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1. Summary.

The extreme value of the generalized distances, from the origin, of
N individual points which may be correlated each other, in the p-variate
normal sample is defined and discussed. It contains, as special cases,
(i) the extreme deviate from the population mean or the sample mean,
(ii) the extreme deviate from the control variate and (iii) the range
defined by (2.10) or (2.11) below. The exact sampling distributional
theory of this statistic is extremely difficult to find, even its moments.
However, the method of obtaining the approximate upper 100 & percentage
points for the ordinary significance level « is given. The lower percentage
points can be obtained in the similar way if necessary. In connection
with the evaluation of the approximate percentage points, the two-dimen-
sional chi-square distribution is discussed and the asymptotic formulas
for the joint distribution function of the two generalized distances are
given in the special forms for the pi'esent aim. The extreme deviate
from the sample mean will be explained in some detail and the tables
of the approximate upper 5, 2.5 and 19 points are given. For the cases
(ii) and (iii) mentioned above the details are omitted and will be discussed
in the case of need. '

2. Introduction and definition.

Let ph=1 Your ** > Upa)s (@=1,2,--- N), be N p-variate vectors
with mean vector o'=(0, 0, ---, 0) and with covariance matrix vA(7>0)
and let the covariance matrix of y, and yg(a+#8) be SA where A is a
symmetric, positive definite matrix and v>|8|. Karl Pearson [9] defined
the generalized distance of the ath variate y, from the origin by

113 &y 1., .
Xa=—‘“z Z MYl 16=—YaA" Yo »
vis1 j=1 0% .

where A-'=(\Y) is the inverse of A. However, when A is not known a
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priori, we must use the estimate of A. Let L=(l;,) be the unbiasedly
estimated matrix of A based on the v degrees of freedom, which is
statistically independent of y.(a=1,2, ---, N) and L-'=(I¥) be the inverse
of L. Putting L instead of A in (2.1), we have the so called studentized
form, i.e.,

1& 2 1
(2.2) 3—7§ 33__‘.1 l"yuy;;=jy—yblf‘yw.
In this paper we are concerned ;Nith the maximum values of vx2 and
TS

2.3 Huax =mgx{m} =max{ ViA 'Y}
and
(2.4) Tiax=max{yT:} =max{yg.L 'y} .

For the special cases of these quantities, we shall consider the random
sample of size n drawn from a p-variate population. Let x.,=(z., %..,
cee, ®p), (@=1,2,...,m), be n observed values of a p-variate vector
which has the mean vector m'=(m,, m,, ---,m,) and the covariance
matrix A=(\;). Then the maximum deviate from the population mean
is defined as the positive square root of

(2.5) Yiax.p= mgx{(xa_ m)' A~ (x,—m)}
or
(2.6) Tiax.o=max{(x,— m)'L_l(xa_m)}

according to the case when A is known and the case when A is not
known, and the maximum deviate from the sample mean, x=(1/n)3.,x.,
by the positive equare root of

(2.7) ZﬁAx,D=m‘ax{(xa—j)’A—1(x,—E)}
or
(2.8) T2 x.o=max{(x,— %)L (x,— %)} .

In the univariate case, p=1, #4.x.p0 and T3.x.p are reduced, respectively,
to the forms
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Buaxp=max{(#.—2)/0'} =(@uax—Z)[0* or (T—Twn)[0"
and
Thax.p =m8X{(@a—ZF/S}} = @uax—3NIS} or (F—u)S}

where S?2 is the unbiased estimate of the population variance ¢® based
on the v degrees of freedom. Positive square roots of these statistics
were studied by K. R. Nair [6, 7] and H. A. David [1, 2].

If x, is the control variate which has the same distribution with
that of x,, then the maximum deviate from x, is defined by the positive
square root of

29) Hiax.c=max {(x.—x,) A~ (x,— %)}, or
T%mx.c:max{(x,,—xo)'L"(x,,—-x.,)} .
In the same way we define the range of the sample in the multi-
variate case by the positive square root of the maximum of the squares

of the generalized distances between two any observed points, that is,
the positive square root of

(2.10) Rinx=max{R3s} =max{(x,—xp) A~(%s—Xs)}
a<g a<g

or

(2.11) Riax=max{R%} =max{(x,—xp) L~ (x,—x5)} .
a<p a<p

When p=1, we have the square of the usual range in the univariate case.

It is easily seen that the various statistics defined in (2.5)—(2.11)
are the special cases of (2.83) and (2.4) and that the values of v and &
of the respective cases are as in the following table :

Statistics Yo (Was) Y ) N
xxax.p and Tyax.p Xag—m 1 ; 0 n
%3ax.p and Thax.p Xog—X n-1 -L n

n n
Yiax.c and Tgux-c X —Xp ; 2 1 ’ n
Riax and Miax X~ X8 \ 2 .| oorl —;—n(n-l)
' |
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First we shall deal with the general statistics defined in (2.3) and (2.4)
and then with their special cases. To find the sampling distributions
of ¥4ax and T2, exactly is extremely difficult, but the values of the
upper (or the lower) percentage points of these statistics can be approxi-
mately evaluated for the ordinary significance levels with the accuracy
sufficient for the most practical applications. Though we treat, in this
paper, the case of the upper percentage point, we can evaluate the lower
percentage point by the analogous way if necessary.

In order to evaluate the upper percentage points of ¥i.x and T2
we shall use the following well-known formula :

The probability P of the realization of at least one among the N
events E,, E,, ---, E, is given by

(2.12) P=8,—-8,+S;—--- 8y,

where S, is the sum of the (l;’ ) joint probabilities of 7(<N) events

with » different subscripts. .

In our cases E, corresponds to the event )(,,,_fy)(,.>a.2 or Ti=vT:>b* and
P corresponds to P,(¥iax>a?) or P(T%.:>b?) where a* and b* are some
constants. If the joint distribution of the E’s is a symmetric function
of the E’s, then (2.12) becomes

(2.13) P= NP,(El)—%N(N —1)P(E,, E)++-- £ P(E,, E,, ---, Ey) .

The maximum deviates, (2.5)-(2.9) are of this case.

3. First approximate upper percentage points of Yxix and f‘imx.

For our cases of ¥%.x and Tax, (2.12) can be written as

(8.1) P {3ax>0y = NP, {#2>a} —S,4 -+ + Sy
and .
(8.2) P AT >b = NP {T:>b*} —Si+--- + Sk

respectively. For reasonably large values of a* and b?, the good first
approximations to the left-hand sides of (3.1) and (3.2) are provided by
NP, {§>a*} and NP,{T:>b"} .

Now let us assume that the distribution of y, is normal and that
the unbiased estimate L of A has the Wishart distribution with v degrees
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of freedom. Then ¥i=(1/7)y.A ‘. is distributed according to the chi-
square distribution with p degrees of freedom and T:=(1/y)y.L 'y. has
the Hotelling’s T*-distribution with v degrees of freedom, i.e.,

(3.3) dF(%) :

B r(pfzflg([?:;ilf]p»m OGSO R COR

Consequently we have as the first approximations
(3'4) Pr{%%dAX>a’}':'.‘NPr{2¥>az}=NPr{xi>az/‘7}

=N5m tp/z-le-tlz
ama® 2721 (p/2)

and
Pr{f'?an>b’}=NP,{f'§>b2} =NP,_{__TE >_Ii}
vy VY

NT[(v+1)/2] . evanp
 T(2TI(v+1— p)/z]S (A+u)=Dldu

vy

N Sv7+b (v+1-p)/2-1 2-1
POt 1—v)P?-dv
B[(V+1 D)[2, p[2] Jo (=)

=NI ,, (Ltw+1-p), 19),

w+bz

where I(c,d) is the K. Pearson’s incomplete beta function [10]. If
we denote the upper 100a*9 point of the chi-square distribution
with p degrees of freedom by y*(a*;p) and the lower 100a*9; point
of the Dbeta-distribution with parameters (v+1—p)/2 and p/2 by
Cla* ; (v+1-—p)/2, p/2), then A} a; p, N), the first approx1mat10n to the
upper 100a9 point of #i.x, is calculated from

(3.6) Ai(a; p, N)=72%(a|N; p)

and B(a; p, N,v), the first approximation to upper 100a9 point of
T2« is given by

. : _ ‘1 —
3.7 Bia;p, N, ”)_W{C(a/N; (v+1—p)/2, p[2) 1} '

Next it is necessary to examine whether Ai(d; p, N) and Bi(a; p, N, v) have
the accuracy sufficient for most practical applications,
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By Bonferroni’s inequalities, we have, for the significance level a,

(3.8) a—pB(a; p, NY<P {ux>ANa; p, N)}<a
and
(3.9) a—B*@; p, N, v)<P,{T4x>Bia; p, N,v)}<a,

where B(a; p, N) is S, for a’=A%a; p, N) in (8.1) and B8*(a; p, N, v) is
S; for BYa; p, N,v) in (3.2). For the symmetric cases, 8(a; p, N) and
B*(a; p, N, v) can be written respectively

(8.10) B(a;p, N)= gN(N—l)P;{;‘chf(a . p, N), 1> AXa ; p, N)}
and

(3.11) B*a;», N,v)
=%N(N—1)P,{T=>Bi(a . p, N, v), T1>Bia; p, N, v)} .

In order to evaluate 8 and B* for fixed a, p and N, we shall find, in the
following two sections, individual terms P, {¥2> AXa«; p, N), ¥i>Al(a; p, N)}
and P{T:>B¥a;p, N,v), T:>BXa; p, N, v)} (@#R8) of S, and S, re-
spectively.

4. Two-dimensional chi-square distribution.

Let (2., ¥.), (%, ¥s), *++, (Zm, Yn) be m independent random variables,
each of which is distributed according to a bivariate standard normal
distribution with correlation coefficient o, that is,

@1 S wdedy=, 1 = exp[ -1 7,@* 200y -+y") |dady .
Then it is easy to find the joint distribution of two variables
(4.2) U=>m 2, and V=314 .

Since the joint characteristic function of 2* and ¥’ is
P(ty, t.)= {exp(it, @’ +ity®)} = {(1—2at,)(1 — 2it,) +40° L.} "

and (22, 42), (@=1, 2, - -+, m), are independent, the characteristic function
of U and V is, by the multiplication theorem,

(4.32) D@p(t, £)={P(t:, t)}" = {(1—26t,)(1—2it,) +40%t L.} ™"

which is also expressible as
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(4.3b) Dyt t,)

_(A=pr s Tem2+s) 0 ‘
L(mf2) =  j! [{1—2(1—p%it,} {1 —2(1— ) it,} ]+

By the inversion theorem we have the joint probability element of U
and V in the form '

4.4) f(U, V)AaUdV

— 1 hiad 1 {*p 23 iresn
- 2"’11("”/2)(1—02)'"”12-:5 JI(m/2+7) \2(1—.02)) (Vi

x e~ ARA-DT I UAV

and hence the joint density function of i

(4.5) x=U/1-p" and x=V/(1-p’)

is written in the form

R e e

where g} (z)=2""['(v/2)]'2¢/®-'¢e-*?, the density function of the chi-
square distribution with v degrees of freedom.

DEFINITION. The distribution defined by (4.6) is called the two-
dimensional (or bivariate) chi-square distribution with m degrees of
freedom and with the parameter p and the combined variate (y2, ¥2) which
has the density (4.6) is called the two-dimensional (or bivariate) chi-square
variate with m degrees of freedom and with the parameter p.

We obtain easily the following theorem from (4.8a) and (4.5) or
directly from (4.6):

THEOREM 4.1. The characteristic function of the two-dimensional
chi-square distribution with m degrees of freedom and with the parameter
o is
@n Wt t)={(1- 12_”;; ) ¢ —12_’22 )+4(1 fp= )’tlt,}—'"'2

It is obvious that, when p=0, ¥? and x? are independent (one-dimen-
gional) chi-square variates and that the distribution of the sum of two
independent bivariate chi-square variates with the common parameter p
and with m, and m, degrees of freedom respectively is also a bivariate
chi-square distribution with m,+m, degrees of freedom and with the
parameter p.

Now we shall prove the following
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THEOREM 4.2. Let (y!, ¥}) be a (p+p)-dimensional normal variate with

mean vector (0,0) and with covariance matrix Z= g,ﬂx A (direct

product) where A (p x p) is a symmetric, positive definite matrix and 7> l.8 I
Then the combined variate of ’=p/A~'w, and Yi=y:A"'w, is distributed
as [(V—&)/7]-(x} 1), where (X3, x3), is the two-dimensional chi-square
variate with p degrees of freedom and with the parameter p=38/7.

PROOF.
= - -1/2 R WAy A
F@o w)=@n) > 1% exp{ - L = ()]
=(2) | A1 =82
xexp{— L1ir =81 WA —20BA -y A A -

Let us consider the non-singular linear transformation .
yi=V7 2/C’ and p=V'7 2C

such that C’A-'C=1, where I is the unit matrix of order p. Under these
transformations (2!, 2}) has the density

? ? 8
m) exp { —%—(l—_iw)—gl(zh%Vzwzzﬁzzu)} ,
from which it is seen that (2., Zu), (212 22), ** *» (Z1p, 23,) are considered as
p independent combined variables, each of which has the bivariate normal
distribution with mean (0, 0), with unit variances and the correlation
coefficient p=8/y. Then yi=32.,23./(1—p0%) and xi=3i..25./(1—p") have
a two-dimensional chi-square distribution with p degrees of freedom and
with o=8/y. Since yi=2}z,/(1—&/7)=[7/(7* — WA 's=[7/(v*— )]} and
r=[7/(¥*—8&)]%, our theorem is proved.

From this theorem and (4.6), we have

f(zn zz)=(

(4.8) P>, >0} =P {yiA"'v:>0, BA"'B: >0’}
S g UG IS U NG

where 7=(1/2)[7/(v'—8"]a* and Gm(v)=[P(m)]“S:t"‘“e“dt= S;g;‘m(x’)dx’-

5. Evaluation of P.{yL"'y,>BXa; p, N, v), yiL'y,>Bi(a ; p, N, v)}.
Let (¥}, ¥}) be the (p+ p)-dimensional normal variate defined in Theorem 4.2
and let L be the unbiased estimate of A, which has the Wishart distribution
with v degrees of freedom,
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(5.1) W,L; A,v)

1 ( y? v/2 L Y i
= S - Ll(v P-1/2 ax {———t?‘ Ly AN

ﬂn(p-x)/4ﬁr(y;ﬁl> 2"|A|) ' p 3 A }
i=1 2

and is independent of y, and y,. In order to evaluate 8*(a; », N, v) in
(3.9), we shall consider, in this section, P,{yiL 'y,>Bi(a ; p, N, v), y;L 'y,
> B¥a;p, N, v)}, where B« ; p, N,v) is the first approximation to the
upper 10095 point of T;m, that is, the solution of the equation
(5.2) a=NP,{y.Ly,>BYa; p, N,v)} .
However the exact evaluation of
P {y\L'y,>Bi(a; p, N, v), y,L'y,>Bi(a ; p, N, v)}

is very difficult and hence we shall try to obtain the asymptotic formula
for this probability with respect to v-1.*

To do this we shall preliminarily prove several lemmas.

LEMMA 5.1. Bi(a; p, N, v) has the following asymptotic expression
up to the order v-?

(5.3)  Bia;p, N,v)

1
24,2

where y*=y*(a/N ; p) the upper 100a/N¢; point of the chi-square distribu-
tion with p degrees of freedom.

7 {4 +(18p—2)* +Tp'—4} +0(v™7),

o1
—eyy2 b yyy?
024 +2qu (*+p)+

PrROOF. This is the direct consequence from the fact that
(1/7)B¥a ; p, N, v) is the upper 100a/N¢ point of the Hotelling’s T"-
distribution with v degrees of freedom and from the Hotelling and
Frankel’s formula [3]

1
2412

where Ta/N; p,v) is the 100a/N9 point of T’-distribution.

T«a/N; p, v)=x’+—21;x’(x’+p)+ {4 +(18p—2)* +Tp*—4} +0(v™%) ,
LEMMA 5.2, (The integral of Dirichlet’s type)

(5.4) S .. Sj]izjrl exp{ —-Z_‘,plz ,}JI’_’Ildz,=JI_‘i1I‘(l ,)]-[P(gl ,)]—ls:u”f‘e'“du
o> é‘; 2;<%

*) If necessary, we can obtain the asymptotic formulas for P‘r{ll{L-lyl<b¥, YiL-1y,< b3}

and P{yiL-'5:<BX(a;p, N, v), yiL-:<Bi(a;p, N, v)} by the obvious modification of the
method in this section,
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Where z_y>0, j=11 2, e, D.
The next lemma concerns the simple expression of the multiple integral

G5  J= !;CI_(M)”” 5 .. S
D

np 72
x exp{ — wi(I—C)w, +2(8/7)wi(I— w,— w)(I—{)w,} dw,dw,

where w,(1=1, 2) are p-dimensional column vector variates, ¢ is a diagonal
matrix, diag{¢, &, ++-, &y}, with |£]<1,9=1,2, .-, p, v>|8|,9>0 and
D is the domain defined by wiw,>7 and wiw,>.

LEMMA 5.3. J can be expressed in the form
(5.6) J=[1-CM)PIII-O) " T—CEYI—-L)(I—CE,) —(8[7VE.E, | x
x GEAMGHD) -
where E (=1, 2) are operators such that E*G{(1))=G{?.(7) for any integer
m=0 and GP(n)=G (77):[I‘(fy)]"rt”"e"dt, (t) being attached for con-
venience of the operation of E,. '

ProoF. This lemma is proved by expanding the exponential function
in the integrand of (5.5), by integrating term by term (this is allowable)
and by using the integral formula of Dirichlet’s type. From (5.5)

»
ae T a(l— g, )

J={1—-¢| = *[1—(8[v)P" S (@8f7) ket T x
Vig V. =0
l:’-::'-‘:“p ¢1;[1”m! Via! ﬂ.,!

» » »
X S- . -S 11 wika*t s exp{ - ngu}nldwm X

=1 ®=1
Swi, >y
P D D
X S o S 1T wia*ta exp{ —Zw:»} dw,.
o=l =1 a=1
Z'w§1>77
. gz a(1— )"
=|I=Cla?[1—@)P"? X (28[y) et x

Via,Yow, e ™0 va! U”! (2ﬂs)!
=1

@=1,000,p

» b4 p
X S s S HZI:ID+"D-(1/2) exp{ - zzm} dzlu X
a=1 a=1 a=1
2%18>7

x L. . .S ﬁzz:u““a'(llz) exp{ —iz,,}ﬁdz,, .

&=1 @=1 a=1

220>

The integrals are of Dirichlet’s type and from Lemma (5.2)
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7 ViatVaa(l — .’ 2K 5
J=lI—C lﬂ"”[l—(S/'y)”]"” Z (28/')‘)’2‘%“1_'1‘; ( £ )

Vis, "aa Ky = H”n' v,,' (2 p,)'

@=1,%0,p

P
X ::;I:III‘()JM + ﬂd"" ';—)F(vga +ﬂm + ‘]2;>G2(vm+u') + p/z(U)Gz (Vza"' ﬁl-“) +pl2(v) .

Using the operators E,(i=1, 2) and the superscripts (i) for convenience
defined in the lemma, we can have the expression

Eoa Lua DVttt 1/2) ~a)
a1 v‘go ”m' I‘(#u+1/2) zwm+u¢,)+pla(v)

= T—CE, | (1~ £E) *GL o)) (5=1,2)

Hence we can write J as

— lI"'CElllI_CEa‘ i -plo[1 21p/2

S petlD( -ty (8
o S L sy () OS5

—[1— B PH(I—Q) T —CEY IO U—C B
><|I—(I—CEa)—*(I—C)(I—cEl)-la—c)(i)’ElEz|"”G;>;(v)G;%(v)

~1/2

—[1— BP0 I—CEN IO (I~ E) (2 ) B

x GSAMGTH) »
which proves the lemma.

LEMMA 5.4.
! 2 g A -1 2] — 2 2 27p/2 1 -1
(5.7) DP{yA"'>0% BA~ 2>} = —[7/(v*— )L — (3[7)] [“(E”)]

<5, T@lzED (Y

T g N (/) C (/)]
=]

(5.8) DP,{wia-w:>a" yA w>a = L -t -em r(5e) |

x S PO {2 U ) =Gt} G (D G

where g.(7)=[I'(m)]"7™ '¢~"(m>0) with the following exceptions,
0 for p=2,5=0,

gp/z+1—1(77)= _1 -320-1  for p=1, =0
2,‘/7177 p IJ H
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and 7=(1/2){7/(v*—8&)}a* and D=d[da’.

PROOF of this lemma is easily obtained by differentiating (4.8) directly

with respect to a’.
Now we shall considerv the evaluation of the derivatives of

P.{y:A 'y, >a%, YoA "'y, >a’} with respect to A, which is an element of A.
To do this, we consider

(6.9) J=P{y(A+e) " w.>, yiA+e)w. >0’}
= {1 + gerﬁm +%r§_:.‘ Ers€oulpsOpot o=+ }Pr VA 'y > YA 'y >a)
where 8,,=(1/2)(1+8,,)3/0\,, (8., is Kronecker’s delta), and e is a pxp

symmetric matrix consisting of small increments ¢, to A, (¢, 7,=1,2,---, p).
On the other hand we can also express J in the form

(27f)"lAl1('Y — s S S

xexp| — 5 [VI(F - R —— 'w)|dvdy.

¥ A+ U > pi(A )T >a’ .
Making the non-singular linear transformations
1=V (—8)/7Cw, and y,=V(r"—8&)vCw,
such that

%C’(A-{—e)'lC:I and —;—C’A"‘C=I—c

where I is the unit matrix and ¢ is a diagonal matrix, diag {&,, &5, -+, &},
with |£,|<1 for all 4, J becomes
T= 1=l —pyre|-.|

x exp{ —wi(I—§)w, +2(8/V)wi(I—{)w, ~wi(I — {w;} dw,dw,
D : ww, >, ww,>7 ,

where 27=[7/(v*—&)Ja’>. This is the form of (5.5) and hence, from
Lemma 5.3, J can be expressed in the form (5.6). Putting A,=E;—1,
(1=1, 2), H=[1—(3/7)’E,E,]"* and X=(A+¢)"'A—1, we have

(6.10) J=[1—(3/7)P" I— {X(A,+A,)— X*AALH| 7 H G ()G 5A() -
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In order to obtain the derivatives of P,{yiA~'w,>a* ¥iA"'¥.>a*} with
respect to \,,, we expand (5.10) in power series of ¢’s and compare the
resultant with (5.9). Since, for fixed p and for small ¢’s, we have

[ I—{X(2,+4,) _XzAxAz}HI—m=exp|:f%logl I—{X(A,+A,)— XA A} H l]
:exp[_;—tr{X(A1+A2)—X"AIAS}H+ %tr{X(A1+A2)——X”AIA,}2H’+ .. ]

=1+—;~trX(A,+A,)H

+%{ trX 4 _; (trX)z}(A1+A,)=H2 - %(trX”)AlA,H

+%;-{trX3+%(trXﬂ(trX)+%(trX)3}(A1+Az)3H ’

—%{trX3+%(trX”)(trX)}(A,+A,)A,A,H’

+%«}trX‘—i—E(trXa)(trX)+—1»(trX’)’
+1 (trX’)(trX)’+ (trX)*}(A A H

—z—{trX‘+ trXe)(trX)+-= (trX’)’ (trX’)(trX)’}(Al+A,)’A1A,H3

+%{trX‘+E(trX’)’}A§A;H’
+ e,

and X has the expansion, with the notation A,,=8,,A,

X=(A+e) 'A—I=(T+Z¢,, A7 Ar) ' =1
= =328 AT Ars+ 226sE0uA T Ars AT Avu— 2iErs€euor A Ars AT ArwA T Aot 00
J can be expanded in the following form
(6.11)  J=[1—(8/7)1""[1— Ze, (M) + 36 s 0 Ma) — 3o s€ruon M3)

+ XerCouConbar(My) — « «  IH "GRG

where
(MI)=§[rs](A1+ ANH ,
(My)= 1 {[rs|tu] + ; [TS][tu]}(Ax-i-Az)”H’-i-—;—["’s [tu](As+A,— AALH,

(M)=1{rsleul v+ 8 pralieutvwl+ L rolatroun} s, + o Ee
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+%{[rs|tu|vw]+%[rs][tu|vw]}(A1+Az)(A1+A,—A,A,)H=
+%['rs |tulow)(A,+A,—20,A)H

(M= {[rsltujvwlay]l+ 2 frelltulowloy]-+ L rs| tullow|zy]
o+ Irslttulfow |oy]+ [rolitulfowlly] A+ A
+%{[rs [tulvw lwy]+%[rs][t@ lvw |zy]+ % [rs|tu]lvw]|zy]

+ —;—['rs][tu][vw oI} (Ast A (A +A,— 8,8, B
+%{ [rs|tulvwlryl+[rslitu|vw|2y]

+ 2 [rs|tulfow|ay]} (A, +AXA,+A,— 28,0, ) B
+%{ [rsltulvw|zy]+ %[rs |tu][vw Iwy]}AmH’

+%['rsltulvwIxy](A1+Az—3A,A,)H ,
and here we have used the abbreviated notations (see [4] and [11])

[rs]=trA7" A, =N, [r8|[tu]=tTA " Ars A " Acu=(1/2)(A*" st +A%50"*), and 80 on.
Comparing (5.11) with (5.9), we have

(6.12) 0,,P.{yA"'y,>0a% YAy, >0}
= —%[rs](Al+Az)Hm+1[1—(a/v)z]maz,vz(mG;%G(v) ,

(5.13) 0,00,P -} =3[ {frsltul+ L rslieat}a,+aymrs
+2[rs|tul(A,+A,—A,A)H "”“}[1 — (VY PRGMGHM).
(B.14) 0,000, (-} == {[rsltulow]+2 [rolftufow]
+ & rsltulfowl} (A, + A, P o
+3{ [rs|tu I'vw]+-;:[rs][tu Iv'w]}(AI+A2)(A1+A3—A1A,)H”/“’

+3[rs|tulvw](A,+A,—24,4 2)Hm+1:|
X [1=@[y P GoRmGT)
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(5.15)  8,,0,,0,,0., P, {--} =[{ 2lrs|tulvw|zy]+[rs|vw|tu|xy]

+2[rs]itu |ow|zy]+ %[rs |tulow | zy]+ % [re|vwlitul2y]
+ % [rslitullvw [2y]+ %[frs]['vw][tu |2yl
+ Ilé[rs][tu]l;vw][my] }( A+ A HP+

+ {S[rs [tu|vw | eyl+4[rs|vw | tu|zy]+6[rs][tu |vw | 2y]

+[rs|tullvw | xy]+2[rs | vw][tu | 2y]+ % [rs][tulfvw | 2y]

+rellowlltu [y A, +A) (A + A, — A A H
+ {12[rs [tu |vw |2yl +6[rs|vw | tu|xy]+6[rsiitu|vw|xy]
+[rsltullvwlry]

+2[r8IvW][tulwy]}(A1+Ag)(A1+A,—-2A1A2)H »la+s

+{4Lrstulow|ay]+2rs|vw | tuoy)+Drs | tullow]oy]
+2[rs|vwl[tu|xy] } AZAZF?/1+2

+ {S[o's [tulvw |yl +4rs|vw ltuIa:y]}(A1+A,——3A1A,)HM+1:|
X [L= @Y GSUNGIAD) -

LEMMA 5.5. Let (¥, ) be (p+p)-dimensional normal vector variate
defined in Theorem 4.2. Then the first, second, third and fourth order
derivatives of P,{yA 'y, <0’ Y;A"'y,>>a’} with respect to the elements
of A are given by (5.12), (5.13), (5.14) and (5.15) respectively.

On the basis of the preliminary works discussed above, we can now
obtain the asymptotic formula for

P, {y'Ly,<Bia; p, N, v), .L"'y,>Bi(«; p, N, v)}
up to the term of order v—*. According to James’ formula [(5.16) of 4],
we have

(5.16) P,{y,.L~'y,>Bi(a; p, N, v), ¥:L"'y,>Bi(«a; p, N, v)}

=[1+ L S r ke

Y rstu
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YD R WO WA SRR S o{j WV WE W N

p’ 3 rstuow 2 TStuvwIy

+0 ls - P{y'A"'y,>Bi(a; p, N, v), ¥:A"'.> Bi(a; p, N, v)}.
Y

Since for fixed a, p and N, B¥a; p, N, v) is a function of v and when v
is large, BXa; p, N, v) will approach A%(a; p, N), the first approximation
to the upper 100a9 point of j%.x, we need to expand
PAyiA~'w,> Bi(a; p, N, v), iA~'¥.> Bi(a; p, N, v)}
in Taylor’s series. From Lemma 5.1, we can represent Bi(a; p, N, 1) as
Bi(a; p, N, v)=Al}(a; p, N)+h(a)+h(a)+---
A¥a; p, N)=Al=vx(«/N; p) ,
@)= (| N; DHL@IN; D)+ 7}

h(a)= 2:)), vX(a/N; p){4x(@/N; p)+(18p—2)x(a/N; p)+Tp'—4} .

Then by Taylor’s expansion
P {y:A"'w,>BX«a; p, N, v), ¥iA~'v.> Bi(@; p, N, v)}
=[14+ @+ b+ 1D+ L @) o)+ yD 4 |

x P{UA" 0> AL VA 'Y, > AY)
where D=8/0A2. Substituting this into (5.16), we obtain

(6.17) P.{y.L'y,>B¥a; p, N, v), yiL"'y,> Bi(a; p, N, v)}

[ 1+{m@D+ L S rribn)

Y rstu

+{BQD+ LR+ (@) S A 80D

R VI W VL W I N

3 Uz rsturw

+ l _1— Z x‘urk‘st)"unxwazaraatuaim;az!l]’

2 v’ rstuswry

+0(-3;ﬂ C PAWA- > AL YA > AL} .

From this formula we can evaluate the desired probability with the aid
of Lemmas 5.4,5.5 and (5.3).
(@) Term of order zero, Ofa, p, N).
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(5.18) Oa, p, N)=P {yA"'v.> Al ¥iA 'y, > Al}
=a-emrir(5)] 5D (2) 6 0
where 27=[7/(v*—&)]- AX«a; p, N)=[1—(8/7)1*(@/N; p).
(b) Term of order v7', Oy(a, p, N)=0y(a, p, N)+0O,(a, p, N).

(5.19) Ou(a, p, N)=hy(a)- DP{yiA"'v: > A}, UiA ™'y, > A}
_1 X+ 11— (s/mmice-oe] o 2 [
O]

' XEM':}:Q_( ) gplz+:(77)G»lz+J(77)
j=0 J!

where x*=yx*(a/N; p).
0ul@, P, )= M 10,00 P UA ™0, > AL WA~ > A1)
=L =@ {2 Drsltul+ L Drolitul A, + A pE
Yy r8¢% 2 4 .
+Irs|tulA,+A,~ A A GRS
=L@ P PO+ DA AFH
1 BP+LA+ A= MM [ GROG)

Noting that
H " GEG307) = {1 G BEs} ™ GhmG30r)

= 1 = T(p/2+m+j) , .
"~ I(p/2+m) = 5! ( )G‘,%+,(7))G‘,,,,,(1)),

(m=0,1,2, ---)
and
Gk =B =16 )= T( 2 +145) | 7o r=ghesui)
AIG ) = (B 2B A DGR D) =08 = Ghesoi)

we obtain after some arrangement
_ 1 s o P\ D(®@/2+147) (8
6200 Oufar,p, N)=20-@pyp{r(2) 5P (2)
X {204+ DP—25)9 124 301D p1ae N+ (25 + 1)g5 245D}
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where we put G{i}. ;(7)=G . (1) and g8 s () =G24 ;+m(7) after operation
by E, is carried out.

In the analogous way, though a great deal of algebra is needed,
the term of order v-? can be obtained in the following form.

(¢) Term of order v, Ofa, p, N)= Oya, p, N) + O,(a, p, N)
+O0,(a, p, N)+0,(«, p, N)+O,(«, p, N).

(6.21) Oy(a; p, N)=hy(a)-DP,{y;A"'y,> A, y:A "'y, > A3}

—— Lo ()]

x {4 +(183p—2)* +Tp*—4}

% gﬂl%%ﬁl—(% )Mgplﬂ NG plzf‘l(ri) ,

(5.22) Ouat, p, N)E%hf(a)DzPr{- .-}

=@y (2) e+ oy

~ 16
o D(pl24-3) (8N
oD e <ry>

X [{G o125 = G2 510} G 52 ) + G2+ AN
(5.23) Oy, p, N)
shl(a)% S M@0 DP, -+ -}
rstu

oo

=1 11 sipme-od o 2N e D(p/2+1+ )
=—glt= e n(8) "z +m 5, TP

x [(7]+ ‘221 —J) {(Gpi2t 5417) = Gpras SODG p1s 5(0) + G o1zt 50112+ 5(7)}

+ (25 +1){gp12+ 510D — G124 D)} G120 5410 — Gras 517G psas 1(77)} K
(5.24) Ozt(ay D, N)Ei”l‘ Z pr)\'se)'uuanatuavar{ . '}

3 1)7 rstuow

- S {s(3) £ o)

where
4 .
(5.25) — 5 Hi)=3T( L8+ ) {0ys0000) ~20 s 1)

+0pie14 DY p12e D) +8{Gprav24 (D) — Gpizrrs S} I praers )]
+4(p+ 3)]-‘(}2)— +2+ j)[{gp/2+2+ 1(77) “g?lz+1+j(7])}



THE EXTREME VALUE OF THE GENERALIZED DISTANCES 201

X G p1ae A7) = G314 (D)} + Gz e 5]
+ 20"+ 8P+ OD( L +145 ) {Goae 1) — Gotorso D} s D)

(5-26) Olb(at o, N)E‘l-—l‘ 2 )'ur)':t)\'uuxwzanatuavwazvpr{ i '}

2 V2 rstuvwzy
L) S 32 ko)
where

(6.2 ZEmM=T(L+4+3)[{Gyiss10 )= 300050.,)

+ 89 pia+3+ 5(0) = Gpias14 SN} G pjas A1)+ 3{G 12424 ) — G pjaers s}
+ 4{gp/2.+3+ 1(77) - 2gplﬂ+2+1(77) + o2+ 1+J(77)}gp12+1+1(77)]
+20+5)( L 48+ 5)[{Gnrse A7)~ 2orse00,)
+ Gpize 541D} Gpize 50— {Gpra 2+ 50) — G praar+ (M)}

— {01243+ 50 —5G p1a4 2+ {N) +4G p12014 (1)} G pra14 5))]
+(»*+12p +23)F(12)‘ +2+ .7) [{gpr2424 5(0) = Gpjze14 5}

X A{G o134 5(7) =28 p3414 50} F Gp 414+ ()]
+ _;‘(p2+ 4p+7)F(% +2+ .7) {gplz+ 2+ 1(0) _gp/z+1+1(7])}2

+(2p’+5p+5)1“<§+1+j)

X [2 {Gp/z+ 1(77) _gp/z+1+l(7])} gp/2+1+ 1(77) - gfnlw 1+ 1(77)] .

The result are summarized in

‘THEOREM 5.1. Let (v, y) be the (p+p)-dimensional normal variate
defined in Theorem 4.2 and let L be the unbiased estimate of A, distributed
independently of y, and y, according to the Wishart distribution (5.1).
Then, for the solution B(a; p, N, v) of (5.2), the asymptotic formula for
P {y.Ly,>Bi(a; p, N, v), y;L'y,> B¥«; p, N, v)} up to the term of order
v~* is given by (5.18), (5.19), (5.20), (5.21), (5.22), (5.23), (5.24) and (5.26).

6. The maximum deviates from the sample mean, ¥%.x.p and Tiux.p.
As an example of evaluating the B(a; p, N) and the B*(a;p, N, v) by
application of Theorem 5.1, we shall discuss the maximum deviates from
the sample mean defined in (2.7) and (2.8), i.e.,
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6.1 axp=max{(x,— Xy A (x.—X)} and
(6.2) Tiax.o=max{(xy— X)L (x,— %)} .

The statistical procedure based on Xia.x., has an optimum property as a
multiple decision procedure. This is the straight-forward generalization
of the slippage problem treated by E. Paulson [8] in the univariate case
and in the case of unknown variance.

Let z,, (@¢=1, ---,n) be normal vector variates with mean vectors
m,, (x=1,2, -.., n), respectively and with a common covariance matrix
A which is assumed to be known. Then we consider the null hypothesis
H, that m,=m,=---=m, and n alternative hypotheses H,(Am),
(x=1,2,.--,n), that m=---=m,_,=m,—Am=m,,,=---=m, Where
Am is a non-zero vector and (n+1) decisions D (¢=0,1,2,---,n) to
accept H(¢=0,1,2, ---,n). A. Kudo [5] has shown that the decision
procedure for selecting one of the (n+1) decisions D,, D,, ---, D, which,
under some restrictions [(i), (ii) and (iii) of 5], maximizes the probability
of making the correct decision when one of the hypotheses H,, H,, ---, H,
is true, is given by the following :

if (zx—2)Y A (2x—2)>L., select D, and
if (zx—2)A"Y(2y—2)=Z L., select D,

where E=E”z,,/n, M is defined by

(zx—2)A (zy—2)= mfx {(z2s—2)Y A" (24 —2)}

and L. is the upper 1009 point of max{(z,—2)A (2,—2)} under H,.

When A is not known to us, it isanearly certain that the procedure
based on 7%,y., has the analogous optimum property though the rigorous
proof has not been given.

Now we return to the problem of the evaluation of the upper
percentage point of ¥iax.o and Thux.o. ,

6.1 When A 18 kown—sxo— Noting that y=(n—1)/n,8=—1/n
and N=n, we have from (3.6), (3.10) and (4.8)

6.3 - Al p, m)=I[(n—1)/n]xXaln; p)

and
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(6.4) B(a;p,n)= n(n 1) [n(n—2)/(n—1)7""

(p/2)
- I‘(:D/2+J) 1 (= x_()dy)
SR, 1>2J(L~;- p'”)g,,fu(x)dx)-

Table 6.1 shows the values of AXa;p,n) and the lower bounds,
a—pB(a; p,n), of P{Juxo>ANa; p,n)} for a=0.05,0.01; p=2,3,4;
n=3, 5, 10, 20.

TABLE 6.1.
" Values of A¥a; p, ») and the lower bounds, a—pB(a;p, n), for a=0.05 and 0.01.

a=0.05 a=0.01

&3|51101m 3 5 10 @ 20
p | | i i

Al '5.459 7.368 | 9.537 ‘11.38 7.605 9.943 12.43 14.44

a—f 10.0447 0.0475 | 0.0485 | 0.0487 | 0.00945 | 0.00984 | 0.00993 | 0.00995

a—-B l0.0450 0.0477 | 0.0485 | 0.0487 | 0.00950 | 0.00986 | 0.00993 | 0.00995

Al ‘8.063 10.62 | 13.37 | 15.61 10.52 13.54 16.62 19.00

!
\
” A} 56.825 9.076 | 11.55 | 13.61 9.138 11.84 14.64 16.85
i
|
|

| a-B ;0.0453 0.0478 | 0.0486 | 0.0488 | 0.00954 | 0.00987 | 0.00993 | 0.00995

From Table 6.1, it can be seen that for the usual values of a, A}(a; p, n)
has the accuracy sufficient for most practical application except for n<5,
though it slightly overestimates the true value. However, the more
accurate approximation to the upper 1009 point of j%.x.p can be obtained
by calculating the modified second approximation, A%(a; p, n) such that

6.5) nP{Xo=(x,—%)AY(x,—X)>AYa; p, n)} =a+B(a; p, n)

for B(a; p, n) calculated for A%«a; p, »), which are given in Table I at
the end of this paper.

6.2. When A is not known—Studentized form T3axo— The first
approximation BX«; p, n, v) to the upper 100a% point of T;AX,D is from
8.7 for y=(n—1)/n,8=—1/n and N=n,

6.6) B p,n, )=[n—Dyinl] Clajn; (»+11—p)/2 /2 -1},

which is calculated with the aid of Tables of the Beta-Function [10]:
B*(a; p, m, v) can be obtained from Theorem 5.1 by putting v=(n—1)/n,
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8=—1/n and N=n. Though the approximation by the terms up to
order v~? are not so accurate to evaluate the probability P,{Ti’.p=
(x,— XY L (x,—%)> Bi(a; p, n, v), T2, = (,—%) L~Y(x,—%)>BYa; p, n, v)}
itself, we can conclude from the numerical computation based on the
formulas in Theorem 5.1 that 8*(a;p,mn,v) is lower order than a for
moderately large v. Figures 6.1 and 6.2 show the curves of B*(«; p, n, V)
for «=0.05 and a=0.01, respectively and for p=2, which are calculated
by FACOM 128, the automatic relay computor, in our institute.
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From these figures it is seen that the effect of 8*(a; p, n, v) is signi-
fieant for the moderate magnitude of 7 and so we need to consider the
second approximation. But in the same way with the evaluation of
A¥a; p, n), we use the modified second approximation procedure, that is,
we calculate Bi(«; p, n, v) such that
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(6.7  a+B*a; p, n, v)=nP,{(x,—X)'L(x,—X)> Bi(«; p, n, v)}
for B*(a; p, n, v) calculated for B¥a; p,n, v), which are contained in

Table II.

7. The squares of ranges, Riax and Rix. We shall give some
comments on the evaluation of the upper percentage points of the squares
of the ranges in the multivariate case, R%.x and Ri.x:

(7.1) Rf&mx_—'n‘lgx R%,Zlﬁa;x{(xi—x,)'A"(xi-—-x,)} ,
(7.2) m?WAx:II}ax fft?,:ma}x{(x;;xJ)'L’l(x,—x,)} .
’ <Jj <

We arrange (1/2)n(n—1) R,’s in a row in a certain way and rename
them R:, R:, -+, R%, where N=(1/2m(n—1). Using the formula (2.12)
for N events R:>7% R:>7r? -+-, R%L>7% we have

(7.3) P {Rux>7"}=NP{R{>r"} = 5P {Ri>7", Ri>r*} 4. .
<J .

It is easily seen that, though P,{R:>7*, R:>r’}, (1<j=1,2, .-+, N), are
not symmetric functions of R¥s as a whole, there are following two
groups G, and G, in each of which P,{R?>7? R}>r'} has the same value:
G,: group of P.{Ri>r '§>'r2}’s such that R} and R} are
independent ; for example, RI=(x,—x,)A Y(x,—x,) and Rj=
(265—x,) A7 (26— x,).
G,: group of P.{R:>r% R%>r"}’s such that R} and Rj have a-
common x; for example, R} =(x,—x,)’A"Y(x,—x,) and R} =
(36, —5)" A7 (36— ).
Thus we have, for the first approximation 7%a; p, N) such that
(7.4) a= NP, {(x,—x,)’ A" (x,—x;) >ri(@; p, N)} ,
(1.5) A p, N)=SPAR> i@ p, N), By>ria; p, N)}
=M,P,{(x,— X, A~ (x;— X)) >1a; p, N), (%s—x,) A7'(%,—x,)>7i(a; p, N}
+ M,P,{(x,— X, A7(%,—X:) >7ia; p, N), (36,— %) A7(x:—X5) >7i(a; p, N)},

where M,, M, are the numbers of the elements of G,, G,, respectively and
(1.5) Ml=((’”“1)2("‘2)/2) and M2=-;—'n(n—1)('n—2) :

which are shown in [12].
Analogously, in the case of unknown A, that is, for Rj.x, we have

(7.7 a= NP,{(x,—x,)'L™(x;—x,) >1}(a; p, N, v)}
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and

(7.8) B*a; p, N, v)

=M, P, {(x,—x,) L~(x,—x,) >1i(c; p,N, V), (x;—x,) L (x;,;—x,) >t} ; p,N, v)}
+ M, P, {(x,—x,) L(x,— x,) > t{(a; p, N, v),(%, — %5) L (3, — x3) >1i(; p, N, v)}.

In the author’s seperate paper [12], he has discussed the range in some
details and examined the order of magnitude of B(a; p, N) and 8*(«; », N, v)
numerically by using the formulas obtained in this paper. According to
this examination, B and 8* are, in the multivariate range case, significantly
large and so the first approximations ra; p, N) and ¥a; p, N, v) are
not accurate but the modified second approximations give values with
the sufficient accuracy for practical application.
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. TABLE 1
Upper percentage points of the extreme deviate from the sample mean

;zfnx.n=m2:x {(xee —X) A= Yxs —X)}

x13!4'5}6]7)8‘9[10‘12{14“6’18‘20 25 | 30
a=0.05

2 | 5.32 6.48 7.29 7.911 8.41 8.82 9.18 9.48| 9.99/10.4010.7711.0611.3211.88/12.31

| i
3 |6.69 8.05 9.00 9.72‘10.2810.74111.1511.4912.0512.53‘12.9313.26“13.5514.1514.63’
4 17.92 9.47|10.5411.34‘11.9712.49112.93‘13.31 l3.9414.45l14.87|15.23115.55\16.19,16.70‘
] I

a=0.025 l

|

10.06!10.44 10.76:11.3011.73(12.09/12.41 12.68!13.24 13.69;

2 6.28: 7.55% 8.43 9.091 9.6210.06
3 | 7.72 9.20‘10.2210.98|11.5812.08‘12.5012.8613.4513.9314.3414.6814.98!15.5916.08
4

? I
} .
9.00110.70111 .84 12.68|13.35113.9oi14.36|14.75115.40‘15.91 16.3516.71 17.04!17.71:18.23!

a=0.01

7.53i 8.95‘ 9.9210.6411.21’11.68;12.0812.42‘12.98 13.44!13.88;14.13:14.42 15.0215.49

2

I

! l
3 9.07|10.70|11 .8112.63 13.28|13.80|l4.24 14.62|15.26?15.76|16. 18 |
4

‘16.53*16.84 17.47;17.96(
510'45|12'28I13'51i14'41 15.12|15.70!16. 19116.61 17.29|l7.83|18.28‘18.66|18.99|19.67_20.211

TABLE 1I
Upper percentage points of the studentized extreme deviate from the sample mean

Ploax.p=max{(x~ %)L x - %)}

NI

20| 6.88 | 8.53| 9.72|10.64 | 11.44 | 12.10 | 12.67 | 13.18 | 13.56 | 14.04 | 14.76
6.72| 8.30 9.45!10.36|11.10 | 11.73 | 12.28 | 12.76 | 13.19 | 13.58 | 14.26
6.58 | 8.13| 9.24|10.12 | 10.83 | 11.44 | 11.97 | 12.43 | 12.84 | 13.21 | 13.86"
6.47 | 7.98| 9.06 | 9.92 | 10.61 | 11.20 | 11.71 | 12.16 | 12.55 | 12.91 | 13.54
6.37 | 7.86| 8.92| 9.75|10.42 | 11.00 | 11.49 | 11.93 | 12.31 | 12.66 | 13.28
6.29 7.75| 8.79 | 9.61|10.27 | 10.83 | 11.31 | 11.74 | 12.11 | 12.45 | 13.05
6.23 | 7.66| 8.69 | 9.49 | 10.14 | 10.69 | 11.16 , 11.57 | 11.94 | 12.27 | 12.86
6.17 7.58| 8.60 | 9.38  10.02 | 10.56 | 11.02 | 11.43 ; 11.79 | 12.12 | 12.69
6.12 7.51 851, 9.29| 9.92|10.45|10.91 | 11.31 | 11.67 | 11.98 | 12.55
6.07 | 7.45| 8.44| 9.21 | 9.83  10.35|10.81 | 11.20 | 11.55 | 11.87 | 12.42
6.03| 7.40| 8.38| 9.14 9'75|10.27 | 10.71 | 11.10 | 11.45 | 11.76 | 12.30
5.94 | 7.29| 8.25| 8.99 | 9.59 | 10.09 | 10.53 | 10.91 | 11.24 | 11.54 | 12.07
5.88 | 7.20| 8.14| 8.87  9.46 | 9.95|10.38|10.75| 11.08 | 11.37 | 11.89
55| 5.82| 7.13| 8.06 | 8.78  9.36| 9.84 10.26 | 10.63 | 10.95 | 11.24 | 11.74
60| 5.781 7.07| 7.99| 8.70 | 9.27| 9.75|10.16 | 10.52 | 10.84 | 11.13 | 11.62
100, 5.59 , 6.82| 7.70 | 8.37 | 8.91| 9.36 | 9.75  10.09 { 10.39 | 10.65 | 11.12
150, 5.50 | 6.71| 7.56 | 8.21| 874 9.18. 9.55! 9.8810.17 | 10.43 | 10.88
'2000 5.45' 6.65| 7.49| 8.13 8.64| 9.09! 9.46 | 9.78 |10.06 | 10.32 | 10.76
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TABLE II
j{:[ 3 | 4 5 6 7 8 9 | 10 | nl o1z u
1 a=0.025
]
| 20 8.46 | 10.37 | 11.73 | 12.80 | 13.67 | 14.41 | 15.04 | 15.61 | 16.11 | 16.56 | 17.36
| 22 8.22|10.05 | 11.36 | 12.38 13.21 | 13.91 | 14.51 | 15.05 | 15.52 | 15.95 | 16.70
| 24 8.03| 9.80 | 11.06 | 12.05 12.84 | 13.51 | 14.09 | 14.60 | 15.05 | 15.46 | 16.18
26 7.87 | .60 | 10.82 | 11.78 12.55 | 13.19 | 13.75 | 14.24 | 14.68 | 15.07 | 15.75
28 7.74| 9.42|10.62 | 11.55  12.30 | 12.93 | 13.47 | 13.94 | 1436 | 14.74 | 15.40
30 7.63| 9.28 | 10.45 | 11.36 | 12.09 | 12.70 | 13.23 | 13.69 | 14.10 | 14.47 | 15.11
32 7.53| 9.16|10.30 | 11.19 | 11.91 | 12.51 | 13.02 | 13.47 | 13.87 | 14.23 | 14.86
34 7.45| 9.0510.18 11.05 | 11.75 | 12.34 | 12.85 | 13.29 | 13.68 | 14.03 | 14.65
36| 7.37| 8.95|10.07 10.93 | 11.62 | 12.20 | 12.69 | 13.13 | 13.51 | 13.86 | 14.46
38 7.31| 8.87 | 9.97 10.82 | 11.50 | 12.07 | 12.56 | 12.99 | 13.36 | 13.70 | 14.29
| 40 7.25| 8.80 | 9.88  10.72 | 11.39 | 11.96 | 12.44 | 12.86 | 13.23 | 13.57 | 14.15
45 7.13| 8.64| 9.71|10.52 | 11.18 | 11.72 | 12.19 | 12.60 | 12.96 | 13.28 | 13.84
50, 7.04 | 8.52 9.57|10.36 | 11.01 | 11.54 | 12.00 | 12.39 | 12.75 | 13.06 | 13.61
55| 6.97 | 8.43 | 9.45|10.24 | 10.87 | 11.39 | 11.84 | 12.23 | 12.58 | 12.89 | 13.42
60 6.51| 8.35| 9.35 10.14 | 10.76 | 11.27 | 11.71 | 12.10 | 12.44 12.74 | 13.27
100, 6.65| 8.01 | 8.97| 9.70 10.28  10.76 | 11.18 | 11.53 | 11.85  12.13 | 12.62
150 6.52 | 7.85 | 8.78 | 9.49 10.06 | 10.52 | 10.92 | 11.27 11.57 ' 11.84 | 12.31
2000 6.46| 7.78 8.69 | 9.39 9.93  10.40 | 10.79 11.13 | 11.43 11.70 | 12.16
K [ 4 ‘ 5 ] 6 7 | 8 | 9 ’ 10 } 1 [ 12 | 1
a=0.01
20/ 10.72 | 12.99 | 14.61 | 15.85 | 16.86 | 17.71 | 18.44 | 19.08 | 19.66 20.17 | 21.07
22/ 10.36 | 12.53 | 14.07 | 15.24 | 16.20 | 17.00 | 17.69 | 18.29 | 18.83 | 19.31 | 20.16
24/ 10.07 | 12.16 | 13.63 | 1476 | 15.68 | 16.44 | 17.10 | 17.67 | 18.18 | 18.64 | 19.44
26 9.84 11.86 | 13.28 | 14.37 | 15.25 | 15.98 | 16.62 | 17.16 | 17.66 | 18.09 | 18.86
28| 9.64 | 11.63 | 12.99 | 14.05 | 14.90 | 15.62 | 16.22 | 16.75 | 17.22 | 17.64 | 18.37
30| 9.47 | 11.40 | 12.74 | 13.77 | 14.60 | 15.30 | 15.88 | 16.40 | 16.85 | 17.26 | 17.97
320 9.33 | 11.22 | 12.54 | 13.54 14.35 | 15.02 | 15.60 | 16.10 16.54 | 16.94 | 17.63
34/ 9.21|11.06 | 12.36 | 13.34 | 14.13 | 14.79 | 15.35 | 15.84 | 16.28 | 16.66 | 17.34
36| 9.10 | 10.93 | 12.20 | 13.17 | 13.95 | 14.59 | 15.14 | 15.62 | 16.04 | 16.42 | 17.08
38 9.0110.81 | 12.06 | 13.01 | 13.78 | 14.41 | 14.95 | 15.42 | 15.84 | 16.21 | 16.86
40| 8.93|10.70 | 11.94 | 12.88 | 13.63 | 14.26 | 14.79 | 15.25 | 15.66 | 16.03 | 16.66
45 8.7510.48 | 11.69 | 12.60 | 13.33 | 13.93 | 14.45 | 14.89 | 15.29 | 15.64 | 16.25
50 8.62  10.31 | 11.49 | 12.38 | 13.09 | 13.68 | 14.18 | 14.62 | 15.00 | 15.34 | 15.93
55! 8.51|10.18 | 11.33 | 12.21 | 12.90 | 13.48 | 13.97 | 14.39 | 14.77 | 15.10 | 15.68
60 8.42 | 10.07 | 11.20 | 12.06 | 12.75 | 13.32 | 13.80 | 14.21 | 14.58 | 14.91 | 15.48
100, 8.05| 9.59 | 10.66 | 11.46 | 12.10 | 12.63 | 13.07 | 13.45 | 13.79 | 14.09 | 14.61
150, 7.87 | 9.37 | 10.40 | 11.18 | 11.79 | 12.30 | 12.73 | 13.10 | 13.42 | 13.71 | 14.21
1200 7.79 9.26 10.28 | 11.04 | 11.62 | 12.14 | 12.57 | 12.92 | 13.24 | 13.52 | 14.01
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