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(Received Dec. 20, 1957)

Summary. In this note, we shall consider the wusage of the
generalized Student ratio 7 or 7% which is the statistic introduced by
H. Hotelling [38, 4], in the analysis of variance or dispersion. F. A.
Graybill and J. L. Folks [1, 2] have shown that in a randomized block
experiment and in the situation of heterogeneneity of error variances,
the equality of main effect constants can be tested by using the
T*-statistic. It will be shown that their approach is easily extended for
testing the significance of the interaction in a two-factor experiment
with different error variances. For the multivariate analysis of
dispersion, the use of the generalized 7™ measure is illustrated by a
simple example and the asymptotic power of the test based on this
statistic is also considered. The tables of 59 and 19; significance points
for this test are prepared for three and four dimensional cases.
1. Two-factor experiment.

Let us consider that we have a factorial experiment with two factors
A and B, A being at p levels and B at ¢ levels and moreover the pattern
composed of those pq treatments be carried out, for example, at each of n
locations or in each of » days. We assume that the individual z,,(:=1,
2,---, p;75=1, 2, .-+, q; v=1, 2, ---, n) have the mathematical model
(1) Tia=p+ 0+ B +1+ 0t ey
with ordinary restrictions ‘z_]im:g‘,ql ﬂ,:é m___é 753=0, where p is the
general mean, «; is the effect of the ¢ th A, B3, is the effect of the j
th B, 7, is the interaction between the ¢ th A and the j th B, 4, is
the effect of the v th location or the » th day (assumed random) and
& (v=1,2, +-+, n) are error terms which are assumed to be distributed
according to a pg variate normal distribution with mean 0=(0, 0, ---, 0)
and with covariance matrix A,. Using the ordinary rule of notation, we

shall denote the mean of x,,, with respect to some subseripts by = with
the subscripts over which the mean operation is made replaced by dots.
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Then we can test the hypothesis H, that all the «; are equal, that is,
a,=0d,+++ =a,(=0) in the following way : defining new variables such
that

yi-vzxiw_wrv:ac_ay‘}' €iey—Epey

2
(2) (=1, 2, -+, p—1; v=1, 2,---m),

the row vector y,=(¥1.y, Yaes» ***» Yp-n+) Can be considered a random
sample of size n from a (p—1)-variate normal population with mean
(v,—a,, a,—ay, -+, a, ;—a,) and with covariance matrix A,. Then
we can test H, by the Hotelling’s T*-statistic

(3) T'=n—-1y Sy
where y=... ¥s-, *** s Yp-1)-+)s Szié(yv—y)’(y,—i), S-' is the

inverse matrix of S and y' is the transpose of y, and hence we can
also test H; by the criterion

(4) F=(—ptD T* _(n—p+lny i(yv—i)’(yy—a)]”af
p—1 n—1 p—1 =

which has Snedecor’s F distribution with p—1 and n—p+1 degrees of
freedom under H, if n>p—1.

If we want to test the hypothesis H, that f,=0,= -+ =5,(=0), we
can do it in the same way as above.

Next we shall consider the test of the hypothesis H; that all the
7., are zero, the «, and the B, remaining unspecified. To do this we
consider the (p—1)(¢—1) new variables such that

ytjv=x¢jv—xlqv—ijv+quv
(5) =7U-nq—'ij"l"ryq'i'(etjv—eiqv_épjv+€pq‘/)
?::1; 29 ctty p—l; j:]., 2’ cty q_l; V=11 2; cee, M.

It is easily verified that the original hypothesis H; is equivalent to the
hypothesis H, that ¢ ;=ry;—7.,—7ss+75 are all zero as follows: if all
the 7,, are zero, it is obvious that all the ¢,, are zero. If ¢;,=0 for
=1, 2,.-., p—1 and j=1, 2, -++, ¢—1, we have

q=1 q—1 q-1
jgi ¢u=j_Zl th_(q—l)rtq_'gi Tp1+(q—1)qu=Q(qu—ch)=0 ’

q . p-1
since Y. 7,,=0. Therefore r,,=7,, and r;=r,;,. Similarly, from > ¢,,=0
J=1 {1
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and ¢,,=0, we have 7,,=7,, and 7,,=7r,. Hence r,=r,=7rp;=7p that
is, all the 7, (:=1, 2, -, p; j=1, 2, ---, q) are zero.

Since we can consider the set of y,,, for fixed » as the (p—1)(¢—1)
-dimensional normal variate with mean ¢,, and covariance matrix A,
we can test H; by using the Hotelling’s T”

(6) T'=(n—-1)Y V'Y
and hence by

o n——Da=1) T*
p—D(a—1) n-1

= (-Da=DIn g &y Frx— BT
o—Da—1) LI )]

which has F' distribution with (p—1)(¢—1) and {n—(p—1)(¢—1)} degrees
of freedom, where Y is the mean of Y, which is the row vector with

(7)

components ¥, in some arrangement and V is the covariance matrix
of ¥, (v=1, 2, +++, n).
2. The multivariate analysis of dispersion.

Let us consider, for example, a randomized block design in which
measurements are made in p dimensions and we assume that individual
results x;,=(@{P,2{?, «-- , 2%) are given by the mathematical model

(8) xu=ﬂ+7t+ﬂ]+eu (’b=1, 2: e y'r;j=1v 2’ b ,S)

with i‘, = SZ B.=0, wihere
J=1

=1
p=(p®, p®, ..., p®) is the general mean, r,=(z{", of?, -+ ,7{") is
the effect of the ¢ th treatment, 8,=(8%, B, ---, B)is the effect of
the 5 th block, and e,’s are normally and independently distributed
around O with a covariance matrix A. By the usual procedure we have

"_z{ g(x”-—x..)’(x“—x..)=sii_‘,l(xt.—x..)’(x,.—x..)+rj§i‘,1(x.,—x..)’(x.,—x..)

(9) +i Z(xu—xi.—x.j-l—x..)'(xu—x,.—x.j+x..)

fml Juml

=T+ B+FE.

E has the Wishart’s distribution with (r—1)(s—1) degrees of freedom
and E/(r—1)(s—1) is the unbiased estimate of A. T and B have the
Wishart’s distributions with (r—1) and (s—1) degrees of freedom if z’s
and A’s are zero, respectively. For testing the hypothesis that the
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effects of treatment are all zero, that is, H,: a@,;=a,= --+ =a,(=0), the
Wilks’ criterion W= |E|/|T+E|, which is the maximum likelihood
criterion, is used in the present practical application. But we can also
test this hypothesis based on Hotelling’s 7% as follows: from (9) we
have

10) tr A-l(g ;zl(x,,—x..)'(x‘,—x..))= tr A-'T+ tr A-B+ tr AE .

It is easily seen that tr A-!T has y* distribution with (r—1)p degrees
of freedom when H, is true, tr A-!B has y-distribution with (s—1)p
degrees of freedom if all the f’s are zero and tr A~'E is ¥* with (r—1)
(s—1)p degrees of freedom regardless of whether the z’s and B’s are
zero or not. Since we have not a priori the knowledge of A, we must

replace A by its unbiased estimate and in our present case we may use
1

L=-_ -~ . _F for it. Then we have the relation
(r—1)(s—1)

1) tr L"( ‘z; g,(xu—x..)’(x,,—x..))=tr LT+ tr L' B+(r—1)(s—1)p .

Thus tr LT is used as a criterion for testing the hypothesis H, and
tr L7'B is used as a criterion for testing the hypothesis that g,= ...
=p,(=0). Now we consider the sampling distribution of tr LT under
the null hypothesis H,. It is easily seen that, by suitable orthogonal
transformation, tr LT may be written as
13 .\, [ R
tr L7'T= tr (~Z y,y») zwzw)= 2 za(—Z yyyv) z,
a v=1 a=l a=1 av=1

where a=(r—1)(s—1) and p,(:=1, 2, ---, r—1) and 2z,(a=1, 2,.--, a)
are independently and normally distributed with zero mean vector and
with covariance matrix A. Therefore tr L'T may be considered as the
sum of (r—1) Hotelling’s 7™ statistics, i.e., T7+Ti+ .- +T%_,, components
of which are depend on the same unbiased estimate of A. The criterions
of this type were initially considered by Hotelling [4] and its exact
sampiing distribution is known when p=2 and moreover, the tables of
percentage points of the criterion for testing are now available in this case.
For p=3, the approximate formula of percentage points of the criterion,
which was obtained independently by the author [7, 8] and K. Ito [5],
is prepared for use. If we denote, in general, the statistic considered
above by
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(12) Ti—mtr L'V= tr L'l( S y;y,) ,
V=1
where L and V are two independent unbiased estimates of the population
covariance matrix A with n and m degrees of freedom, respectively.

Then the approximate formula of the 7x100 percentage points, T4(7),
is given as

Tﬁ(v)=x’+—;”n—[p(p+1)(x4+x,)+mp(x4—x=)]

(1= Yip D )+ T

_%[p(p‘i’ 1)(Xa+ 22) +mp(xs— 1) [0+ 1) (@ — 1) +mp(xs— 22+ 1)]

(13) ——;—[p(p’+4)(xs+ Yot Xa) +3mp(0+1) (Yo — xa) +m*0(Xe— 224+ X2)]

+%§ [4p(2p*+5p+5)(xs+ Yo+ X+ Xs) +16mp(D+ 1)(xs—22)

+mp(p*+20*+5p+4)(As+ Yo — Xe—X2)

+2m’p(P*+p+4) (s —As—Xs T xz)+m3p’(xs—31e+3x4—xz)]}
+0(n™?) ,

where y*=y%,(7), that is, 7x100 percentage points of »* distribution
with mp degrees of freedom, and ¥, =y%,(7)/mp(mp+2) - - - (mp—+28—2).
Table I and Table II give the values of T%7) calculated by the above
formula for p=38, 4 and 7=0.01, 0.05.

2.1. The power of the test based on the statistic T;. In order
to evaluate the power function of the test based on the statistic
tr L'T or tr L'B, we shall consider the sampling distribution of the

general criterion Ti=m tr L-'V=tr L"(i y;yy)=§] u.L 'y, under the
y=1 Vel

hypothesis that y, has the mean vector 7, all of which are not zero.
If we have so large value of » thet L may be replaced by the population

covariance matrix A, we can consider yi= tr A*l( f} y,',y,,) instead of T%.
Y=l

In this case, ¥ is distributed according to the non-central chi-square
distribution with mp degrees of freedom and with the parameter o,
where

(14) P=Z A7,
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m m
since x.ﬁ:y}__‘i L= 21 u.A7'y., xi, has the non-central chi-square distribution
- ym

with p degrees of freedom and with the parameter d,={,A"'7;}% and
1(»=1, 2, -+, m) are mutually independent.
When 7 is not so large, the more accurate formula is necessary,

which will be considered from now on.

From the distribution of ¥Z,

we have
(15) P,{mtr AV <28} =G&; 3) ,
TABLE Ia 7%0.05) for p=3
- ”’ 10 | 12 ] 14 { 16 | 18 ‘ 20 ‘ 22 | 24 | 2 | 28 | 3
1 | 15.25| 13.35] 12.22 11.46 10.93 10.53 10.22] 9.98| 9.78 9.6l 9.47
2 | 23.32 21.04 19.53 18.47 17.68 17.07 16.59 16.21 15.88 15.61' 15.39
3 | 31.94 28.73 26.61 25.12 24.01 23.16 22.49 21.95 21.50 21.12 20.80
4 | 40.46 36.28 33.52 31.58 30.14 20.04 28.17 27.47 26.89 26.41 25.99
5 | 48.44 43.40 40.08| 37.74 36.01 34.68 33.63 32.78 32.08| 31.50, 31.00
6 | 56.52 50.56 46.64 43.88 41.84 40.27 39.03 38.03 37.21 36.52 35.93
7 | 64.53 57.66 53.14| 49.95 47.60] 45.79 44.37| 43.22) 42.27| 41.47] 40.79
8 | 72.50 64.72] 59.59 55.98 53.31 51.27| 49.65 48.35 47.27 46.37 45.61
9 | 80.43 71.73 66.00 61.97 58.99 56.70 54.90 53.44| 52.24 51.23 50.38
10 | 88.33 78.72 72.38 67.93 64.63 62.11 60.12 58.51 57.18 55.96 55.12
12 | 104.0 92.60 85.07 79.77, 75.85 72.85 70.47| 68.56 66.98 65.65 64.53
14 [119.7|106.4 | 97.69 91.54 87.00 83.51 80.76) 78.53 76.70 75.16 73.85
16 | 135.1 | 120.1 | 110.2 | 103.2 | 98.08| 94.12 90.99| 88.46 86.37| 84.62 83.13
18 | 150.5 | 133.8 | 122.7 | 114.9 109.1 | 104.7 | 101.2 | 98.34 95.99 94.03 91.36
20 |165.8 | 147.3 | 135.1 | 126.5 | 120.1 | 115.2 | 111.3 | 108.2 | 105.6 | 103.4 | 101.6
T — "] % 40 45 50 | 6 | 80 100
1 9.18 8.99 8.85 8.74 8.57 8.37 8.26
2 14.94 | 14.61 | 14.37 | 14.17 | 13.89 | 13.55 | 13.35
3 20.18 | 19.73 | 19.48 | 19.11 | 18.72 | 18.24 | 17.97
4 25.19 | 24.61 | 24.17 | 23.82 | 23.32 | 22.71 | 22.36
5 30.03 | 20.33 | 28.80 | 28.38 | 27.77 | 27.03 | 26.6l
6 34.79 | 33.96 | 33.33 | 32.85 | 32.13 | 31.27 | 30.76
7 30.48 | 38.53 | 37.81 | 37.25 | 36.42 | 35.43 | 34.85
8 44.12 | 43.04 | 42.23 | 41.50 | 40.66 | 39.53 | 38.88
9 48.72 | 47.52 | 46.60 | 45.80 | 44.85 | 43.50 | 42.86
10 53.28 | 51.96 | 50.95 | 50.16 | 49.01 | 47.62 | 46.81
12 62.34 | 60.76 | 59.56 | 58.62 | 57.25 | 55.59 | 54.63
14 71.31 | 69.47 | 68.08 | 66.99 | 65.30 | 63.46 | 62.34
16 80.23 | 78.14 | 76.54 | 75.30 | 73.48 | 71.27 | 69.99
18 89.11 | 86.75 | 84.97 | 83.57 | 81.52 | 79.04 | 77.59
20 97.95 | 95.34 | 93.35 | 91.80 | 89.52 | 86.76 | 85.15




where p=mp/2 and

(16)

Gt ; d)=e2
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< (62/2)" S§t9+"-l -t dt
2N oue|
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According to the Welch-James’ method [6, 9] which was used to obtain
the formula (13), we try to evaluate

P{mtr L"V=28 =|1+ 71&

rstu

2 AurAsi0ri0.u

TABLE Ib T%0.01) for p=3

DR T 12 } 14 | 16 ] 18 | 20 | 22 | 24 | 26 | 28 | 30
1 | 28.47 23.59 20.83 19.08 17.86| 16.97 16.30| 15.76| 15.33 14.98 14.68
2 | 36.80 32.40 20.52 27.50 26.01 24.88 23.99| 23.27| 22.68 22.18 21.76
3 | 48.24 42.35 38.49 35.80 33.82 32.32 31.13 30.17| 20.39 28.73 28.18
4 | 59.19 51.85 47.05 43.70 41.24| 39.37 37.90 36.72| 36.24 35.43 34.74
5 | 69.88 61.10] 55.37| 51.37 48.44| 46.21] 44.46 43.05| 41.89 40.92 40.11
6 | 80.41 70.20 63.55 58.90 55.50 52.91 50.87| 49.24| 47.00] 46.78 45.83
7 | 90.83 79.20 71.62 66.33 62.46 59.51 57.19| 55.33 53.81 52.53 51.46
8 |101.2| 88.11 79.61 73.60| 69.34 66.04 63.44 61.35 59.64 58.22 57.01
9 |111.5| 96.98 87.56 80.99 76.17 72.51 69.63 67.32 65.42 63.84 62.50
10 | 121.7 | 105.8 | 95.45 88.24| 82.96 78.94 75.78 73.24| 71.16 69.42 67,95
12 | 142.1|123.4 | 111.2 | 102.7 | 96.49 91.74 88.02 85.03 82.57, 80.52 78.79
14 | 162.2 | 140.8 | 126.8 | 117.0 | 109.8 | 104.4 | 100.1 | 96.65 93.82| 91.47! 89.47
16 | 182.2 [ 158.1 | 142.2 | 131.1 | 123.1 | 116.9 | 112.1 | 108.2 | 105.0 | 102.3 | 100.1
18 | 202.0 | 175.1 | 157.6 | 145.3 | 136.3 | 129.4 | 124.0 | 119.7 | 116.1 | 113.1 | 110.6
20 | 221.5192.0 | 172.7 | 150.2 | 149.3 | 141.8 | 135.8 | 131.1 | 127.1 | 123.8 | 121.1

T s | w0 | s 50 6 | s | 100
1 14.06 | 13.67 | 13.39 | 13.16 | 12.83 | 12.44 | 12.21

2 20.95 | 20.37 | 19.93 | 19.58 | 18.84 | 18.24 | 17.89

3 27.11 | 26.33 | 25.75 | 25.29 | 24.63 | 23.83 | 73.37

4 82.92 | 31.96 | 31.24 | 30.68 | 20.86 | 28.88 | 28.31

5 38.53 | 37.39 | 36.53 | 35.87 | 34.90 | 33.73 | 33.06

6 44.00 | 42.68 | 41.69 | 40.92 | 39.79 | 38.45 | 37.67

7 49.37 | 47.88 | 46.75 | 45.87 | 44.60 | 43.07 | 42.19

8 54.68 | 53.00 | 51.74 | 50.75 | 49.32 | 47.61 | 46.63

9 50.92 | 58.06 | 56.66 | 55.57 | 53.99 | 52.00 | 51.00

10 65.12 | 63.08 | 61.54 | 60.35 | 58.61 | 56.53 | 55.33

12 75.44 | 73.03 | 71.22 | 69.81 | 67.75 | 65.30 | 63.88

14 8.6 | 82.84 | 80.75 | 79.12 | 76.75 | 73.91 | 72.98

16 95.71 | 92.56 | 90.19 | 88.35 | 85.66 | 82.44 | 80.58

18 105.7 | 102.2 99.57 | 97.51 | 94.50 | 90.89 | 88.81

20 115.7 | 111.8 | 108.9 | 106.6 | 103.3 99.26 | 96.95
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nz 3 rstuow 2 rstuovwry

+0(n'3)]P,{m tr ATV <28} ,

o
04,
taken over r, s, --- =1, 2, .-+ p.

2.2. The evaluation of the derivatives of P.{mtrA'V<2f}. We

where 6r8=%(1+6,,) , (0,s is8 Kronecker’s J), and summations are

TABLE IIa T%0.05) for p=4

"\m\”ilo[m[u[m‘w‘zoi22{24126‘28130

1 | 23.54 19.38 17.09 15.65‘; 14.67| 13.95 13.41] 12.98 12.64{ 12.36i 12.12
2| 3285 20.04 26,55 24.80 23.51 2253 21.75 2113 20.62 20.19 19.82
3| 4511 39.80 36.32 3.8 3210 30.73 29.65[ 28.79 28.08 27.48 26.98
4 | 6.9 5017 45.74 42.63 40.35 39.61 37.24 36.14 35.24 34.48 33.84
5 | 68.59 60.34 5495 5119 48.42 4631 44.65 #3.32 42.22 41.30 40.52
6 | 80.09 70.39 64.05 59.62 56.37 53.89 51.94 50.37 49.08 48.01 47.10
7 | 951 80.35 73.07 67.98 64.24 61.39 59.15 57.35 55.87 54.63 53.59
8 |102.04 9.32 82.07 76.32 72.09 68.87 66.34 64.30 62.63 61.23 60.05
9 |114.4 100.3| 91.08 84.64 79.92 76.33 73.50 71.22 69.36 67.80 66.48
10 |125.3 | 109.8 | 99.72 92.67, 87.49 83.54 80.43 77.94 75.89 74.17 72.72
12 | 147.9 | 129.5 | 117.5 109.1 102.9 | 98.20 94.51 91.53 89.09 87.06 85.33
14 170.3 | 148.9 | 135.0 125.2  118.2 | 112.7 | 108.5 | 105.0 | 102.2 | 99.84 97.85
16 | 192.5 ' 168.3 | 152.5 | 141.5 | 133.4 | 127.2 | 122.4 | 118.5 | 115.2 | 113.6 | 110.3
18 | 214.6 187.6|170.0 | 157.6 148.6 |141.6 136.2 | 131.8 128.2 | 125.2 122.7
20 | 236.6 | 206.8 | 187.3 | 173.7 | 163.7 | 156.0 | 150.0 | 145.2 | 141.2 | 137.9 | 135.0

" 35 ‘ 40 ‘ 45 50 60 | 80 100

—

1 11.62 | 11.32 | 11.09 | 10.92 | 10.66 | 10.35 | 10.16

2 19.12 | 18.61 | 18.22 | 17.92 | 17.48 | 16.95 @ 16.65

3 26.00 | 25.29 | 24.76 | 24.35 | 23.74 | 23.01 | 22.59

4 32.60 | 31.70 | 31.03 | 30.50 | 29.73 | 28.81 | 28.28

5 39.02 | 37.94 @ 37.12 | 36.49 | 35.56 | 34.44 | 33.80

6 45.33 | 44.06 | 43.11 | 42.36 | 41.27 | 39.97 | 39.21

7 51.56 | 50.11 | 49.01 | 48.15 | 46.90 | 45.41 | 44.54

8 57.76 | 56.11 | 54.87 | 53.90 | 52.50 | 50.81 | 49.83

9 63.92 | 62.08 | 60.70 | 59.62 | 58.05 | 56.16 | 55.07

10 69.92 | 67.90 | 66.38 | 65.19 | 63.47 | 61.39 | 60.20

12 82.00 | 79.60 | 77.79 | 176.38 | 74.32 | 71.86 | 70.44

14 93.98 | 91.20 | 89.10 | 87.47 | 85.09 | 82.23 | 80.58

16 105.89 | 102.73 | 100.34 | 98.48 | 95.77 | 92.52 | 90.64

18 117.8 | 114.2 | 111.5 | 109.4 | 106.4 | 102.8 | 100.6

20 129.6 | 125.6 | 122.7 | 120.4 | 117.0 | 112.9 | 110.6




consider
(18)

where ¢ is a symmetric matrix composing of the small increments
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J=P,{mtr (A+e)V<2¢} ,

2;;. Then, by Taylor’s theorem.

19 J=[1+ Sedty

rstu

Z ersemarsam'i_ b

On the other hand we can also express J in the form
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TABLE IIb

14 ! _iéw ‘

T%0.01) for p=4

18 | 20 2 | 2 |

]P,{m trA- vV <28} .
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€43 tO

26 ]

28 |

30

34.25]
43.42
56.94
69.86!
82.47
94.88
107.15
119.49
131.65
143.50
167.56
191.39
215.08
238.63
261.96

28.86
48.98
51.06
62.59
73.83
84.88
95.80
106.76
117.56
128.09
149.45
170.60
191.63
212.55
233.29

25.63
35.89
46.98
57.55
67.84
77.94
87.92
97.93
107.79
117.41
136.89
156.19
175.37
194.45

213.39

23.49
33.63
43.99
53.87
63.46
72.88
82.18
91.50
100.67
109.63
127.74
145.67
163.50
181.24
198.85

21.97, 20.84

31.92| 30.57

41.73| 39.96

51.07| 48.89
60.15 57.55
69.05 66.05
77.83] 74.43
86.62, 82.81
65.28 91.06
103.73) 99.11
120.80, 115.37

137.70 147.47

154.50, 147.46
171.22| 163.38
187.82 179.18

19.97,
29.49
38.54
47.13
55.47
63.65
72.70
79.75
87.68
95.42
111.03
126.47
141.82
157.09
172.26

19.28
28.61
37.37
45.70
53.77
61.68
69.47
77.26
84.91
92.40

107.38; 104.52,
122.39| 118.99

137.21] 1

151.95! 147.67

166.59{1

18.71
27.87
36.40
44.51
52.36
60.05
67.62
75.18
82.62
89.88

33.37]

61.87

18.25
27.25
35.59
43.50
51.17
58.67
65.06
73.43
80.68
87.76
102.03
116.13
130.13
144 .06
157.89

/
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40 ‘

45

|

50 |

60

80

100
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110.6
123.9
137.1
150.2

17.22
26.05
34.01
41.56
48.87
56.01
63.04
70.05
76.95
83.68
97.23

16.65
25.19
32.88
40.17
47.22
54.11
60.89
67.64
74.28
80.76
93.79
106.7
119.4
132.1
144.7

16.23
24.54
32.03
39.13
45.99
52.69
59.27
65.53
72.28
78.58
91.22
103.7
116.1
128.4
140.6

15.92
24.03
31.37
38.32
45.02
51.58
58.02
64.13
70.72
76.88
89.22
101.4
113.5
125.5
137.4

15.44
23.31
30.41
37.14
43.64
49.98
56.21
62.09
68.47
74.42
86.33
98.07
109.7
121.3
133.7

14.85
22.44
29.27
35.74
41.98
48.07
54.04
59.67
65.80
71.49
82.88
94.12
105.2
116.8
127.2

14.51
21.93
28.62
34.94
41.04
45.98
52.80
58.29
64.26
69.81
80.91
91.83
102.6
113.4
124.0
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T=@0* 1A | exp {~ L & a—v)A @~} M ap.

where R is the domain defined by

(@1

R: ﬁ‘.l Yo A+€) Y. =26 .

Now we make the non-singular linear transformations

y,,=Z,C, v¢=CasC’ a=1,2, ...

such that

-21-C(A+e)-10'=1, %CA“C'=I—T ,

Whererr is a diagonal matrix, diag {r;, 7. -+, 7,}. Under these trans-
formations J becomes

(22)

J=r 1111”3 exp {3} (Z~C)I—1) (Z.—y} 14z,

R:YZ7Z,<¢.

a=1

Furthermore this integration can be expressed in the very simple form
as below :

J=a\ -1 3| exo |- 2.2:4 5 zar2

+2 3 ZuI—1)— 3 7)o} T dy

- ﬁ ﬁ T:a:(l _T‘)"aEZ"th:;u

m 52 d
=rP|I-rlre~s > > e
v RIS -DI“‘ LTINS =0
11 mp 11 ‘mp I 11 Vax! ‘um!
@=1{=1
m &= zp:zz m p
XS II HZZ:‘“"L“"‘ e-az-:u-l “ 11 1I1dZ,,
R @=1t=1 a=1 (’-1
v 214 214 24
m 52 oo oo m p wi(]l — i e g s
=r?|I—7ylte-r 3| > I e (1—7) ¢

VI V™0 Bpe by p =0 @ =1 620 Var | (2p10) !

m p
m p __1_ - t
XS m p I 11 t:‘:ﬁu“‘ e w;u%:x ot 11 dt,,
Sy tmgm-l i=1 @,f

@mli=1

1

v I‘( @ + . —Q)
et B 5 reopyrege Tl ar
@=1i=1yg kg =0 Vai! Hai! F(#wt-{'- %)
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X 1 SE 2(V¢¢+Ilw)+p 1 ot dt
I:Z (Var 'I‘,”a;t) + P]
e Va2
—lI-—rlze'* IT IT Z (L= Pend e
=1 f=1 y.‘“=0 llai!
S Yot 2t )t 0
Ve =0 Vg ! 2 2 (Vai+pat)+p

£

where GG(E)=[I‘(a)]'1S to-le-t d¢. If we define a operator E for fixed ¢
0

and for any positive integer f such that E'G,(§)=G,.{¢), we can write

Yai

L ! (Vwi+ﬂwi—_;“)(ywt+#wi_‘2") tee (ﬂwi"*'%)GZ(Vurl"ﬂas)'l'ﬂ(E)

mi s

a=11i=1 v‘"—o

—1I f’[(1_;«,E)-(W%)GZ,,MH(E) -

a=11i=1

Therefore
T 11 Moy a1 — —Eay
u—rEN e o S00T Tyt o
lI—Tl z"‘ TTK, m P 2paitp
e IT II pry !

) (LB g S AT S a—rota— ) [Gut®

=

—{ITEIN -8 S TS e (- nU—1E) (U -1)C ] Gk -

|\ I—7| =0 gl
Since
ey  ITTEL AT aT AR = patga- D)
and

@5)  LI-nI— rE‘)'l(I—r)C;=%vw[I— (A+8) A= ATA Y, ,
we have the expression
@6) J={I-XAl}re f‘a Jl‘[_:lz. i 7(I— XA)"'A-17, | G, (€)

where A=FE—1 and X=(A+¢)'A—1.
In order to obtain the derivatives of P,{mtr A7'V<2¢}, we must
carry out the expansion of the above J in powers of e, and compare
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the result of the expansion with (19). Since
(- XAI-5=1+" tr Xa +%|:tr(XA)2+%(tr XA)“:I-i— e
and  (I—XA)-'=I+XA+(XA)+ -+,
we have, noting 32:,,;2"1 .M,
J= {1 +7 tr XA+ [tr (Xay+7 (tr XA)z] +7% (o XA);EI%XA"W;(A? +A)
(27) +—éﬁ1%XA’lv;(AZ+A)+-§~§I%PA-5;;(A3+A2)
+ o (S (@280
+(terms of higher powers than X"‘)}GP(E; d) .

Now we interpret E as the operator such that E/G,(&; 6)=G,.(¢; 9).
Let us use the abbreviated notations

Ap=0, A= ’;(1-’[-5,.3) 6?—A, [7'8]: tr A7'A,, [rsltu]:tr AN AT Ay, oot
]

?n) = 01362= 5”;_]1 7wA_17; = Z-j,l%A'lA,sA“y;,
o= > RuA AL AL AT, <o
=1
Since X has the expansion

X=- EersA_lArs + Z ersetuA_lArsA_lAtu - Z ersstueva_lArsA'lAtuA_lAuw +eee
s T

rstu rstuvw

J can be written
(28) J= {1_ Z srs(Fl)+Z ersem(FZ)_ D }Gp(é ’ 5) ’

where
(FD="2rs]A+ ) dtrf(B744) ,
(F)="" Irsltu)( A+ &%)+ [rsll A"+ [rslofun(a' + &)
1 Brvaan (2O HA) - (A 280+ )

and so on. Thus we have
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8,,P, {m tr A-'V<26) = — { [rs]a+ L ﬁ,s)(Az+A)} (€3 9)

(29)
= {%[7‘8]-{-?53”)E2}gp(5; 6) »

8,0, P, {m tr A-1V§2e}=—{ [rsltu)(E"+ B)+2 rsltul(E*— E)
(30) + (8 (B B)+ S o B

+ %ﬁ 6?rs)5?zu)(E4—E‘3)}gp(E ’ 5) ’

and so on, where

)

it I(e+3)

ﬁP-g-J-le—&

gp(E; 6)=Dp(5; 6)=3 %‘2

E'gf§; 0)=g,s(&; 0)

2.3 The approximate formula of P.{mtr L-'V<2&} up to the order
n~'. Substituting (80) into (17), we obtain

P.{mtr L"'V=2& =P,{mtr A-'V=2¢}
_5_: au,z,,,{ [rsltu](Ez—i-E)-l— Trsltul(E—E)
+2 [rs]aaw(Eﬁ—Eﬂ)+a%,s.m>E3+%az,.,>6zm>(E*—E3)}g,(e ;)
(31) +0(n"?)
=63 =L o+ B+ E)+ 2 (B~ E)+ (B~ )
nL4 4 2
+@AD)PE+ 3 3 0 ) (B mena) BB |ose s ),
t,7 k,1 =1 =1
+0(n?) ,

since individual terms of the right hand side are easily calculated as

S dudulrsitu]= %z zmzs,(aurz“-rzusrt):%p(pﬂ) ,
rstu rstu

S, ddufrslltu]l=p

S Al = 3 3 A A= 2 78S A A=
rs U K-
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Z Xurlsts(n.tu) —Z 'zurxstz Vw _]ArsA lZ\Lu‘A 1770!—(2)'!'1)62

rstu
3 rdaieo =5 5 20 3 vty | B e
rstu i, k,1 a=1 K]
Then we finally obtain, as the approximation up to order -,

Pmtr LT'V<2:} =G,(&; 3)—~-[—7i‘p (p—m+1)g,.(§ ;5 0)
+72{ Lo+ D+ TR —5lge s 0)
212 2 P

(32) {( ~+p+l)b"' P /1’“1”(277“%)(;23 mww)}gm(é; )

i1 Kk,
5 52 5 10 ) B e 5 9) 40027
7,9 Tl @=1 @=1

The term of order n~* is extremely complicated and omitted here.
From (32), we can approximately evaluate the power P.{m tr L-'V> Ti(p)}
under the alternative hypothesis. '

It is convenient to notice that when p=2,

(33) 5 5 22 2 700 ) (5 Tuaton ) == 21 S v 10

and when m=I

(34) A nm g =3, 3 (9l (87,)=6* .
i, k,i t,J kK,
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