrrrrelfitl | - 1. .0
VIR)-V(K) N=500 i —-3.7198 -0.0813
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C0H —z3% - . .
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use with moderate size N of the observations of primary gaps in these
range of the values of k. As for the estimation of V(k) at large h the
results stated at the end of §2 will be of use and a numerical example
is given in fig. 6 for {p,} of fig. 8 with [=2I,.

DA g
ViR

20

2 2 2
L-L;  3L3—2Lsl,~L
LT VT

00 - 1 1 1 ﬁ.

We have used random numbers generated by a type of coin-tossings
at our institute to obtain the results illustrated in fig.’s 1,2, 3 and 5.
For the example illustrated in fig. 4 a type of quasi-random number
was used. The numerical results in this section were obtained by using
the FACOM-128 universal relay computer. Generation of the quasi-
random numbers and the empirical distributions were performed by
the procedure described in the paper [4]. Eight decimal digits repre-
sentation of number was used throughout the computation and as the
agreement of the computational result with the analytically expected
result is good as is seen in fig. 6 it seems that it was sufficient enough
for the computation of these ranges.

4. Construction of a control system

In this section construction of a statistical control system controlling
the gap process is discussed by utilizing the results in the former
sections. The model of which we discuss the construction of the control
system is taken from the reeling process and the contents of the discussions
will be illustrated by some typical numerical example at the end of this
section.
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- We shall-concern ourselves.. with .a process, which is. compesed of -
K=mxk mutually independent.gap processes {X{(w)} 1=1,2,.--,K:
following one and .the same gap distribution {p }. We assume that we,
can make some preliminary observations with the primary gaps -to. get.
{p,} and in the course of the running of the process observations are
made on the m prwesses{élX;‘*+“’(w)} (1=0,1,2, ---, m—1).

We shall further assume that our discussion is made under the
condition that fairly large & and m are available and > 1Vp, <4
holds. =

We consider the system where the observations about the process
are made simultaneously on the m processes for the time interval of
some fixed length 2 and we get the V{P(h)= ivg"““’(h)’s(l=0, 1,---,
m—1). o

To keep the whole process in an ideal state which is determined
by the preassigned gap distribution we must devise some statistical
control system which will enable us to detect efficiently the change of
the gap distribution. For this purpose, under the condition of fairly
large. k-and m, the . control system which will- detect. efficiently . the
change of E{v,(h)} and D*{v,(h)} will be suited. :

The. problem under consideration is thus reduced to the problem.of -
selecting  a .proper value of h as the length of ‘the interval of observa-
tion. To answer the. problem we use the variance-time curve of -the,
gap process. -

From the stand point of control of the mean of. v, (k) the value of
h lying near the h, which:is determined. by the following rule 1 will
be- suitable.

Rule 1.- We define hy as the smallest integer lying in some.
preassigned interval [L,H] and satisfying the relation..

Min V® - Vb,

snsE R hy

The restrietion imposed on h, to be in [L, H] corresponds -to the.
practical. limitations for the observations such as those caused. by-
boundary- effects and by some. other technical conditions.

The rationale for this rule is that when we adopt as our statisites.
the sample mean
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1 m=1_
— 3, v{*h)
m i=o

with m satisfying the eondition hm-=const to contrel the mean E{v.(k)}
it shows minimum ecoefficient of variation at h=Hh, i.e. under the condition
that the whole time length elapsed during the observation is constant
our statistics shows minimum coefficient of variation by taking the
interval length of observation equal to h,.

Next from the stand point of the control of the varianee of v,(h)
the value of h lying near the h, which is determind by the following
rule 2 will be a suitable one.

Rule 2. We define h, as the smallest integer in the preassigned
interval [L, H] satisfying the relation

D D
M A 134
sann V(R) | Vihy)

where D, is given in the theorem of section 2.

The rationale for this rule is that if we suppose that the deviation
of the gap distribution from the preassigned one occurs in such a way
as the {p,} with some N deviates from {p,} then the ratio D,/V(h)
may be taken as an index which shows the sensitivity at h of the
variance-time curve for the deviation of the gap distribution. Thus it may
be expected that the deviation of the variance time curve will be most
significant at h=h, for ordinary deviation of the gap distribution.
Obviously this reasoning will only be a crude approximation to the
realities and precise determination of the pattern of deviations of the gap
distribution will allow us to set up more appropriate procedures. We

‘may also adopt the rule 2’ the modified one of rule 2 in which the de-
finition of &, is given as h}, which is the smallest value of # maximizing
the ratio D,/1/} V(k) and satisfying L<h<H. This comes from the
consideration that, under the condition of large k, our u{”(h) may be
expected to be nearly normally distributed and thus the ratio
[E{("(h)—hP)'} —(V(R))/(V(R))* will be nearly equal to 2 for every h
in the range of consideration and so if we adopt the statistics

_ 3 @)~ kPY
m i=o

as an estimate of the Vi{k) it has the coefficient of variation nearly
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equal to 12/, and thus under the condition mh==c (constant) it is
nearly equal to 1/2h/c and the ratio D,/1v/ 7 V(k) may be considered to
show the sensitivity of the curve at 2 under the restriction of constant
total observation time. But as the value D,/V(k) has not so definite
meaning as V(h)/h so the values D,/V(k) and D,/v/k V(h) seem a little
unreliable and it will be reasonable to adopt an h lying near %, as our
observation interval length &, also taking into account of the values
hy and k.

From the relation E{v,(h)} =hP we can see that even in the case
where the types of deviations of gap distribution from the preassigned
one are precisely known the above stated procedure will be still of use
if we adopt as h, that defined by rule 1 and A, and A, those defined by
the rules 2 and 2' with D, replaced by some appropriate constant
which corresponds to the practically signifiant deviation of the variance
from the preassigned value. Thus for example if the typically deviated
gap distribution is represented by a fixed geometric distribution

{p(l—py-*; v=1,2, ...} 0<p<1
D, should be relaced by |[hp(1—p)— V(h)|.

Adoption of rules 2 and 2’ stated above seems to show an interesting
interpretation of the use of differentiable statistical function, and this
interpretation seems to be especially suited for the treatment of the
sequence {V(h)}. Of course such an interpretation is only necessary
when we have not enough knowledge about the typical deviations of
the gap distribution and it is very much similar to the analysis of the
errors due to roundings in the numerical computation using random
variables as an approximate representations of errors.

Fig. 7 shows necessary informations for this procedure for a
concrete gap distribution. This gap distribution is an approximation
to an nonbreaking length distribution of baves. In this example if
we take into consideration the fact that the value V{(h)/h is nearly
equal for h=385 and 36 it seems reasonable to take A, in the range
[83, 36] the value near the mode of the gap distribution. This result
was found to give a complete explanation of the observation length which
had been empirically recognized to be the best suited for the purpose
of controlling the reeling process.

Of course practical utility of our procedure largely depends on the
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type of the gap distribution, but the numerical results illustrated in

fig.’s 1~5 in the former section seem to suggest the wide applicability

of our procedure. It seems that our procedure is especially usefull
to those gap processes of which gap distributions have mode different

from 1.

Further it must be noticed that our main concern here is with the
case where H is rather small and the fine structure of {p,} is reflected
in the shape of variance-time curve in that range of h.

Thus our statistical control system is set up by the following
procedure.

0. Determine the values L and H from practical conditions of the process
under consideration.

1. First compute a graph {(V(h), h)h=1,2,8,+--} using some {p,}.
{p,} is determined from a sample of size N which is obtained by
the preliminary observations made about the primary gaps. The size

1 D,

V' N V(h)

smaller than some fixed constant for h’s in the range of our

consideration. Usually we can get the range of the values D,/V(h)

from possible types of {p.,}’s under consideration.

N here must be large enough to assure the values

A

2. Compute the values V;(Lh), IfZ;L) ,1/17 v%;) (L<h<H) where D,

donotes the value of D, corresponding to the values z;, of p,.
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3. Find the values hy, hy, and k), by rules 1, 2 and 2' and then decide
the interval length %, of observation.
4. Detemine the value of m which satisfies the conditions

oV Tzdt), B2 Wz,
where a and 8 may be taken to be equal to 8 or 4 and d,(h,),
dy(h,) are given as the values showing the order of deviation of
mean and variance of y,(h,) which correspond to the practically or
technically sigpificant deviation of the gap distribution. Determina-
tion of values,of @, and 8 may be made rationally by taking into
account of the precige knowledge about the digtributions of our
statistics which are defined in the following step.

5. Make an observation of length h, about m independent processes
where m is determined in 4. Compute the statistics

m—1.
Bh)=_--5T"h)  and

si(h) =135 (1-51(he) ) —@ulha)

Decide that there is some disorder in the condition of the process
if at least one of the inequalities

M%)hﬂ>—v—4VWM
1ksi(hy)— V(ko)l > 1/_ 1/_ V(h,) holds, where P repre-

sents the: value of P corresponding to {9,}.

In the above description we are taking into consideration that %
is fairly large and the distribution of v{¥’s are expected to be nearly
Gaussian. Of course even without such conditions we can apply our
system by properly setting the constants a, 8, dy(h,) and d.(k,).
We can get necessary informations to calculate the moments of
statistics si(h,) from the result of the theorem in section 1.

5. Comments on the practical application

We have treated in this paper the gap process with discrete time
parameter but such a process is sometimes used as an approximation to
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~ a.continuous time parameter process. In such cases care should be taken
- .not to introduce a type of systematic bias as is explained in the following.
To, define the approximate gap distribution {p,} we are tempted as was

suggested by Feller [6] to define: p,’s by pyzgzl )‘dF(w) v=12,-..)
v=1

using some proper small constant length ! and- the distribution function
F(x) of the. original gaps. As is easily seen the computations needed
to evaluate the V{(k)’s and Dji’s become more time consuming as
the value of ! becomes smaller. Thus it is desirable to take
! as big as possible. Such a consideration is especially necessary to
make our procedure practical in the case where the original gap distri-
bution is frequently replaced by some . new ones. This is just the case
of the reeling process where the gap, distribution is replaced for each lot
of material cocoons. In these circumstances above definition of p, is
inadequate and we should define a g'?,p distribution as follows :

o= S dF(z) v=1,2, ---
D }

-
D=0 #=1,2,---.

Of course to apply the results obtained from this gap process to the
original process we  should interpretj, them in the scale of [/2. More
appropriate approximations will be available, but the above stated one
seems to be of practical use. Numerical examples illustrated in fig.’s
8 and 9 will suffice to show how a big systematic bias may be introduced
by the former definition.

Numerical examples illustrated in fig.’s 8 and 9 are obtained by using
these two types of approximations of F(x), which is an empirical
distribution function obtained by Shimazaki from observations of non-
breaking lengthes of baves, with l1=I,, 2, and 3], where [, is a properly
chosen constant. These examples will also suggest the way how to select
a value of ! appropriate for practical applications. In the paper [3] we
have observed that for the purpose of approximating the density function
it will be most satisfactory from some points of view to group the
observed data into 10 to 20 intervals for some typical types of distribu-
tions.. It seems that such order of the number of groups is satisfactory
for this case too.
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