SAMPLING FLUCTUATIONS OF THE TEST RELIABILITY
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1. Introduction

Recently F. M. Lord treated the sampling fluctuations resulting from
the sampling of test items [1]. In his paper he discussed only about
the Kuder-Richardson reliability of type-2 sampling without the presen-
tation of standard errors of test statistics by the parameters of the
population. In this paper we shall treat the Kuder-Richardson reliability
of type-1 sampling and of type-2 sampling giving the standard errors
of test statistics by the parameter of the population. Moreover, we
shall show the standard errors of Spearman-Brown reliability of the two
sampling types.

In what follows we use the term of type-1 and type-2 sampling as
was used by F. M. Lord. The former is concerned with the sampling
of examinees and the latter with the sampling of test items.

2. Kuder-Richardson reliability of type-1 sampling
In the present study, we use the following notation:

(1) ra=ra= 2 (1= Spa. /)

where K=the number of items

p;=the observed ‘‘ difficulty ’’ of item ¢ for » examinees sampl-
ed from N examinees population

¢i=1—p;

s2=the observed variance of the score x for n examinees

n=the number of examinees in a single sample

N=the number of examinees in a finite population of ex-
aminees. In what follows we neglect, however, the finite
population correction.

Then the expectation of 7, of type-1 sampling is represented by

E(Tn)——KT<1 E(Zpi%)>
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. However, we have generally for the function f(x, y) of random variables
x and ¥

Ef(z, y)=F(Ex, Ey)+ ; (fua02 A+ 2Py frg9ay +Frot) + = -+
hence we get

E(X p:9:)
E > P - T ‘,,,,+R=2P,1Qi 1
(25%) Es) 20 o(y)

where P,, Q, and % are the population values of p,, ¢, and s’ respectively.
Therefore, we have

@ pea= 5 (1-259) 1of 1

Oz

The error term R=0(1/n) is evaluated as follows.

2 Z PtQi
3 R= —_— cov (ptq'h 8:,,) g . U ;
%) 2‘: (n—1)*/n*s? (n—1)*n’s% (s2)
On the other hand, we have
(4) D¥(sy)= pi— b _ 2p—207) +l{4j—_-‘;’>‘q;
n nz n3

~%(8,-1- z(ﬂ;f2))+0(1/n3)

where g, is the 4th central moment of total score x of the examinees
population and B, is the kurtosis of the distribution of x, and

(5) Dz(piQt)=D2(8g)=a—:(ﬂ2i_ 1 _g(_@d)
L n
_PQr 1 _, 2/ 1 _
on 7(1’7[@ 4 n(PtQi 5))
Therefore, from (3), (4) and (5), we have
P AL B
(6) R='1 e (ﬁz— 1-— }:‘_, P(p.qy, S2)PQV (B.—1)(1/PQ—4)

+3 P,Q,) +0(1/n?)

In the following we shall derive D*(r,,). At first by the relation
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o — _ 1 Ex
EL e v)= Efta, 0F 4= BLAe, 1) ~f(Ez, BiP=oB(o—ve )

for the function f(x, y)==x/y of random variables # and y, we have

(7) p(2b0)— L B pg-sCy

s? (n—1)*/n’at
where C=3" P,Q,/s%.. On the other hand, we have
E(3. pigi—8.Cy= >, E(vigi) + Zz(piqm;qj) +CE(s:)—2C X E(pg.s2)

B R O

(8) ——(pn—a,aj }+ Cza;(1+ 'B”; ) ZCZ{( ) aioy

+ (pn—a‘a, }+0(1/n”)

because we have in general
El(sis3)=E(s)E(s)) + (¢id— oiof)[n + O(1/n?)*

where ;] denotes the bivariate central moment of the simultaneous dis-
tribution of items ¢ and j. Since o}=P,Q,, we have from (8)

(9)  E(Spai—s0r=" {(S PQYA+3 PQ—35 Pid!
+ 23 - 20 5 i} + 01’

Thus we get

a0 pea=( K 1)13(2:" )=(57) () L spay

+ PQ-3SPIQ+ S5 - 25 )(S P} +0(1f)

In the simultaneous distl_jibution of items ¢ and j denote by «,, the per-
centage of examinees who pass both items. Then we easily get

(11) pi=a,(1+4P,P,)— P,P(P,+ P,)— 3PP}
Without loss of generality we can assume

Plngg'“ngqux

* See, for example, M.G. Kendall: The advanced theory of statistics, vol. I, London,
Charles Griffin and Co., 1948.



132 H. AOYAMA

Then we have
(12) Zgl 3 < K(K—1)Pg-1+4Pg-, {(;Pi)z_ ;P%} —2(;P%)(;Pi)
+2$ P2+'3(; P%)“—3; P;

Let the simultaneous distribution of z and 4 be the one in Table 1, and

Table 1. xlaix+"°+xlrzzEL1
~ Item ¢
. 0 xiai:c"— cc +x§7iz = L2
Score x
z1 ; iz Biz We get then
2 ‘ e 5. (13) pE=L,(1—P})+3LPQ,
Total - Q Put z,=min (a, ---, z,), and we have
(14) S g 2 (5 P+ 25 Pi=35.P)

Therefore, we have from (10), (12) and (14)

Di(r,) < <K—If'1“>(;f—1) —%A{ﬁzK”(Pm P, + KPy— 4KPy,+ 8KPy,

no

(15) —6KP,,+3K*P%,— 2K*Py Py + K(K—1)Pg_, + AKP«_(KP},
—P,)— 205 K*(Pyy— Pp,)(Pu+2Py— 3Py) 03}

where
S P=KP,, ziP:=KP0.1, . P{=KPy,

and
g P;=KP,,

If we put particularly P,=0.5 (i=1, 2, ---, K), a;;=0.5 (¢,5=1,2, ---,
K), then

. KZ
si= S PQu+ S5 ii=SIPQu+ S5 (s — PP)= -
. i 5 [3 i#J
consequently

(16) pera< (" Y(pr15-

1 [ 14_ 18 z)
T n(K—-1)\n—1

K k™

3. Kuder-Richardson reliability of type-2 sampling

In this section we use the following notation:
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k—the number of items in a single sample.
K=the number of items in a finite population of items. In what
follows, we, however, neglect the finite population correction.
N=the number of examinees.
x,,=~the score of examinee a on item <
20 {=1 if item is answered correctly
=0 otherwise
z,—the *‘ proportion-correct score’’ of examinee a; the proportion
of the items in a single test answered correctly by examinee
a.
¢,=the ¢ true’’ proportion-correct score of examinee a.
¢.,=the proportion of all items answered correctly by both ex-
aminee o and examinee b.
¢...=the proportion of all items answered correctly by examinees
a, b and ec.

=>%/N—-7", 2=3.2/N

a

At first we modify the formula 7., and iﬁk_‘isi/k as follows:

(an ra=p 4 (1- —Zﬁ?@‘)
(18) _1 Se- 1 Z( b w“)—»-_ zag‘(mZ 2 )

N
lZ,z—m—Zz— 1—22(3 +2,2,)
Nll a 2 s a Nz ats ab u®b

Bm) =",

@

E(mwy M) = Proltor +- A

#*  See the text book of M.G. Kendall, loc. cit.
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we have
) BE(Ine)-Lse- LEarsnoro(l)

On the other hand, we get

(20) B(s)= o S B — (S B+ 55 Few))

—ssa-t+ L-Dsaa-c)

Hence from (17), (19) and (20) we have

o oo )t

S P,Q,
KI—{I(I i )+O(%)=””+O(‘%)

Now, we shall derive the variance of r,,. As before we modify

(%)

as follows:
1 2 2___ 1
(txay-Lol LSms SR awn- 2(Seats ST nm,
k = ) v a a%b
+ S5 Tuotie) + (S 20+ TS @i,
aFb#C Nt e ab

+ 62 EZ ZiaZn&ic+ 200,003, Tallonic ‘Uta)}

aFvtcrta
1 1 -
(22) + ZZ{ Z L1agq + ﬁ;Za#Eb] Lo 50 — N (z%wiaw.m
F+23 0 @iy + 4D XX ju i+ 235 X4, s se)
aFdb ab aF#b#c
+ 14 (X a0t 22 T o+ 43S 0oin 54
Nt " a+b a0

230 X ge+ 230 Tillin® ga sy
a#b#c a#b
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+43.33) LA P TR DIDIDIPN L4045 g6 m;a)}
aFEbFC aFEbFcHd

From this formula we get

.

1 2 2_-___1_ 2 _7_2__ 2
B4 ) = (S04 BR00) - (S 0+ S 06+ 285 0w
IS Cal) + L (BG4 S LAY Gl
a#bEC AR a#b atb
+ 2222 C(;ch + 222 Cgb + 4222 CabCac
aFdF#c a¥d aFb7c
1(1 2
SN b+ {2 (S L+ ST a3
(23) ~ S5 )+ 5 (25 655 (02555 Can
+ 2; G+ ZZ'#Z C.,Cb+4%b2 Canlat 2%%;62 Carlo)
(S A TSR (ot ST S Cat EEES. Cane
a aFb a#b+#c a#b#c#d
- Z C:— ZZ Cqu - 422 Cabcz— 2222 Cabcc —222 Czb
a a¥£d aFdb aF#b# ¢ a#bd
—45 35 (e~ STIT Calol}
Therefore,
1 N1 (1 = NP 2 NTF
DSt = 4 | o T+ S5 CamNT) = 2L (NT+35 500,
+ ZEZ Cabc +N2Ez+ 222 CubCa + ZZZ Cach)
aFbFe aFbd aF=b#c
(24) # o WTHTES (o + 6553 Cant IS v
—NT' =453 Cala— 2533 Ll — 253 8
a¥d a#bF#c a#b
~A5 35 e~ SES S Cal )= Alk (say)
axd#c aFdF#cHEd

In the next place we shall calculate cov (3 sifk, s2). At first we
also modify the product 3 sis?/k as follows:

(Lna)(ie )Yk ger span-2alma
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+3.3) Z;.25,)+ 233 Tyl + D0, T35) +23.3 > &1L g
=] a3 =] *5 a
+23 3 EZ L4255+ ZZZ Z L34 30y + ZZZ ZZ X428 5, Lrp

i#J aF FEIFL aF

+ 2; Ealse; L34, + ; ZﬂZb'.cZ RO A 222 ZZ Xy Xy,
+ 303 EZZ wmwwm;c+422 ;E L1 5aTip +2Z I ZZ T4, 5414 % 10

i#J aFbF* FIF#L av

+23.>] ZEZ Ly jos0 i+ ZZZ ZZZ X465 1a %10}

i aFb# FIF1 aFbF
— @SN A S S )+ {222 HERN
(25) + 22222“’4.;‘”»”}1 +333 Z A PP D IDIPH ZZ L3q215% 5o

aFbFEiF aFb#c aFbFc i#*

+4>.3] %Z 1o+ 22; ZZZ A P D IPIPI %Z L1 55T ic

aFb aFb#c

+33>0 ZZZ L1021 %1c +2ZZ 2 Tio®ip+ 422 ZZ L1aLeo% 50 5

aFbFc

+23.33 Z TyqTipTic + ZZZE Z Xy Cip®icTia+ 43,575 ZZ Liq®inTg , L0

a#bFc aF#=bFCcHEQ aFEbF#C i
+ Zg#%; ;E wtamibxicxjd+4zz ZZ Lo 5% 5n
+83. 33 ZZ X35 @ie +23,>, ZZZ X342 5L 1a%1p

aF#bFc i a#d iFJ#
+23.33. ZZ X3 354 Tia+ 42,0, ZEE L0 5 %1q%1c

P ey
IS S5 S 0@ it -

T
Then we get

( Sas)=Nobs(ar 2aa-c)rs2(ar Du.))

{/CECﬁk(k D3 G+EES Gt Rk~ D23 LG

ksN4
+2k(k—1)3, Ca+2k(k—1)%§ Calatb(k—1)(k—2)3 G

=1 = DTS G+ 2SS o FETS Cnt 26— S, Tl
FRE= OIS, Calo+-4h(k =D T Culat 2k = DE—D S Cl
+ 2k DS (ol 4k~ D~ DESS. Ll
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P () R N
+ 2= ) S5 Cla HEEES Can H M~ DE TS G

k(= DS C8+ 2o~ DD TS €+ 2k~ DTS
Fhlle=DE=D DI C.LL A 2SS o+ 4= DS C

F2UE IS o+ AESES Care+ b~ DESS Ll
R DS IS Cal+ 4= DI Gy + 8k~ D ST Culs
+ 2= 1= DT (Ll + e —DESSS Couils

(e~ Dk —2) S Cululot K= Dk —2) TS G}

On the other hand, we have

B(} 55 )6 - o+ S5 LK) — 5 (2SSt

+I3S cac,,c)—Nﬁ;l FEINHEPDHNSIS

27) + 0 CES it DS G+ 25 Callo HE S S Cal L
aFb aF+bF#c a#d a#bFc

+23s )+ V- sai s -Sa- S5
a%bFord kN a a#b @ a#b

kN4 (ZZZ CabCa + ZZZ Cabcc 222 Cubcg_ ZZZ CiCnc)
aFd aFbFc

Hence we can derive the relation
cov( - Siehat) 1| LS -85S 0 B panle— 50
~SS LSRG+ 1 BRU-3ES mnli— 5L
HE T~ 655 Cula 4SS i+ S5 0258

@) NGNS E-2NS G IS Ll 4D
F1 33 Lol +43 3 L — 65X Gl — 853 C.0E
aFbFc a#b aFh aFb#c
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HASD Gt A3 33 Cala+ XSS Calea— 63 S, Caluls
aFd aF#dF#Ece aFbFc#d aFd

F2EESS = 1250 Ll —BE S S5 L)

a#b#c#d
= B[k (say)
Also we have

4= _17 . 4 2,2 _»1‘; 4 2
s; N (%‘, 2a+ Za}g‘, ziz)+ N (; 2 +4%b2 Z’y+ 3%&1’2 Za2s
(29) +6333 722, + 33,3, zaz»zcza)—*zg Xzt 2%
aFbHEC a#bFcEd N3 % a#b

+23.31 232, + 2.2 7a2,)
aFd aFb#c

As is easily shown for the sample mean m of sample size k

3
Em) =+ pup 22

(30) 612 1 1
Emt)=pt+ 2Bt (g 3+ 5 (= 344)

hence we have

1

Ba)=(xsa-T)+--

{2 aa-c)+2Ey ana-o)

(1253 - ) +65 3 61— C,)
(31) N aFb a#b A

+ETISLLL1—C)) - Z((65 - C)+25 5 G0 ~C,)
ab4e N a a#b
635 GG(L—C)+ SRS 0L A=) ) +0a/k)
a#bd a#db#c
Consequently from (20) and (31)

D(e)=E(e)— (@)= L{(4- 2 -2 )maa-c)

kN? N
4 10 10 B
(32 o SR GGA-0) +(a — 2 SR 61— L)

SIS L)+ OUk)=Clk  (say)
aFb#c

Therefore, we have
2> 6}

DZ(T,,)—'-—T(IG+1)2{ alp(% py sz) + (Ekz;;)ﬁ D¥(sd)— k‘Tg‘cov(% s, sf:)}
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) Gty 1A 2K (1= o) (1= ) €

?‘.‘??‘

{A—2K(1—p,)B+K*(1— p,,)20}+0( ,:)

—z
4. Spearman-Brown reliability of type-1 sampling
Spearman-Brown reliability coefficient 7, is usually defined as the
correlation coefficient of two parallel parts of the test, that is,

2r
34 =T
(34) " 1+7r
If we put in the type-1 sampling
(35) | E(r)=p

then for large number of examinee, n, we have

,2:" — ) — 2
(36) = (1+p)( D=y )3(r PR

where R denotes the residual term. Hence we have

(37 £r)= ¥~ l rer=n+0(,)

where D*r) is of order 1/» and in the case of normal distribution it is
approximated by (1—p*)/n.
As for the variance of r, it is easily shown that

. 20 4 2
38 D (ry)=E{r,— D¥(r
(38) ) ) = g PO
neglecting higher infinitesimal in regard to n and p, where D*(r) is given
by well known formula

I (/‘m+l‘,o_4+ﬂ +‘_1f‘.22__ﬂ__4i‘£)
2 2
4n o P Paole  Mh Pufe Pole

5. Spearman-Brown reliability of type-2 sampling

In the type-2 sampling we assume that the 2k items in a single
sample contain always two parallel test items of equal number k. This
assumption is realized by the stratified random sampling from two sub-
populations of parallel test items.
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In this section we use the following notation similar as that of F.
M. Lord:
t,=the one observed test score of examinee a, obtained by the
number of items of stratum 1 answered correctly on a single
test.
u,=the other observed test score of examinee a, obtained by the
number of items of stratum 2 answered correctly on a single
test.
t=the mean of the one scores obtained by the N examinees on a
single test

t=3t,/N=kz
#=the mean of the other scores obtained by the N examinees on
a single test
U= u,/N=ky .

Let p be the correlation coefficient of two parallel parts in the whole
2K items. Then we have

1 P
N% Cava C v
040y

(39) p=

and for the corresponding sample value r

1%}-%‘, tla—t leg 2. Ya—7Y
(40) r= —

8,8, 8,8,

where
Ca=B(z), 7.=E@W), {=3ClN, 1=57/N, of =3 GIN-C
and
o= /N7
Because of the parallelism it holds that £=7, s=42. By the relation™**

cov (my,, mo)=pnlk

we have

*k*  See M. G. Kendall, loc. cit.
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@ B S e =)= S G =T+ 2o (1-1)

where g, ,=the covariance between z;, in stratum 1 and #,, in stratum
2 for examinee a,

Hu= ; P/ N

On the other hand, from (20), (82) and the relations
[ Ez(sz)'———‘E(SZ)—Dz(S,)

(42) 1
| D'(s) = 4 SO
we have
2 Vs rq—ey- 1 _8_ 21,
EXs) = o +kN(1 pEca-o- L)
51— 4 1r1—¢)—10(1_1 21—
(48) S O0-0) + o IS GG ) N(l S G- LG

F SIS - e =1+ %) ea)

and similarly

(44) E%s,) = a,,(l + é) (say)

Hence we have

B (g o )
E(r) = 1};(8,)15'(8,,) + O(%)

~2 Luta— T+ f‘u( N)
o(%)

(45) = aoVItalkV1+hlk
P
=p+ 3 (say)

and

(46) Blr)—2- 2P + O(zlc ) ps+o(-i_)

We shall next calculate the variance of r,. As is seen in § 4 we have

the similar equation as (37) except the expectation in type-2 sampling.

We proceed as before to compute 7*:
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47 fr2= B S
(47) o

The numerator of +* is equal to

1
N2 Ealat ZZ 2oty + (Z Zlet B2 +2 33 2z,

8) + %ff-;'e cE 2.2 + 2% ; YolsRe + Za,f;# .;Z Yoot 22ag1 22 oy

S S 22ase + SIS 2200) — 2 NOYE /7L DIPIEATEATA
abc aFbFcAd N3 “a ab
+ 32 2 ah+ 23 220+ S5 2,2.,)
aFb a#d aFhF#c

Since, for mean my, m;, and sample size k, we can get the formula
E(migmy ) = pipts + % (Pttio + oty + 4t poften)
(49) + kiz (Pt + 2pnattig+ 203, 0 — At proptos + 2423
————— ( = ooz + 4t ol tor — 2421)

(50) E {(my)*- <Moot} = Miotty + - (F‘zo;”m"'z/’n/‘lo) + 13;

we have

E(numerator of 7*)= ( 2. € =< 77) N {(N -1y Ea (#0285
+ Mo,o7a + 411,08 a7a) + (N —2N + 2) Ealg,(c Wttt a
+ CaWattn, »)+ 22;;2: CL(1— Cu)—2(N— l)aZ#Z Cb(/‘oz, ola

+ 2#11, a?a) - 2(N— 1)2“;%2 771)(/‘20, a¥a + 2/‘!1, aCa)

(51)

+ S €l =)+ 21— L)~ 2AN—=2) S ot o}
aFEbFc aF#bFc

=(ySm-Ta)+1 ()

Therefore we get from (47), (561) and (20)

( SCn—T7)+ 1 . ¢
?

: Fro(y)=r+

(08 + 3/k)(% + ¢/k) (sa7)

(52) E(r)=
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where we put

1 1
= {1— *. E: (1=,
(53) N(l N)GC(I &)
€ ___(1 _— ) E: 7:;(1 770,)

Thus we finally get the variance of 7,

e POt D))
o ()

As is easily shown it holds

G—2pF=p'H
so that we have
(55) () e oy (k’)
where with the relation a;,=a; for large N
(56) H= — 2

{COV (7), O cov(n Q)
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