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1. Introduction.

In Leontief’s open input-output model, two systems are used : one
in terms of quantitative value, the other in terms of money value.
Theoretically input coefficients in terms of quantity are assumed to be
constant. Leontief says, though, as far as I can see, without detailed
discussions on it, that money value system can be used as quantitative
system, in so far as the quantities are measured by ‘‘the amount
purchasable by one million dallars in base period’’ rather than by other
usual units. In order that Leontief’s whole system is valid, that pre-
sumption of his must hold. We discuss here the relation between these
two systems, in order to see whether the two systems lead to the equal
result.

In output estimation, outputs are determined by final demands.
And when we use quantitative system, final demands are given in terms
of quantity, and outputs corresponding to them are also determined in
terms of quantity. When we use, on the contrary, money value system
with coefficients obtained from basic value, outputs corresponding to final
demands measured by prices of base period are obtained, as is well
known, as measured by basic prices. Before we go into our main topie,
we show in section 2 that when we measure the outputs obtained by
quantitative system by basic prices, they are to be equal to the outputs
obtained by the money value system.

In price analysis, prices are determined by values added. When,
on the one hand, quantitative system is used, prices are determined by
giving, for instance, values added per unit quantity in all industries.
When we use, on the other hand, money value system, ratios of final
prices to basic prices are obtained by giving values added per money
unit. In section 3 we examine the relation between the prices obtained
by quantitative system and the price ratios obtained by money value
system.
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In section 4 we further discuss the effect of price change in some
industry on prices of other industries.

2. Output estimation.

Let X, represent the total output of industry ¢ in a year (measured
by appropriate physical unit), x;, the amount of product of industry <
used in industry j, Y, the amount of product of industry ¢ consumed
finally by houshold ete. Then the over-all quantitative input-output
balance of the whole economy comprising n separate industries can be
described as follows:

TutTut 00 Fe+Y =X,
Tyt Tu+ -+ FTm+Y, =X,

.............

(1)

It is assumed hereby that there are fixed ratios between each input and
the corresponding output :

(2) xu:aquv %,J=1,2,---,m.

These a,,’s are called technical input coefficients. The relation (1), on
substitution of (2), becomes :

X, +a, X+ - -0 4a, X, +Y, =X,
a’ZIXI"l"a'an"“ R +a2an+Yz=Xz

an1X1+aanz+ ¢ +a'7an+Yn=Xn .

(3)

Now the elements a,,’s collectively form a square matrix A, which is
called structural matrix. And using X to represent the column vector
{X, X, -+, X}, and Y the column vector {Y;, Y, --+,Y,}, we can
write the above system in the following form :

AX+Y=X
or, equivalently,
I-A)X=Y.
Then we have

(4) X=(I—-A)"Y.
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When we express each matrix and vectors in terms of their elements,
(4) can be rewritten as follows :

X1 bn bu c bm Y1
(5) =b21b22°"b2n Yz ,

eece | | o o e o o o co o

-Xn bnl bnz s bﬂﬂ Yn

>

where (b;;)=(I—A)™, i.e. the Leontief inverse.

On the other hand, let p, denote the price of the product of in-
dustry 4, for i=1, 2, -.- , n, money value balance of the whole economy
can be written as follows:

P +z,P+ - - o +2,P+ Y. P =X, P,
(6) . TP+ 2uPy+ + -+ 42, P,+Y,P,=X,P,

ooooooooooooooooooo

Here, when we use the input coefficients in money value «;;=x,,P,/X,P,
=a,,P;/P,, (6) can be rewritten in the following form :

an X.Pi+a, X,P,+ -+ +a,X,P,+Y.P,=X,P,
ay X P+apX;P+ - -« +anX,P,+Y,P,=X,P,

ooooooooooooooooooooooo

an1X1P1+aszP2+ ¢ +ananPn+YnPn=XnPn .

(7)

These input coefficients in money value are no longer constants; they
depend on the prices as well as on the fixed input coefficients in quantity
a’s. But when we proceed as follows, similar relation to the system
of equations (4) can be established here too.

The matrix of input coefficients in money value gives the deter-
minants :

P
l—ay —ay « -+ —a, | [1-ay) ?:—au-l—’ji— R— 1;:
P, P, P,
—ay 1—ay « - —ay, —a, —2(1—a 2oe e —(,, =2
(8) A= 21 22 2 — 21 P1 ( H) Pz a’ Pn
P,
—Qyy —Qyy =+ » 1—ay, An1 P, Tpz % 1—ay,) IP;:
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l—ay —ay; + -+ —ay,

_PP.--P, | —a
PPeeP, | « ...

— Q1

Put

1_0’22' e —Qy,

—Qpy ¢+ 1—0p,

l-au —Qp ¢ —Oy,

—ay
D=

— Oy

1—

Ay * * — Wy

L
[}

—Qpz * * l_afm

Now if we let 4,, and D,, represent the cofactor of (7,7) element in

and in D, respectively, we have:

l—ay -+ —ay-1 =@y cor —ay,
— Qg — Qg1 — &gy ge1 0t — &g
_ . , . , ,
(9) Au—("'l) + ’
Qg1 * 0 —eg,5-1 —Wgeg g1 *° —Qgern
Oyttt —Op g1 —Opge1 0 Ty
P, P, P,
(1—ay) LRI AP — Qe e — Oy
1 P, P, P,
- P,_ P,
— Qg e e — g, 5 e . ’ac-l,n—‘l‘
(—1)+ P, P, 3+1 P,
+1,, P, P¢+1“_ P,
— 1,1 —Qe1,5-1 — o1, 541 i1,
1 P, Py P,
P, P, P,
— Q= et —p — Gy gy (1—ap)=
P, 7-1 Py, P,

Pl‘ 'Pc—1 P¢+1' ‘Pn
P1' ‘Pj—l Pj+1' -P,,

==~

l1—ay-e-—a,-1  —Gpe1ve—ayy

— Qg1 — Qo1 5-1 — Xy, 5410 — By g

— 1,10 " — Qge1,5-1 — Ba1,541° * — Ba1,n

—Qpy 0t =Gy g1 — O gert* (1 —pp)




Then we have:

.@11 ﬂu b ﬂln
ﬂzz e 18215
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(1—ay —ap < —a, )
| %= l—ay - —ay,
— 0y —Qy o 1- (4 A9
Ay 4y, Adm D, P
dw An | 4w D, P,
din A, dun | | D Py
\ 4 4 \ D P
/. P P, P, \
b, b, e by =L
1 P, 12 P, 1 P,
P, P, P,
T S PO S
_ 21 P, 22 P, m P,
P P P,
b= by e by 2
nl P1 n2 Pz n Pn
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Thus for values in the same period, we have the following relation :

Xl Pl
X.P,

X, P,

(11)

’ﬂu lgm e ﬂm Y1P1
_ ;@21 ﬂzz b ﬂsm Ysz
\:Bnl ﬂnz ¢ :va YnPn
P, P, P,
b, =X b, =L ”__1
11 P, 12 P, 1 P,
P, P, P,
=2 b2 ... b”_J.
_ nP1 sz p) P,,
P, P, P,
Do by ™ e o D™
P, P P,

Y. P,

Y2P2

Y,P,

The analysis deals with changes between two periods, i.e. the base

and final periods.

Now appropriate

superscripts ‘0’ and ‘‘1°’ are
used to indicate the difference between the two sets of values.

For

example, a!, represents the (i, j) input coefficient in the base period ;
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ay;, the corresponding value in the final period. The constant values
over periods, for example, a,;, b, are used without superscripts. And
from (5) we obtain the outputs X; which fulfill the quantitative system
for final demands Y estimated for final period, as follows :

Xi=b,Yi+b,Yi+ - - +b,Y]}
X;=b21Y}+b22Y;+ ¢ +me;%

X,‘,=b,,1Y{+b"2Y;+ R +bm|Yri'

(12)

In practice, the structural matrix in money value, and consequently
also the inverse matrix are obtained for base period. And what we
should note here is that the structural matrix can be obtained in
money value only. Final demands in the final period are given in terms
of basic prices as Y ;P]. Putting these values as independent variables
into (7), we have corresponding outputs (X,P,)! as follows :

(lel)l (ﬁlol ‘@102 R ,Blon 1P}
(XzP-z)l /9201 2t B Y;P 2

(13) =
(-X.nPﬂ)1 721 7012 e 7?71 Y?‘l,P::
0 0 0
11% bm ?é * bm% Y;P (x)
0 0 0
[ b bty e bapy || T3P

p. P oy Poo o p Pa Y,{p'g}

0uYi4+b.Y3+ - -« +b,YNP!
(b21Y{+bnY;+ s +b2,,Y,’.)P3

\(bn1Y11+mezlr+ R +b7er§)Pf‘:

Then we have:
(14) (X,P)=XP}, i=1,2, -+, n.

This means that if final demands are measured by basic price, the
practically obtained outputs fulfilling money value system in base period
are also measured by basic prices, and they are equal to the produects
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of outputs obtained by quantitive system and basic prices.

3. Price analysis.

The relationship between the total outputs of industry ¢ (in money
value), and the money value of the products of all industries used by
industry ¢ can be described as follows:

ey P+a, Pt - - - +z,.P,+R =X,P,
2P+ oy Pyt - - - +2,P+R,=X,P,

ooooooooooooooooo

xlnPI‘I'mzan"" A +xnnPn+Rn=XnPn ’

(15)

where R, is the value added which originated in industry ¢. Dividing
both members of (15) by X,, we have:

ay,P+ay, P+ - - - +au1Pn+EL= 1
X
G P+ 0y P+ + @y P+ £, =P
(16) X,
R, _
alnP1+a’znP2+ ¢ +a7mPn+——‘—‘Pn .
\ X"

Solving this system of equations for given R,/X,, i=1,2, ---,n, we can
determine the prices P,’s corresponding to the values added per unit,
products. But as available coefficients we only have af’s rather than
a,,’s. Therefore we transform (15) like this :

/
Ay +ay+ -+ +ant+

Aptant+ «c 0 tat
an 9 X.P,

L X.P,

Now what is the numerical value of R,/X,P, in practical analysis?
R, can be splitted into two component parts, the wage W, and profit
m,. If there exist the following relations between basic and final values
of the same variables :
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Wi=s,W?
(18) i=1’2:"',n’

m=t,m}
then we have
Ry _Witn_ sWittmi Witni  XiP}

Xip{ X, Witx XP!  X'P;
_saWittm R | XoP)
Wita  XP? XiP}

(19)

In this relation, W3, 2, R, X¢P? are known as basic values, and we
have shown how X!P? are obtained. Then for given s, £, representing
the rise of wage and of profit in industry 4 respectively, R!/X:P! can
be computed.

Let ¢’s be numerical values fulfilling the following relations :

1

/ R
angi+agg.+ - - - Fangt———=q

XipPy
0 0 0 E;
Q¢ +Cngs+ T Qnan 55 =
(20) Xips
0 [] 0 Rl
kam%"l'azn%‘l‘ e 4+ ann‘]n"‘f'}‘ﬁ‘ =qn

Now these ¢.’s show the price changes practically computable. This is,
as is well known, the price change which Leontief computed. Since
‘these ¢,’s fulfill (20), it can be represented as follows :

-1 1 \
a) [1-a8 —af --- —ay -}%—g
, J
1 ¢ _ —apy, l—ap.-- —ay X;;,g
R}
\q,.) \—a,‘}. —Qgy ¢ 1—ay, XiF; )
P? P P R
(buﬁ bzl‘—gz "’ * bm—? ( {‘ng
PLo, P Pa|| B
- b P} bu P; Py || XiP3
P P P R}
P e ) 3
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1
<bu §11 +bz1 gﬁ + e ‘*"bml.;1 )—1—

B, R .. R)1
<%r+%xf' +%X)

oooooooooooooooo

] 1 1
(bln‘l‘e“‘+b R2 + .- +b1m§1 )I];o

On the other hand, for final period the following relations are es-

tablished :

auPl'l'anPl"' LA "‘afml')l'l'Xl =P

auPi P - - tauPit =P

Rl

0, P +a,Pi+ - - - +an,,Pl+X}' =P,,
or
%+@+-~+@1;&=1
©2) ant+an+ - 40 Xlﬁaf
alataly+ - -+ tabat XI?PI

Therefore we have the following equivalent matrix representation :

Lol ...l R )
(an as (2%} 1 X—LP? 1
R
A, Qg * = ° Any 1 + Xé;’; _ 1
R}
a},, a;n R a}m 1 XIP] 1 )

Consequently,
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\ 1
(1—6(}1 "'a}l ¢ - _a;ﬂ r 1 . XllPl
1
—ah l-ahees —ah || 1] |
Rl
! —al e 1—al
g al, A 1 a,,,j 1 J Xip
or
\ 1
1 rﬂ;l ﬂzl b 71;1 lePl
Rl
(23) V| P faees Bl 5o
Rl
1 B - O
. J \ J\X;PU
(, Pl P; P R:
R f——X,Igi
P, P, P R;
_ bm P; b22 % MP; XIPI
PP, R
me,: me,l, bnnP; ) X.,I,P,:)
1
(bll 1+b21 R;+ .. +b"1§l) :
1
_ (bugll +bn§:+ e +bn2§|)
R, B, ., R\I1
(bl,.Xl ot +om ) 5 |

Form (21) and (23), we have:

R} R\ 1
b b. 2 o oo b”
(24) q,=-——q ( “X1 Xl + X Xi X" * ‘Xl) Pc
1 Do °
1 (bzz Rl +bu c s +bm§1) 1 P

Thus practically obtained ¢, from money value system denotes the price
change between base and final period. This shows that we have
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obtained, as far as price change is concerned, the same result that is
obtained by quantitative system. And since the money value system
which we have followed is the same with Leontief’s system, we can
now say that Leontief was right when he computed price change by
his so called quantitative system with ¢ the amount purchasable by one

million dollars’’ as units.
Now
R R} R,
4= ?'X%'P”-I-ﬂo 2;_)0 e +ﬂ'g¢m ,
R} s, Wit R X .
And he h can b itt CRAS M4 Ll B t .24t Th
n re eac Xip: an be written as: v P X is

means that prices rise as wage and profit rise, but prices fall as out-
puts increase.

4. The effect of the price change in an industry.

In this section, we discuss the effect of the price change in an
industry on price changes in other industries. Suppose that one price,
for example, P,, changes from P{ to P, that is, ¢,=P;/P; is given,
but the values added per unit product remain unchanged for other in-
dustries. Then (20) can be rewritten as follows :

ahgi+ajg,+ - Fahg+

——‘th (‘,=Q1
(25) agqt+ang+ - - - +anokqn+L;—=Qk

X.P}

RO
\ anq+ang:+ « +amg.t Xipi =qa
because
R; R
= ,1=1,2, oo, k—=1,k+1, -+
x.p: X:p " +
The independent variables we have here are ¢, ; % , 1=1,2, ««.,
it ¢
k—1,%k41, ---,n. Solving the system of »—1 equations which can be
R,

obtained by omitting the kth equation abq+alg.+ - - - +a,.°,,q,,ﬁ;
. 2l 7
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=gqi, we can have g,’s, the price rises in industries other than industry
k corresponding to g, the price rise in industry k. But, inverse (8%)
for basic value is, in many cases, already obtained for computing outputs.
Therefore we try with this inverse. For this purpose, we need not
omit the kth equation in (25), but we should rather use it. When
we represent (25) in matrix form, we have:

(1-at —ad e —at [0 ) s
1+ 1
Rl
(26) —Qiy  —Qg v e — Qg Qx XIP;E
R
—Qn  —dgy v e 1—ag, an Yono
| XiB}
And basic values, on the other hand, fulfill the following relation :
1—6(101 _azol R —'ar‘b)! ( 1 rXIoeI?Jo\
1 1
RO
(27) —a —Qg vt — Qg 1 Xflk’g
R
—ay, —Qg v v e l_a:n 1 X_,Qf’,,?)
Subtracting (27) from (26) side by side, we have:
l—ay —ag - -« —an -1 0
— 0y — < =y a—1|=| S |,
—an  —ay s l—ay, ¢,—1 0
where S,‘=—R’t—— Ry . Then we have:

a1 Bi B .-+ Ba 0

e o o . e o o o o se e

(28) =1 [=| B Bk - B S

Qn"l ﬂlgl :2» ¢ ﬂnon 0
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Consequently we have:

¢ —1=33Se

&—1=FaS:

In—1=pnSk .
Therefore we also have:

B

' ﬂkk *
. _ﬂo
QI_I_‘@—:{SIs

Bin
Qn_]-:‘_‘ .
B

In this way we can have the effect of price change in an industry
far easier than by solving the system of n—1 equations. The case
where prices in two or more industries change at the same time can
also be treated in the same way.
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ERRATA

These Annals Vol. IX, No. 3

P. 204, in the determinant of the second member in formula (9):

”»

read ‘“1—a,,”’ instead of ‘‘ —a,,
P. 207, 1st line: read ‘‘ quantitative’’ instead of ‘‘ quantitive”.
R,

(2]
k+ k

P. 211, the last line: read “‘---+an.q. + »’ instead of

éé R'
cee +a:kqn‘?k'1‘k)k7 ” .

Vol. X, No. 1
P. 33, Theorems 1~4: read ‘“ X'’ instead of “a”.
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