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1. Summary and introduction. The problems considered here are
related to the multivariate generalization of the analysis of variance of
R. A. Fisher based on the Hotelling’s T™-statistics. These were initial-
ly considered by H. Hotelling in connection with a wartime problem of
air testing sample bombsights ([2], [3], [4]). Let x, «, ---, x, are
normally correlated variates with zero means and variance-covariance
matrix 4=(4;,). If we know beforehand A, the statistic
(1) r=33 1z,

im] j=1

can be used for a multivariate normal distribution as the appropriate
statistic, where (4¥)=A"! is the inverse of matrix 4. But since 4
must in almost all practical cases be estimated from a old sample with
(say) n degrees of freedom, we should use the Hotelling’s generalized
Student statistic

(2) =33 la,
1

i=1 jul
in place of y*, where L-'=(I") is the inverse of the matrix L=(l;)

of variance-convariance estimates derived from the old sample, and 7
has the distribution determined by

1 (%)w-” " d( i )

B( n_2p+1. %) : <1+%)(n+1)12 _n_

(3)

Suppose now that we take a new sample of N observations, and let
z;, be the a-th value on z; among these N observations. Then the
statistic (2) for the a-th observation may be written as

(4) Ti= 33 197,005

i=1j=1

Hotelling has considered the division of the sum over the new sample

of TZ, e.i. 5_‘,1 T:=T;, into ‘conditionally independent’ components mean-
a=

1
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ingful with respect to the causual system. By conditionally independent
components we mean the ones which are mutually independent for fixed
variance-covariance estimates. A simple example of the division of T2

is given by
Ti= 5 Ti= 3 509 (5 2ut)
() =3 S @ -F)@a—2)} + N 5 S 1953,
=Ti+T;

where 55,———§_‘,ww/N, (¢=1, 2, --, p). Let V=(v,) be the matrix of v,
which are Hlle sums over the new sample of products of deviations of
Z;, and x,, from their respective least-square regression values upon a
common set of independent variables, and let m be the degrees of
freedom of v,,, Then T? T3 and T: in the above example are expres-
sible in general form

(6) Tz=i il“vu

i=1j=1

with m=N, N—1, and 1, respectively. Though various kinds of the
partition of 7\* are possibly considered, we shall, in this paper, discuss
the case where each component of 7T,> has the form (6). It should be
noted that s,;=wv;,/m is a unbiased estimate of 1, and that, if m>p—1,
the joint distribution of s,, or v, is the Wishart distribution with m
degrees of freedom. If we know A exactly, we can obtain the general
form

.
(7) r=35 310,

&
and it has the well known y* distribution with mp degrees of freedom.

In this paper we shall consider the sampling distributions of T®-statistic
in (6) and also of the ratio of two 7T*’s which are conditionally in-
dependent for fixed variance covariance estimates. For m=1, the dis-
tribution of 7" is reduced to that described in (8) for n>p. For p=2,
Hotelling has obtained the exact distribution of 7* when m>1 and
n>2, [4]. This is

(8) P{T*>T*=1-I,(m—1, n)

m+mn—1
+1/?F( 2 )

r(3)(3)

(g ),
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where w=1"/(2n+T"*) and I(a, b) is the incomplete beta function [7].
We shall here study the distributions for any » and m when 2>p,
but these are not exact and for any probability level 7, we shall obtain
the T%() and F(y) as the expanded forms in »~! such that P {T*> T*(3)} =
Tz
7722

7 and P{ %>F(7y)}=77, respectively.
1

2. T*(7); percentage point of the distribution of T*. If popula-

tion variance-covariance matrix 4 is known, the statistic (7), i.e,
p D . . .
r=> > v, has y*-distribution with mp degrees of freedom. Hence

i=1i=1
we can write

(9) Pir=3, 3, 1%, < 2} =G.©) =1,

where y..(7) is the »x100 percentage point of y>-distribution with mp

£
degrees of freedom and £=y,.,(7)/2, p=mp/2 and G,,(E)=[F(p)]“lsot"‘le“dt.
Since A is not actually known, we try to find T%(y) such that

(10) P{T*=3, 3, 1%, <T(7)} =G&)=1—7.

i=1j=1

The author has evaluated this percentage point in [8] by using the
method which G. S. James devised for testing the multivariate linear
hypothesis [6]. T%(y) obtained in this method can be written as an
asymptotic series in n~!, where % is the number of degrees of freedom
for estimating 4 by an old sample and can be used for moderate values
of n. The result®™ is written as follows:

.z, m —
T (p)=x t o (D + 1)+ 2) + mp(xs Xz):l

+ —n’f‘z—{ lﬁG-(l - ’ﬁpf_ 2)[10(10 + 1)+ 1) +mp (s — Xz):r

an =@+t 1)+ mp- 1) | pO+1) (1) + mp(ta-25+ 1)

——;—[p(p2+3p+4)(xs+x4+xz)

+3mp(p+1) (Ye— =) + m‘-’p(xa—2x4+xz)]

*) Dr. J. Ogawa informed me that this result coincides with that obtained by Mr.
K. Ito of Nanzan University.
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+ %6[4;)(21)’ +5P+5)(Xe + Xo+ X1+ 22) + 16mp(p + 1) (35 — 1)

+mp(p*+ 2P+ 5p + 4)(Ys + Yo — Xs—22)
+2m*p(p*+ D +4) (fa— Lo — e+ 2o) + 7D (X — 3o+ 314—xz)]}
+0 (n%),
where y’=yn,(7) and x..=xm,(7)/mp(mp+2)--(mp+2s—2). If we put
m=1, then T%(y) is reduced to the known formula [1],

. * Tp—4+(13p—2) 1+ 4y’
(12)  T)=rfl+ PIL 4P +(24’;2 WAL 10 (n-).

In order to see the degree of approximation, we compare our T%(y)
with the 7 x 100 percentage point calculated by Hotelling’s exact distribu-
tion function (8) when p=2. Table A shows this comparison for 7=0.05.

The approximation for n>20 is good enough to be used in practical
problems.

Table A, Comparison. The upper figure (in bold type) is for (8) and the lower is 7% (0.05)

. m 2 | 5 10 20
n E— e
" 15.82 32.85 59.84 112.86
15.20 31.19 56.71 104.82
2 12.04 24.05 42.60 78.45
11.97 23.86 42.27 77.46
» 11.15 21.96 38.59 70.46
11.12 21.95 38.22 70.12
% 10.67 20.93 | 36.55 66.33
10.67 20.93 36.54 66.18

3. Preparation for the next section. Let vy, (a=1, .-, m) be m
column vectors {¥i, % **» Ypar Which are independently distributed
according to the same p-variate normal distribution which has null
vector as mean and as variance-covariance matrix. Then the statistic
(7N, i.e. x2=i§,“§’:ll“vu, can be written as

(13) F=2Yad™ s
To prove the above statements we first note that »,, are the sums of
products of deviations from the regression values by definition and may
be expressible as v,,=§ Yis¥ss Oy means of an orthogonal transforma-
a=1
tion, where y,, is th i-th elements of y,. Hence
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P p 4 ‘ m yd yd
r=2> > =73, 2 > Y0 54)

i=1 j=1 a=1 {=1 j=1

m

=>%A4"

@=1
which complets the proof.

Now we shall derive the expression of a distribution which is needed
in the next section. Consider the two independent sets of the »-
dimensional column vector variates, ¢, (a=1, 2, -+, m;) and w;, (f=1,
.., m,), which are distributed independently according to the same p-
dimensional normal distribution with the mean vector 0 and the variance-
covariance matrix 2-'(Z,—7)"!, where Z, denotes the unit matrix of
degree p, r=diag{ri, r» +*, r,} and |7;|<1 for all 7. It is necessary
to obtain a simple form of

(14) J= P{____E::::;B <g}

my
—r=tereen|f—p[mend| exp{- 36 (-1t
R’ a=1
ma
— > wa(L,—-7) wﬂ}n dt,, 11 dw,,
=1 @ 8
where

P1=—;~m1p, P2=—;—mzp and R’: >34 to tmlz’ﬂ-l wﬂ Wg >~ <é&.

To do this, consider the distribution function of 3>7:¢,¢t,, i.e.
G(¢)=P[33m ¢t t, < €']. According to James’ calculation [5, p. 327],
we obtain

>via
- & ne.re oz, amry I'(y +%)
Gy (&) =n"|I _T|m1/2 s i=174 i=11g2 o
! ? V11, V125 -:0y me1=oni=ll]m=1 Vtw' P(Zﬂ!=1 Zu-le+Pl)

& +o¢-1 =
xS eyt e “du.
0

(15)
Hence the frequency function g(§’) of > m1 ¢, t, is

ZVM
m(2 i nf,r” I Hw-lr("’w'i‘%)
V11y Y12y +ees Vpma =0 HE- gz Vw' F(Zt-l Zw-l Vi + P1)

22via+o—1 &
[ e .

9(&)= = M I,—7]
(16) x &7

Similarly, the frequency function g,(¢’) of 33.32,wsws can be obtained
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and seen to have the same form with g,(¢’) putting &', p,, m,, ¢ and
£ in place of ¢ p, m;,, v and «, respectively. Since %37 ¢.t, and
3> 32wy w, are independent, their joint frequency function is g,(¢') g.(¢”).
After making transformations, 6=5"/E" and {=¢" and integrating out ¢,
we have, as frequency function of 3771, ¢it,/ 372 wjws,

g(5)=,,-(01+oz)|1p_r|&(m1+m»z) > ) v
V11, V12, .oy Vpm1=0u11, p12, ..., ppmz =0
Vi 2pp .
s M 1 of. r.? O, 0052, l(vig+3) T2 (g +3)

TP TIG2 v TP TIR2, ! (0 St vie+01) (32, 521 + 03)
X P Yt vie+ D20 DA g+ it py) X
17
> via+p1—1
E i®
X

1+ E)%:va +;Zﬂ‘.mﬁ+ o1+ 02

—|I,— i

t=la=1y,=0 Vig -

13, (u )
IR (P S
Tli(mxﬂm){" nos 22 2 nw.}x

13 1

» ma - 2_27... /I‘ﬁ._.Az,_

x{n nm 3, h"“’}x
=18=114p=0 Pig !

p my » mg
X P (& ‘Z  Viat Py Epz_llmﬁpz)

=] @= i=1

where
B(&; s, t)=[B(s, )] &~/(1+&)°*".
If we define two operators, E,, E,, for a function f (o, p,) of p, and
P2, such that

(18) E’° f(py, p)=f (p1+a, po),
(19) Ezbf(Pu pz)=f(P1’ Pz""b)r

(where a and b denote any positive integers),
we can express g (£) in the simple form

L, =) -2 (| T, 7B | -2
IIp—TI } { le—T] } ﬂ( y P1y Pﬁ),

since [r,|<1. Hence we obtain the expession for J as

21 J= |Ip_TE1l = my/2 |Ip_7'Ea| —-'mz/ZB 5 00, P,
@1) {————m__rI } {_II,—rI } & pur £

(20) GRS
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where
3
B(§; o1 P:)=S B(u; py, po) du.
)

4. F(7); percentage point of the distribution of the ratio of Two
T".statistics.
Let

» P A
Tp=3) 3 o =m3y 311
=1 j=1 i=1 jml
and

Z Z 1Az ’0(2)_'”512 Z Ii24 8(2)

f=1 jm=1
which are independent for fixed L=({;). In this section, we shall
evaluate the 7x100 percentage point F(7) of the distribution of the
T /T _ T m,
m,p/ mp T m,
be written as

ratio, In the matrix notation, T, and T, may

Ti=tr L'V®, Tj2=tr L7'V®
If A is known exactly, we use 4 in place of L and the statistic

2 tra-tvae
22 _ X
22) 3 X trA-tVve

has the frequency function

m,p[2)-1
23 TP Map 1 zms? ]
( ) ﬁ(m 2 2 ) B( D p) (1+z)p(m1+m,)lz
2’ 2
Hence
trA-ty® .
@4) P{g=TA Y <ef=BG b p),

where ™2¢ is the tabled value of F-distribution with m,p and m,p

1

degrees of freedom for a particular probability, p,= %mlp, p,=‘;—mzp

and
3
B(; py, P=)=S B(t; pi, p.) dt.
1]

We do not know A4, so we set the problem to determine a function
h(l) of the elements [;, of the matrix L and §, which is such that

(25) P{F-1 tr L~ 15‘(»31»(1)} —B(E; i, p)
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as in Section 2. The solution can be derived by the analogous method
of James’ and expressible as a series in »-!. In large samples Z(l) will
approach £ Let

(26) rO=E+h0)+h(0) + -+,

where 2,() is of order n-*. Then, following the James’ method, we
obtain, for the equations giving %,(1) and A,(1), which are the functions
putting 2,; in place of /;,, (see [6], p. 35)

1

tra-' Yy _
@ [m@D+ ! s was.e. P{TATVE<d =0,

[ D+ Lhi@D+ L 5 dy it (B () D420 020D+ B(12,0D)
nritu

+~4__1— Z Xw,jnluoarsazuaww
8 n? rstave
(28) 11
+ —2_ ”éz—'s“%v:” xm'istzyvzwz:arsatuaﬂwaw X
trA-'Yy® -
<Pl amp = =0
where
= 2, 2.=1(1+5,) 0~ (3, is Kronecker's 9)
o 2 0y

hI(N)(l) =arsk1(l)’ e

and the sums are over 7, 8..-=1,2, .., p. In order to obtain A,(4),
h,(2), and thence A,(l), A,(l), we must evaluate the derivatives in the
above equations. To do this, we consider

_pltr(44ety®
29) J=P,{ o (11 9y <e},

where ¢ is a symmetric matrix composing of the small increments &,
to 4;;. Then, by Taylor’s theorem,

-1 (1)
tra-'V SE}.

1
(30) J= [1 + Z‘. 505 + —2_r§:|u €rs€4ulrsOru+ ** ]P"{ W =

But we can also express.J in the form
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1

= (2”)P1+Pz lA I(ml+m2)l2

(31)
XS exp{—imi y’A“ym——l—mEzz'A“zp }de,ﬂdz
R 2 a=1 ¢ 2 8=1 B P B 8

as obtained in § 3, where

tr(4 +6)-'V® wi1 V(A +E) 7y,
32 R; = 2 <¢
(32) tr(d +8)'V® 32z (A +E)7 'z

Now in (31) we consider the non-singular linear transformations

(33) yw=Cta“ a=1, «--, m,,
Zﬁ=Cwﬂ: ﬁ=1’ e, My,

such that

(349) —;«c'(A +e)'C=1,

(35) $C47C=1,—7,

where I, is the unit matrix of degree p and 7 is a diagonal matrix, diag
{1 73 =+, 7,}. It is obvious that [r,|<<1 for all ¢, as we can choose
the elements of e sufficiently small. Under these transformations J
becomes

...( + my
(36) J—r R Ip—rli(mﬁmﬁs {exp~—“2_lt;(1p—r)ta

RI
% w;(I,—T)wg}Hdt,Hdwﬂ,
g=1

ma

(37) R St wiw, <&
1

a=1 B=

Then we can express J in the simple form which is obtained in the
last section, that is,
_ (| L,—7E\|) ~m2(|I,—7E,| | ~™I2 g ...
(38) J={ T =t} =Bl ZT B T R, ),
{ | 7,—7] \Z,~7] | ‘
where E, and E, are the same operators as defined before. Since,
from (34) and (35),

(39) Wo=7Ey _ 1 [(4+&) 4 - LY(E,—1)
IIp - Tl

=lI,—XA,l, (s=1,2)
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We can express

(40) Tt xa} "1, X)) B 1, ),

where
4,=E;—1 and X=(A+¢&'4-1,.

Then we can carry out the expansion of the above J in powers of &,
in the analogus way as [6] or [8]. Comparing this resulting ex-
pansion of J with that in (30), we can obtain the derivatives 8,.P,[--],
050 by[- -], etc., after a good deal of algebra. Let us use the ab-
breviated notations

rs _ _1 Ca
(re) =2, A=t 4= (140, sy A
(41) [rs]=trA-*A,,=(rs)
42) [rsltu]—trA-'4,, A1 4 ,.,=~;~<(wr)(st) + (us)(rt))

[rsltufne]=tr A~ A A7 A oy A7 A va=—2{ (0r)st)(u) + (or)u)(t0)

(43) + (ws)(rt)(uv) + (ws) (ru)(tv) + (vr)(st)(uw)
+ () () (tw) + (v8) () () + (w8)(rz) (tw)}

Then we have

{ A-1yQ
@  a.p{Ea ‘VC <¢j- —%[Ts](ﬂhdﬁmdz)B(E; Pu P,
(45)  3,20P (-} = — L | [roltul m.(24, + &) + (24,4 )

+ %[7'8][1%](7"4411 + mzdz)ZJB(E 1y P2)
BreBeuBun P, (-1} = — l:[rsl tulvw] {my(34,+ 341+ £ +my(3d, + 342+ £)}
(46) + %[rs][tulvw] {(mi@4+ £) + m3(24; + 43) + mym, 4, 4,(4 + 4, + 4,)}
n —;~[rs][tu][vw] (M3 43+ ML+ B 4 (o + )} ]B(E; P10,

Ors02uCow0zy Pr{* +} =[(2[r81tulvwm] + [rslvw|tu|zy]) {m, (44, + 6 41+ 443+ 47)



ON THE DISTRIBUTIONS OF THE HOTELLING’S T®-STATISTICS 11
4 my(4d,+ 68 + AL+ A;)]
+ 2[rs][tulvw|wy]{m§(34f +348+ £+ mAB L+ 3L+ 4Y)
+ (64,4, + 382+ 34, B+ £, + Aldg)}
@7 + %([rsltu] [vw 2] + 2 [rslow] [tu |wy]){m}(4d§ AL+ )
FMYAL + AL £)+ 2mam, (44,4, + 284, + 24,8+ Awg)}

+ 2 (trslteutowle] + 2rsllvnelltulen] {{mi(@ 4+ 4) + mi24+ 4
i (£ + 2030, 4 BLL) + g (4243+ 24,88+ 6 4,8)

+ 11—6[rs][tu] [vw] [2y] {m:m; b A+ A, B4, + Ay, £

+ Emimi AL B(E pu p).
Substituting (45) into (27) and noting that
48) 4B py p)—B(E pi+1, )= B pu p)— —;21_—1@(& pt1, p—1),
(49)  4.B(&; py, p)=B(&; pi, p+1)—B(E; Py, £2)
=-PL{B(; py p)—B(E pi+1, pi)}

P2

=—P1—~Lﬂ(5’ pit+1, pa—1),
Pr pa—1

we obtain

_1 ur )8t us v Pt P & 13
h(D)=-"=3 Ay4s [x A5t 4 QU B e Sl e T .
D= g ok [ ){ml PRPES I Pl)
_m,( ptpe. € 5_)}
(50) ' o (o +1D1+E o,

el e ) e )

—(m+ m,) {p(p+m1+1)_1}e
2n m,p+2

_{p(p+m,+1)+p(p+m2+1)__2} § :l
mp+2 m,p+2 1+¢
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Since %,(2) is independent of 2, the derivatives like 4{(1) are zero.
Then substituting %,(2), together with (45), (46) and (47) into (28), and
putting §é=m,/m, F,(m,p, myp)=m,|m, F (where F,(m,p, m,p) is the tabled
value of F-distribution with mp and m,p degrees of freedom for a
particular significance level, 7), we obtain, as the approximation of
order n-?

F(7)=-""2h()
m

1

—F 4 _;"no {(9b,6,—1)F— (pb,6, + pb,0,—2)rQ}

My | M [ pmume  Pru—2) (b g VB (0h.6.—2)20)
n? l: 16 {T(%_i_?nlp) F }{(p 10— 1) (pb.0, )TQ}

— 0| (pbty— DF — (vb.0; + 6.0, ~ 2)7Q}
G x{p@+DE-1mb—2p+2)(p—DrQ

+ (pm,+ pm, + 2)(pb,6; + pb,0, — z)Qg}
— 5| [pBte+ 8mb) + b= 3mab) = 3b,+ 2my+ m)|F

—[p¢.(c; + 3m.b,) + p,(c, + 3m,b,) + pb(c,— 3m,b,)
+ poz(cz - 3m1b2) - 3(b1 + bz - 2m0)]TQ

+ [p¢.(c. + 8m.b,] — pepi(c, + 3myb;) + 3(bik; — bk z)]TQ2}

+ i%{(p;blan — Dbyt + DO,y — 0, F

—(p1ay + Py, — D103 — PP 20z — 4w o5 + P00
+ pazaw + 28,05 — 4“29)TQ
— (91051 — 209,03, — D10z + PPollss + 8w, ss — 21,055 + 4,05 — 26,05)7Q?

— (@4 + PP, — 40,0y + 20,04 — dw,a4;) TQS}:I

+0 (%),
where Q=mF|(my;+mF), mo=m,+m, ct=mylm,.
60— 1 g, — P+ pm,+2
pm+2° pm;+2
po= Prutrmt2 (ot pma+2)(pm, +pm+4)
(pm;+2) (pm,+4) (pm +2)(pm+ 4)

wyy = P+ Py + 2)(p1s + pm, +4)
(pma +2)(pm, +2)



ON THE DISTRIBUTIONS OF THE HOTELLING’S T2-STATISTICS 13

¢, =P+ o, +2)(pm, + pm, +4)
(pm;+2)(pm, +4)(pm, +6) '

by=m,+p+1, ¢,=p'+3p+4—2mj},

Q=0 =03 =0a, =bj(pm, +8) + 4[b, + (pm, + 2)],

0y =03 =0y, =bj(pm, + 8) + 4[b, + (pm, + 2)],

Ay =03 =03,=Db, {pm,(3b, — 4b,) +4[2m,(pm, + 2) —m ]}
+12(m?—4p*) +20(2p+1)(p—1)

=0y =m,0,(3pm, — p’— p —4)+ 12(m]— 4p*) + 20(2p + 1)(p—1),

Qs =03 =0y, =b,(pm, +4)

ais=b,(pm, +4),

Q3s=0ss=pb;b, + 4b, + 2m,(pm, + 2)

3 =at,s=b,[4pm] — pm b, — 2pm,b, — 4(my +m,)] + dm,(pm, + 2)(8m,— 2b,)
—4(p"+p+1)(mi—4)—4(2p+1)(p—1),

Ar=mb(3pm,— P"—p—4)—4(p’+ p+ 1)(m;—4) - 42p+1)(p—1),

Az =pb,(2m, +m,) — 2(p+ 1)(pm, + 2)— 2m(p + 2)(p—1),

Q=03 =b,[pb, + 2(pm, + 2)] — 2m(p +2)(p—1)

+6p(m;—4)—2(p—1)(p+4),
@ =(m, +m,)[p(my+ m.,) —2(p* + p +4)] —m,pm, + (p+ 1)(p* + p + 20),
Qgg = (19 +m,)(PMy — P* — p—4) + (P +4p+4).

In the univariate case, the result becomes

F(’7)=F,,(m1, mz),

which is to be expected.

The term of order n~* in the above formula (51) is very complicated
and would take a considerable time to compute. Consequently, we may
often make errors in our calculation and hence it is unlikely to be of
practical use. But by examining the numerical values of the term of
order »~? in several cases for usual significance levels, it seems to be
sufficient for most practical use to use the terms of order up to »-!
for moderate values of n.

Finally, it must be noted that, in the theoretical point of view,
the actual manner that the series (11) and (51) give good approxima-
tions of T™(y) and F(7), respectively, is not known yet.

THE INSTITUTE OF STATISTICAL MATHEMATICS
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