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Introduction and summary

The theorems of information theory on the relation between the
capacity of a noisy channel and entropy of a source have interested
many mathematicians, since Shannon’s pioneering work: Shannon [5].
Particularly we must cite the works of McMillan [4], Feinstein [1] and
Hinéin [3]. McMillan [4] refined Shannon’s concepts and generalized some
of his results. Feinstein [1] reformulated the relationship in question
and introduced a very excellent idea. Recently, Hinéin has written a
full treatment (Hinéin [3]) on the basis of these works. Regretfully,
however, this treatment have some accounts which are very long and
are hard to read. The purpose of this paper is to refine some proofs
of Hinéin [3], to note a careless mistake there (see § 1), and to refor-
mulate the second theorem of Shannon given by Hinéin [3], § 16 (see
§ 4, Theorem 4.2). We have intended to write as completely as pos-
sible, because Hinéin’s paper [3] has been written in Russian and infor-
mation theory will interest most of probabilists and statisticians.

§1. Preliminaries

1.1. Information sourre. By definition, an alphabet is a finite set,
any element of which is called its letter or symbol. Let A be an al-
phabet, and let I denote the sequence of all integers: I=(---, —1, 0,
1,2, ...). Then A’ denotes the class of infinite sequences

T=(v, Tgy, Xy, Ty, Tyy o+ ), z,ed, iel.

Let F, be the Borel field of subsets of A’ determined by all cylinder
sets. If p is a probability measure defined over the Borel field F',, the
probability space [A7, F,, #]*, or, the stochastic process

(1) 20y Tegy Xy Xy Xyy o0
which is constructed by the coordinate variables in this space, is called

* Let us suppose that F4 is enlarged so that x is completed if necessary.
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an information source, and is denoted simply by [4, #]. Occasionally,
the stochastic process (1) is said to represent the source [4, ¢]. An in-
formation source is said to be stationary or ergodic, if the stochastic
process representing it is strictly stationary or ergodic.

We shall denote by T the coordinate-shift transformation in A’:

(T2)s=(@)ns, €A, —o0<n<oo,
where (), denotes the nth coordinate of w, that is,
(@) =2s
if 2=(e++, @y, %, &, *+-). Let x5 be the indicator of a set Se F,, that

is, the function such that ys(x)=1 or 0 according as x€ S or not. If
for almost all xe A,

lim ;lz-z 1:(T*2)=p(S) ,

then it is said that the source [A4, #] “reflects” the set S. Let a,€ A
and let v, be integers for ¢=1, 2, ---, n. We shall denote by [a,, a,,
cee, @3 vy, Yy ¢+ oo, vy] the cylinder set over the coordinate numbers vy, v,,

o.., yﬂ

{x; Ly =gy Xy, =0yy =, :v,"=a,,,}
where
$=("', -1y Loy &1y Ly * ") .

We shall use, in the sequel, the following

LEMMA 1.1. In order that o stationary information source [A, p] s
ergodic, it i8 necessary and sufficient that the source reflects all cylinder
sets of the form [ay, @y, +++, @y; 1,2, +++, n], where n=1, 2, ---, a,€ A.
(see Hinéin [3], §4).

The entropy of a discrete probability distribution {p,, Ds ***, Da},
p,=0, 3, p,=1, is defined by

H(plt Dz ¢y p")z—; D 10gp¢ ’

where p, log p,=0if p,=0. Let us take 2 as the base of the system of logari-
thms. H(p,, p.,- *+, p,) isalso denoted by H(p,; =1, 2, -+, n). Occasionally
the entropy of the distribution of a random element x is denoted by
H(x). Let », y be random elements with a discrete joint probability
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distribution. The average value of the entropy of the conditional dis-
tribution of x when y is given is called the average conditional entropy
of « relative to y, and denoted by H,(z). As is easily verified, we have

(2) H(x)=H(x, y)—H(y) ,

and

(3) H,(x)<H()

(see, for instance, Shannon [5], Hiné¢in [2].)
Let

eocy Loy Lyy Lyy oo
be the stochastic process representing an information source [A4, ¢]. Put
Xn=(a71’ Tyy =y xn) ’

and denote the entropy of random sequence X, of n letters by H,, that
is, put
Hn= _Elog #(Xn)

where E denotes “ mean value of . The H, can be interpreted as 1)
the measure of uncertainty concerning an unknown realization of random
sequence X,, when only its distribution is known, or as 2) the average
amount of information when this unknown realization is known. (see
Snannon [5] and Hinéin [2]).

We use the following facts.

THEOREM 1.1. If the information source is stationary, then H,[n
converges to a finite limit H=0. -

(4) H=lim &

R0 N

This limiting value is called the entropy per symbol of the informa-
tion source. (4) is rewritten as lim E' ——l~log p(X,)]:H. As a strong-
nse n

er proposition we have the following

THEOREM 1.2. (McMillan [4]) If the information source [A, p] s

ergodic, then —%log ©(X,) converges to H in probability, as n— o,

1.2. Channel. Let A and B be two alphabets. If there exists a
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family of information source [B, v,], one for each ze A’, a triple of two
alphabets A and B and the list of probability measures {v,; x€ A’} is
called an channel, and is denoted by [4, v,, B], and A and B are called
input and output alphabets of the channel, respectively.

The concept of stationarity extends to channels. A channel [4, v,, B]
is called stationary if, for any € A’ and for any Se Fl,

v(S)=vp(TS) ,
where T is the coordinate-shift transformation :
T2)=(2)n+1 » TY)n=W)n+1 » for xe A, yeB'.
Let [4, v,, B] be a channel. Let

y(j)——'_(" *y —j%’ ’.IIS”, ’.ll§”, yg”s . ') ’ .7=1y 2,
be the stochastic processes representing the source [B, v,»], correspond-
ing to sequences

9?(1):("‘,27(_'.’2, 27(()"), xgj), xgj)’ "') ’ j’-:]., 2.

Suppose that, for each ¢, if
P =P , for all i<t

then (-, ¥, %) and (---, ¥, ¥”) have the same probability distri-
bution. In this case the channel is said to have no foresight. If, more-
over, there exists a constant nonnegative integer m such that

V=g , for s—m=Zilt

implies that (¥, &, «-+, ¥) and @2, i, -+ -, ¥i*) are identically dis-
tributed, for each pair of integers (s, t) with s <¢, then the channel
is said to have finite memory m. If, for each xe A’, there cor-
responds an integer m,(x)=0 such that the stochastic process

ceey Y1y Yoy Y19 Yoy = °

representing the source [B, v,] is m,(x)-step dependent, that is, (¥,, ¥, .1
<o+, y) and (¥, Yr+1, - -+, Ys) are independent if p<gq, r<s, r—q>my(x),
then the channel [A, v,, B] is said to be m,( - )-step dependent.

The proof of Hindin [3] goes on as if a stationary channel with finite
memory m and no foresight be m-step dependent. However, this is not
true. For example, let A={1,2,---,n}, and let {Y(ay, @, *+-, Gn);
@, *+*, @, €A} be a family of random elements taking letters of an
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alphabet B as values, one for each sequence (a,, a,, - --, @,) € A™*'. For
each sequence

T=(") Togy By, Ty =-+) €A’

define v, by the probability measure over F’; determined by the sequence
ccy Y1y Yoy Yy Yoy *°°

where
(5) Yi=Y (@icmr Timms1r ***» ) .
Thus we have a stationary channel [A4, v,, B] with no foresight and with
finite memory m, which is not m-step dependent. Next, we shall give
an example of a stationary m,-step dependent channel with no foresight
and finite memory m, by a modification of v,. For a sequence

w=(' 0y Loyy Loy L1y ') e A’ ’

let

(6) "'!yt-l»y!,)’y;)y;v"'
be a sequence of random elements taking letters of B as values, such
that
i) (yzt—l)(m.‘-l-l)ﬂ’ y;t‘-l)(ml+1)+z’ °t % yl';(ml-*-l)) ’
t=-ee, —1,0,1,2, «o

is an independent sequence with ¢ as index, and

ii) Wee-130m+ 1)+ 19 y:t-l)(m1+l)+2’ Tty yt(ml-ﬂ))

has the same distribution with

Y-Dm++19 Y-1)(mprn*ar *** yz(m,_+l))

for each t=.-., —1,0,1, ---, where y, are defined by (5). Denote by
v, the probability measure over F'; determined by the sequence (6). Then
we have a new channel [4, 1, B], which has clearly desired properties.

Interpretation for the above mathematical model of an channel.
1€ I denotes time. Let x, be a letter of A transmitted at time ¢ from
the input of a channel, ¢=1, 2, -... Corresponding to the sequence or
message transmitted from the input

a".‘:(xly T3y "') ’ mteA ’

we have a message
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Y= ¥ ***), ~ Y€B,

received by the output. If the transmitted message z is not always
able to be uniquely determined by the received message y, then we say
that there exists essential interference or noise in the channel. In this
case the received message y is considered as a realization of a stochas-
tic process with z as parameter.

Suppose that the durations of all letters are equal each other (qu-
antumization), and suppose that the sequence z,, z,, - - -, , yields the
sequence ¥, ¥, *+*, Y, for each n=1, 2, ..., Then, it is natural to sup-
pose that the distribution of y, does not depend on x,.,, ©nss +++. The
distribution of y, depends not only on the letter «,, but also, in general,
on the past letters «,, @, ---, x,-;, by the after effect of the channel.
If the sphere of influence of the after effect is bounded, then we have
the concept of finite memory. Sinece we shall consider only channels
of finite memory in this paper, we can proceed taking I,=(1, 2,---)
instead of I=(---, —1,0,1, 2, ---) in the definitions of an information
source and a channel, but still we use I in order to simplify the
mathematical descriptions.

1.3. Composite source of a source and a channel. We wish now
to examine a stationary channel “ driven” by a stationary source. Con-
sider a source [A, £] and a channel [4, v,, B] whose input alphabet co-
incides with the alphabet of the source. Suppose that the channel
[4, v,, B] has finite memory and no foresight. Denote the product space
AxB={(a,b); acA,beB} by C. We can define a measure over F,
by means of

w(MXN):S v(N)dp(z), for MeF,, NeF,,
M

where N is a subset of a finite product space BxBx --- x B. Note that,
from our hypothesis, for such a set N v, (N) depends on only a finite
number of coordinates of  and hence is a simple function of 2. Thus,
we have a new information source [C, w], which is called the composite
source of the source [A4, ¢] and the [channel [A, v,, B]. Each element
of C’, a sequence of pairs (x;, ¥;), ;€ A, y, € B, can be considered as a
pair (z, y) of sequences x=(+++, Xy, &, T;, +++) €A’ and y=(-+-, Y1, Yo
Yy, +++)€B’. In the composite source [C, w], v, is interpreted as the
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conditional probability measure of ¥y when « is given, w is the joint dis-
tribution of @, y, and ¢ is the marginal distribution of x. Denoty by 7
the marginal distribution of y. The sources [4, #] and [B, 7] are called
the input and output sources of the composite source [C, w], respecti-
vely. Let

i .(x—l’ y—l)’ (970: yo)r (zl’ yl)’ (wm yz); s

be the stochastic process representing the product source [C, w]. Then,
sy Togy Ly Lyy o ° and ety Y-y Yoy Yoy *°

are the stochastic processes representing the sources [A4, #] and [B, 7],
respectively. Put

an(xn Lyy *0°, 27,,) ’ Yn=(y17 Yzy = * yn) .

The entropy H(X,) of random message X, represents the measure of
uncertainty concerning an unknown transmitted message, and the aver-
age conditional entropy Hy (X,) of X, relative to Y, represents the aver-
age measure of uncertainty concerning a transmitted message when a
received message is given. If the amount of decrease of the measure
of uncertainty is considered as the average amount of increase of in-
formation, the diiference H(X,)—Hy,(X,) represents the average amount
of information obtained by the transmission of random message of n
symbols through the channel. Note that H(X,)—H, (X,) is always non-
negative by help of (8). Now, by the formula (2) we have

H, (X,)=H(X,, Y,)—H(Y,),
and hence,
(7) H(X,)—Hy (X, )=H(X,)+H(Y,)—H(X,, Y,) .

Now, suppose that both the source [4, £] and the channel [A4, v,, B] are
stationary. Then it is easily proved that the composite source [C, ] is
also stationary (see Hincin [3], § 10). This stationarity implies the sta-
tionarity of the output source [B, 7]. By Theorem 1.1 a stationary
source has the entropy per symbol. Denote by H,, H,, and H, the en-
tropies per symbol of the sources [4, #], [B, 7] and [C, w] respectively.
Then we have

lim E’%’Q=Hl ’ lim E%zHo and lim H—————-(X"’ Y.) =H, .
n
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Hence we have from (7)

(8) lim L (H(X,) - H, (X)) =H,+ H—H,=E  (say).

The limit R=0, which is considered as the average amount of informa-
tion per symbol, is called the speed of transmission when the channel
[A4, v,, B] is driven by the source [4, 4].

The relation (8) can be rewritten as

1 _L w(Xm Yn) —
(%) lim 5[ - 1og e Attt

If the composite source [C, ] is ergodic, then by Theorem 1.2 (9) is
strengthened as follows:

1,  oX, Y,
log X)) 79(X,)

This property (10) will play an important role in the later discussion.
In the next section, we will give a sufficient condition in order that the

(10) converges to R in probability .

composite source become ergodic.

§ 2. Ergodicity of the composite source.

Let [A4, ¢] be a stationary source, let [4, v,, B] be a stationary chan-
nel with no foresight and with finite memory m, and denote by [C, w]
the composite source of [A, ] and [A4, »,, B]. Let m(-) be a non-
negative integer-valued function defined on A’. The purpose of this
section is to prove the following

THEOREM 2.1. If a stationary source [A, y] is ergodic, and if a sta-
tionary channel [A, v,, B] with no foresight is m,( - )-step dependent and
has finite memory m, then the composite source [C, w] is ergodic.

To prove this theorem, we use the following lemmas.

LEMMA 2.1. Let [A, p] be an ergodic source, let u be a set of F,
with p(u)>0, and for a point xe€ A, denote the values of k=0 such that
T*xeu by ky, k,, -++ in increasing order. Then, for any positive integer
t, and for almost all x, this sequence ki, k., - -+ has an asymptotic distri-
bution modulo t. This means the following: let A(z, n) be the number of
ky such that k,=t mod (t) and that k,<n for each v=0,1, «++, t—1 and
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t-1
put A(n)=>, A(zr, n), then there exist limits
T=0 .

lim A&7

T T=0’1’21"”t_1s
ST

Jor almost all x.

ProOF. Denote by y, the indicator of the set . By the ergodi-
city of [A4, #] we have

(1) lim 20 — tim 15 y.(T%) = () >0

n—>co n n-eo N k=0
for almost all 2. And, by the Birkhoff’s indivisual ergodic theorem,

there exist limits

(2) 1m2@ ) _gim L5y (T =gi@),  ©=0,1,2, .-, t—1,

800 8 §3e0 § o=0

for almost all z. Let M be the set of x which satisfy (1) and for which
the limits (2) exist for all =0, 1, ---, t—1. Then g(M)=1. Fix ze M,
and put s=[n/t] for each positive integer n, then we have

NS SAm) <A+,
Az, 8t)<A(r, n)<A(z, st)+1
which imply with (1) and (2) ;that
A(n) =st(p(u) +0(1)) , (s—e),
Az, n)=s(¢-(x)+o1)) , (s—).
Hence we have

lim Az, ) _ ¢ ()
nee An)  tp(u)

which completes the proof.
LEMMA 2.2. Let [B, v] be an m-step dependent information source.
If for some cylinder set v=[b, b, +--, b;; 1,2, -+, l], and for some in-

finite sequence of integers 0<k,<k,<--- which has asymptotic distribu-
tion modulo m,+1,

(T -*w)=c (const.), i=1,2,:--,

then we have
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18 ki) —
lim = 3 x(T"y)=c
n-soe N i=1

for almost all ye B*.

PROOF. Let us note that
T—kﬂ.,:[bl, bz, see, b;; k‘+1, k‘+2, e, k¢+l]

and that k;—k,=m,+! implies that (k;+1)—(k,+0)>m,. Put t=m,+1
and write k=7, if k=7 mod (¢). From the hypotheses it follows that
{o(T*y); k=r} is a sequence of independent identically distributed
random variables with mean ¢, for each r=0,1, ..., t—1. Hence if
A(r, n), the number of %k, such that %k,=7 and k,<mn, infinitely increases
with », he have

(3) im—_1_ 3y (Trg)=c

noe A(T, M) B <n k=7

for almost all ye B, by the strong law of large numbers. Put

=S i, n) .
T=0
By the hypothesis there exist limits

3 A(Tr n)_
(4) hm =

for all z=0,1, ---, t—1, and
(5) > 4=1.
From (3) and (4) it follows that

(6) lim 1 5 g (Trg)=ie
N—>oo l('n) k‘<n.k‘E‘r

for almost all ye B’. This holds even for r such that i(r, n) is hounded.
Hence, neglecting y belonging to a v-null set, (6) holds for all =0, 1,
«s+,t—1. From (5) and (6) we have, with probability one,

L1
lim -1 3y, (T%y)=
i .,;%“ y)=c

which completes the proof.

PROOF OF THEOREM 2.1. By Lemmma 1.1 it is sufficient to prove
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that the source [C, o] reflects the cylinder set of the form
S=[(a'lr bl)’ (a:,, bz)’ e, (a,, bl); 1, 2, cen, l]

for arbitrary positive integer [, arbitrary a,, a,, ---, a,€ A and arbitrary
by, b,y +++, b€ B. For this purpose, it suﬁices to prove that the source
[C, ] reflects the cylinder set
S =[Cmsrs ++*y Bgy By <22, G5 —m+1, —m+2, «-+, []
x[bn bx: A bl; 17 27 ccy l]

for arbitrary @_n,., +++, @€ A, because S is the finite sum of disjoint
S’. Hence, fixing cylinder sets

u=[a’-m+n Aoppizy ** %y Oy, —m+1; —m+29 ety [_l
and
'U=[b1, bm * Y bl; 1’ 2’ ey l] ’

we shall prove that the source [C, w] reflects the cylinder set u x v, that
is, that we have

(7) hm Z Xuxu(Tkx’ T* )-—w(uxv)

n—e N k

for almost all (z, y). Now, the channel [A4, v,, B] has finite memory m,
and hence the values of v, (v) are equal for all xeu. Denoting this
value by v,(v) we have

o x )= 1 (@) = pupalo)
and (7) becomes

(8) lim 1 E Xu(T )y o(T*y) = p(u)vu(v) -

[ d

For a point xe A7, denote the values of k=0 satisfying Tr*zewu, by
k., k,, --+ in increasing order, and denote by i(n) the number of %,
which are smaller than n, then the ergodicity of [A, ] assures that
(9) lim 2 — )

for almost all #. If p#(x)=0 then (8) is trivial by (9). Suppose that
p#(u)>0. Then Lemma 2.1 assures that the sequence ki, k;, --+ has
asymptotic distribution modulo £=m,(x)+I, for almost all . Let M be



64 K. TAKANO

the set of « for each of which (9) holds and the sequence k,, k,, -+- has
asymptotic distribution modulo ¢. Then we have p(M)=1. It suffices
to prove that for each point xe M.

(10) lim L 5 7(T*) = ) v)

n—e 1, kz<n

for almost all y(»,). Now fix a point #€ M and consider on the source
[B, v;]. From the stationarity of the channel and the definition of k, it
follows that

U,,(T _k"v) = Vrk'z(v) = x"u,(”) .

Hence, by Lemma 2.2 we have

i 1 LNy
(11) }gg T(ﬁk?z“,.x”(T Y) =v,(v)

for almost all y(»,). Then (10) follows from (9) and (11). This com-
pletes the proof.

§ 3. Feinstein-Hinc¢in’s fundamental lemma

Suppose we are given a stationary m,-step dependent channel [A,
v;, B] with finite memory m and no foresight. Let [A, ] be an ergodic
information source, the alphabet of which coincides with the input al-
phabet A of the channel, and let B be the speed of transmission when
the channel [4, v,, B] is driven by this source [A, x#]. The supremum
of these R for all ergodic sources [A4, ¢] is defined to be the ergodic
transmission capacity of the channel [A4, v,, B].

Now we shall call an cylinder set [a, a,, -+-,a,; 1,2, +--, n]le F,
a u-set, an cylinder set [b,+1, Dypezy =+, bp; m+1, m+2, -+, n]e Fp a v-
set, and do sum of some v-sets a V-set, where » is a positive integer
greater than m. Suppose that there exist u-sets u,, u,, +--, uy and V-
sets V,, V,, ---, Vy such that

i) Vi, Vi o+, Vy  are pairwise disjoint ,
ii) uul(V,)>1—e, i=1,2,.--, N,

where ¢ is a small positive number, and suppose that N is taken as
large as possible. Let us choose a message u among u,, u,, ---, and %y
with equal probabilities 1/N, and transmitt it from the input of the
channel, then the received message v will belong to either V, and we
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will be able to determine u excepting the case with probability smaller
than e. Thus we can obtain, by receiving n symbols through the chan-
nel, the amount of information which is equivalent to the selection of
one thing from N things with equal probabilities, and hence which is
equal to log N, with a probability of error smaller than . On the other
hand, denoting by C the ergodic transmission capacity of the channel,
there exists an ergodié source [A, ¢] such that R>C—e. If the channel
is driven by this source, the theoretical amount of information obtained
by receiving n symbols is equal to H(X,)—Hy (X,) (see §1.3), which is
between n(C—c¢) and n(C-+e¢) for sufficiently large n. Hence it is natu-
ral to expect that ' R ‘
log N>n(C—¢) , or N>2n0-9

In fact, this holds:

FEINSTEIN-HINCIN’S FUNDAMENTAL LEMMA. Let [A, v,, B] be a chan-
nel satisfying the above conditions, Then, for each >0, there corresponds
a positive integer n(e), n such a way that if n=n(c) there exist a posi-
tive number N, u sets over (1,2, <<+, n) Uy, Uy, -+, Uy and V-sets over
(m+1, m+2, -, n) V,, V,, «+-, Vy such that

i) Vi, Vayooo, Vi are pairwise disjoint ,
ii) v (V)>1—e;  i=1,2,---, N,
iii) N>2n0-9

Proor. Take an ergodic source [4, ¢] such that R>C—¢/2, where
R is the speed of transmission when the channel [4, v,, B] is driven by
the source [4, #]. Denote by [4 x B, ] the product source of this [A4, #]
and the channel [A4, v,, B],. and denote by [B, 7] the output source of
[Ax B, w]. Then, by Theorem 2.1 the composite source [Ax B, »] and
hence the output source [B, 7] are ergodic. Let H,, H, and H, be en-
tropies per symbol of sources [4, x], [B, 7] and [Ax B, ], respectively.
Let "

cty (‘U;n Y-, (@, %), (21, W), .-

be the stochastic process representing the source [4A x B, w], and put
u'——;(wlv ?Uz, Tty :v,,) y

7}=(yh+i’ ety yn) r
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where n=n(e), and n(c) will be determined afterwards. u, v and uxwv
are considered as random cylinder sets in A’, B’ and (4 xB)!, respec-
tively. By MecMillan’s theorem (Theorem 1.2)

_log p(u) _log 7(v) and _log w(uxv)
n ’ n n

converge, respectively, to H,, H,, and H,, in probability (w)*. Hence,

1 jog 2a®) _ 1 100 @ Xxv)
n log 2 n T a9

converges to H,+H,,—H,,=R>C—-% in probability. Therefore, if n(e)

is sufficiently large, we have

ol L1og W s c £ )s1_ -
(1) (nlogv(v)>c 2)>1 :

Now, for each u-set u, let V, be the sum of v-sets v such that the
event in the blacket holds for (u, v). Then the left hand side of (1) is
equal to

o(Y@x V) =5 a@x V) =5 u@wm(V.)
hence we have
(2) %P(u)yu(vu)>1_% “

On the other hand, if (u, v) satisfies the event in the blacket in (1)
vu(v) >2°(-3)y(v) .
Adding over v, we have
v(V.) >2 - Dy(V,) .
As the left hand side does not exceed 1, it holds that
(3) 7(V)<2-+(-5) .

Now, we shall prove that from (2) and (8) the lemma follows, if n(e) is
so large that
* For the verification of the last, use the inequalities

log w(u x v") < log w(u x v) << log w(u’ x v)

where u’=(£¢m+1, Tin+2, wﬁ) and 'U’=(yl, Yz, -, yﬂ)'
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(4) ()22 log 2 .
e €
Let u, be a u-set such that
v(Vy)>1—¢.
This is possible b& (2). Put Vi=V,,. Next, let u, be a u-set such that
vul(Vu—V)>1—e,

if such a u exists, and put V.:=V,,—V,. Next, let u, be a u-set such
that

l"u(.[,u_V'l—.[,:s)>1'—e ’

if such a u exists, and put Vs=V.,,—V:—V,. This process ends at finite
steps. Let

(5) v Uy, Ugy ** =, Uy and Vly sz"‘, VN

be the sequences obtained in this way. From the construction, (5) satis-
fies i) and ii), and for all u

(6) (Vam Y V)S1—e.
From this it follows that
(V) S0u(U V) +0u(Vu—U V) =0u(U V) +1—e .
Averaging over u, we have
2 (V) =n(U V) +1—e,
which implies with (2) that
(7) (U V¢)>% .
On the other hand we have
VicV,,.

Hence, from (8) it follows that

WO VISE n(Va)<N-2-(-3)
which implies with (7) that

(8) N>%. 2n(0-3) |
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iii) follows from (8) and (4). This completes the proof.
In the next section we shall use the following

COROLLARY. Suppose that there 18 given a stationary m,-step depend-
ent channel with finite memory m, no foresight, and ergodic transmition
capacity C. Then for each positive integer n>m, there exist a positive
integer N=N,, positive number e,, u-sets over (1, 2, -+, n) u;, Uy, +++, Uy,
and V-sets over (m+1, m=+2, <+, m) V,, V,, «-+, V such that

i) Vi, Vay oo, Vo are pairwise disjoint ,
ii) v (Vo>1—e,, 4=1,2,---, N,
iii) N>2n0-t)
iv) lime,=0.

n—roco

Proor. Let [A, #] be a stationary ergodic source, let [A x B, »] be
the composite source of the source [A4, #] and the channel [4, v,, B],
and let [B, 7] be the output source of [Ax B, w]. Of source, » and 7
depend on p. Take a small positive number ¢, and put

e,=max {(1+e)e,, ¢, }

where . .

1

e, =inf {e; s&pw(%log %“%>C——§~)>l—%} ’

1

and ¢, is the root of the equatidn

—g—log —2-=n .

€ &€ .
Then we have iv), and

1 e s o _&)s1_ &

(9) sEpw(nlogv(v)> 2)> 5
(10) 210g2<n

€n [
From (9) there exists #=g, such that

1 0e @ o)1 _%n

(11) w(n log 240> € 2)> 2y

From (10) and (11) it follows that there exist u, «--,uy, Vi, +--, Vy
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such that i), ii) and iii) hold as is proved in the above lemma.

§ 4. Shannon’s fundamental theorems

Suppose we are given a stationary ergodic source [4,, ¢#] with en-
tropy H per symbol and a stationary m,-step dependent channel [4, v, B]
with finite memory m, no foresight, and ergodic transmission capacity
C, and suppose that A4, and 4 do not coincide. Then we have to insert
an encoder, that is, a one-valued transformation ¢ from A into A’. A
message 6 € Al is coded into a message ¢(f) € A’, and yields a stochastic
process [B, vye]. Thus we have a new channel [4;, vy, B]l, which will
be called the composite channel of the encoder ¢ and the channel [A4,
v;, B]l. Let n be a positive integer, and let ¢, be a one-valued trans-
formation from A7 into A*. For an element

02("'; o—lv 00,’01, 021 "')GAOI
define ¢(6) e AT by

?(0)=(' e °y X1y Loy Tyy Xy "')
where

(‘v(t—l)nﬂx L(t-n+ay *° % xzn)z"f’n(ﬂ(t-l)nﬂy 0(&—1)n+29 °ty osn) y
t=..0’ —1,0,1,.'.
Then ¢ is an encoder from A! into A’. In this section, we shall con-
sider only such encoders with n>m. Let [4,xB, ] be the composite
source of the given source [4,, #] and the composite channel [A,, vy, Bl,

where ¢ is generated by ¢, and let [B, 5] be the output source of
[4,x B, w]. Let a;, a,, -+, az» be the cylinder sets of the form:

a=[a, a, ***, a,; 1,2,"',7&], a,€4,,
and let 8, B,, ---, B»-= be the cylinder sets of the form
ﬁz[bmi-lv bm+2; 0y bn; m+1! m+29 M) n] ’ bteB ’

where a and b are the numbers of letters of A, and B respectively.
Suppose p(a)=p(a,)=--- for the later discussion. For each k=1, 2,
«ee, b%-™ define i, by

“’(“‘k X fx) =max e(a; X f;) ,

1=i=a"

and put
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M =\£} ac,k X B .
Now, the famous Shannon’s fundamental theorem can be formulated as
follows.

THEOREM 4.1. (Shannon’s fundamental theorem). If H<C and if
e>0, then, for sufficiently large n, the coding ¢, can be done in such a
way that

o(M)>1—c¢.

INTERPRETATION: Let a be a sequence of = letters of A,. « is coded
into ¢.(x), a sequence of n letters of A. This ¢,(@) is transmitted from
the input through the channel, and then will be received a sequence of
n letters of the output alphabet B, the sequence constructed by the last
n—m of which will be called B. If a is considered as a cylinder set
belonging to the class {a,, a,, -+, a;s}, then # must be considered as
a cylinder set belonging to the class {8, f,, -+, By»-n}. If a is chosen
in accordance with source probabilities z, then we have

Pr(a=a;, B=PF)=w(a;x ) .

The above theorem says that if « is identified by @, when =4, then
the probability of identification error is at most e.

ProOF OoF THEOREM 4.1. Let
cee, 0y, 0 0,y +en
be the stochastic process representing the source [4,, #], and put
a=(0,, 0, +--, 0,) .
Then by McMillan’s theorem —h)g——;%'(—a—) converges to entropy H per sym-
bol of [A4,, ] in probability. Hence for sufficiently large n, we have

Let «a;, s, <<+, ay be the values of @ which satisfy the event in the
above blacket. Then, we have

(1) S ua)zl—c,

(2) "(ai)gz-"(nﬂ) ’ ":=1! 27 M) N.
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From (2) it follows that
( 3) Né2n(ﬂ+2) .

71

On the other hand, by the application of Feinstein-Hinéin’s fundamental
lemma to the given channel [4, v,, B], we have, for sufficiently large =,
u-sets over (1,2, .-+, m) uy, Uy, +++, uy. and V-sets over (m+1, ---, n)

B, B,, -+, By, such that

(4) B, B, ++, By,  are pairwise disjoint,
(5) w(B)>l—e, 1<isN’,
(6) N'>on0-0

Suppose that
2¢e<C—H

without loss of generality. Then we have by (3) and (6)
N<2ME) £ o00-D & N |
and we can define ¢, by
onla)=u, , for +=1,2,.--, N,
() =Ups: , for i=N+1, N+2,.--,a".
Now, by definition,
e x )= vuoBdu(®)

Let ¢<N. If 0 varies in a;, then ¢(6) € u, and v, (Br) =vu (B:)-

we have
wl@x f)=pa, B, i=1,2---, N.
Adding over 3,CB,, we have, noting (5)
o(a, X By)=p(at)vy (B) >(1—e)p(as)

Adding over ¢=1, 2, ---, N, we have, making use of (1)

(7) S ol x B)>(1—e) X @) 21— >1-2¢ .
Now,
(8) o(M)=3 w(@, x f)Z ﬁ S wla, x 8s)

BxCB;
N

g‘” S o@x )= wla,xB,) .

=1 ByCB, i=1

Hence
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From (7) and (8) it follows that
o(M)>1—2¢.

This completes the proof.
Notice: We may replace M by M’ defined as follows: For each

k=1, 2, ..., b*™ define i, by

w(ay x By = g‘gﬁ w(a X B)

and put
M,=U d,;aXﬂk .
[]

Let
seey (@ y-l)! (a0, Yo)» (:171’ Yy v

be the stochastic process representing the composite source [4,x B, w].
Put

X¢=(m19 Lyy ** x:) ’ and Ysz(yly Yzy ooy ys) .
Hinéin has considered the asymptotic behaviour of the ratio

H(Xs) '—'HY,(X:)
8

when s— o, on the fixed encoder ¢,. However, this seems meaningless
at least to me, from the practical point of view, because identification is
carried out whenever a sequence of n letters of the output alphabet is
received, and the theoretical amount of information H(X,) —HYR(X,) is
not used by our method of decoding. We shall reformulate the second
theorem of Shannon given by Hinéin [3], § 16 as follows.

THEOREM 4.2. Suppose that H<C. Then, for each sufficiently large
n, there corresponds a coding ¢, from A} to A" in such a way that

i) lim w(M)=1,

fn-—>oc0

ii) lim (@ —He(@) _ ;7
n

n—>00

Theorem 4.1 is a direct corollary to this theorem.

ProoOF. For each n, define 8, by
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a,,=inf{e; p(l"gnﬂJng—e)g 1—e} .
Then, we have

(10) lim 8,=0,

n—>oo

the latter of which follows from the convergence of M+H to 0 in
n
probability. Fix n. Let ay, a,, ++-, ay be the values of a which statisfy

the event in the blacket of (9). Then we have

1 S pa)z1-0,

12) N<2E+0

On the other hand, by applying Corollary to Feinstein-Hin¢in’s funda-
mental lemma to the given channel [A4, v,, B], we have, for each n>m,
u-sets over (1,2, .-+, n) u;, Uy, -+, Uy, and V-sets over (m+1, ---, n)‘
B,, B,, +-+, By, such that

(13) B, B,, -+, By, are pairwise disjoint ,
14) v, (B)>1—¢, , 1<i<N’,

(15) N’ >2r0-tw |

(16) lime,=0.

n—>co

From (10) and (16) we have
an lim (e, +6,)=0

By the hypothesis H< C, there exists a positive integer =, such that
for all n=n,

ent 0. <C—H.
For each n=n, we have by (12) and (15)
N<N’,
and we can define ¢, by
ou(a)=u, , for ¢=1,2,.--, N,

¢n(ac)=uzv+1 ) for 'l:_—-‘N—’-l, N+2, e, a” .
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If o and M are defined by using this coding ¢,, then we can prove that
(18) o(M)>1—e,—6,
in the same way as in the proof of Theorem 4.1. This with (17) proves
i).

Now, let us turn to the proof of ii). As

Nn—>ee n

by the definition of H, it is sufficient to prove that

(19) lim Z26(®) ¢

n—soco n

To prove this, we shall use the following

LEMMA 4.1. For arbitrary non-negative numbers &, &z, *++, Tny
‘5':‘, z, log x, gﬁ_‘, x, log(i, m‘/n) .
=1 iml f=1

This follows from the convexity of the function f(z)=xlog z.

Take any B; with 7(8,)>0. Denote by w(a,|f:) the conditional pro-
bability that a=«a, if f=p; and denote by H(«a|3=4p;) the entropy of
the conditional distribution of a if #=pf,. Then we have

H(alp=p)= _; w(2,|Bx) log w(alBy)
= —o(a,|B) log w(a,|Be) _t§ w(a|By) log w(a{klﬁk) .
k
Put p.=w(a,|B:). Then by making use of Lemma 4.1 twice we hav2
H(alf=p) < —pi log p,—(1—p4) log {(1—py)/(@"—1)}
= —p; log p, — (1 —py) log (1 —p,) +(1—p) log (a*—1)
=141 —py) log (@*—1) .
Averaging over 3, we have
Hy(a@)=1+4+ {1—o(M)} log (a*—1)
<1l4(ep+0n)nloga.
The last inequality follows from (18). Finally, we have

1

0= @ £ (¢, +8,) log a+-
n n
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which yields (19), by (17). This completes the proof.

§ 5. Case of a source without letter-durations

Let [A4,, #] be a stationary ergodic source with entropy H per sym-
bol and let [A, »,, B] be a stationary m,-step dependent channel with
finite memory m, no foresight, and ergodic transmission capacity C. In
the previous section, any sequence of n letters of A, was coded into a
sequence of n letters of A, and the length of a sequence was not al-
tered by encoding. This means that it is supposed implicity that each
letter of the source [4,, #] has the same duration as each letter of the imput
alphabet of the channel. However, since our definition of an informa-
tion source does not contain the concept of durations of letters, it is
possible to consider encoders of the following type. Let » and s be po-
sitive integers, and let ¢, , be a one-valued transformation from Aj into
A*. For an element

0=(°"; 0., 0,0, 0, -°-)€A5
define ¢(0) € AT by

50(0):("'! X1y Tyy L1y Loy "‘) ’
where

(m(t-l)x+1’ L(-1)s+20 *° % xzs)——:ﬁ"r,:(e(t-l)rﬂv 0(t-1)r+2’ cee, 0,)
f=eee, —1,0,1, -+

Then ¢ is an encoder from A! into A7. In this section, we shall con-
sider such encoders with s>m. Let [4,%B, o] be the composite sourcé
of the given source [4,, #] and the composite channel [4,, v,4, B], where
¢ is generated by ¢, ,. Let a, a, ---, a,r be the cylinder sets over
,2,+--,7) in A, and let B, B, +++Pys-» be the cylinder sets over
(m+1, m+2, ++-, s) in B’, where a and b are the numbers of letters of
A, and B, respectively. Suppose that p(a)=p(a)=--- for the later
discussion. For each k=1, 2, -+, b*~™ define 7, by

w(a, X fr) =max w(a; X fy) ,
1stsa”

and put
M=\i] g, XPe .
Next, let
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R} (‘v-n y-l)r (270: yo)’ (xlf yl) s ° "

be the stochastic process representing the composite source [4,x B, w],
and put

A=y Xy *++, x,) aANd  B=(Un+1 Ymszr ***» Us) -

Then we have the following

THEOREM 5.1. Suppose that H>0 and C>0. Then for each positive
integer r, there correspond a positive integer s and a coding ¢, , from
Aj into A* in snch a way that

i) lim w(M)=1,
ii) lim IM)_;M) —C.

PROOF. As our source [A,, #] has entropy H per symbol, for each
r there correspond N=N, and 4§, such that

N
(1) S meyz1-9, ,
( 2 ) Nézr(n-rsr) ,
(3) lim 6,=0

r—>00

(See the proof of Theorem 4.2.) Next, as our channel [A4, v,, B] has
ergodic transmission capacity C, for each s>m, there correspond N’=N,,
&, u-sets over (1, 2, -+, 8) u;, u,, +++, uy, and V-sets over (m-+1, m+2,
+e+,8) B, B,, +++, By, such that

(4) B, B, +++, By, are pairwise disjoint ,
(5) va(B)>1—e,, 1<i<N’,

(6) N'>2:0-0

) ime,=0

(Corollary to Feinstein-Hinéin’s lemma). Now, for each r define s=s(r)
by the smallest positive integer s such that

(8) 8(C—eg)>r(H+3,) , s>m.

Then for sufficiently large » we have
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S(C—'es) >1"(H+3,.) _2_(3—1)(0— es—l) ’

from which it follows that

. H
9 lim 5 =22,
( ) rl—E} r C
By (2), (6) and (8) we have
N<N’

and we can define ¢, ; as follows:
?r,s(at)=ut ’ l_S_?:éN,
¢r.s(a£)=u1v+1 » N+1§@§ar .

Then Theorem 5.1 follows from the above in the same way as in the
proof of Theorem 4.2,
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