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1. In the Leontief’s open input-output models, technical coefficients
are obtained from statistical data, so they cannot always be kept from
errors. The amount of final demands, however, are considered as the in-
dependent variables, which are assumed in this article to be given without
errors exogenously. The purpose of this article is to evaluate the er-
rors of dependent variables, that is, those of the outputs of industries
caused by errors of the technical coefficients.

2. Let Y, denote the amount of the final demand in the 4-th in-
dustry. Each technical coefficient can be written as

(1) Qg+ €y

where a;, is the true coefficient and ¢;, is a random error. Let X, be
the true output of the 4-th industry. Then X, (i=1, 2, - . -, n) satisfy the
following matric equation :

1—ay; —ay + ¢« —ay X, Y,

(2) —ay 1“@22 s s =y Xz — Yz
Q. —Qpy ¢ c ¢ 1—'ann \Xn Yn

For the simplicity of notation, we write this equation as

bu b1z R bln X1 Y1
(3) bzl bzz ¢ " bzn Xz — Yz

s e o e e o L oo o

‘b'nl bnz D bnn Xn Yn
or
(4) BX=Y.

Now, let X; be the value of the output of the ¢-th industry. Then X;
(i=1, 2,---, n) satisfy the following matric equation :
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l—ay—ey —Gp—e, -« + —a,— €1n X Y,
(5) —Un—€y  l—@n—ey - o+ —@y—ey, X, — Y,
Wy &y =€y o o o — Oy, — ey, X;t Yn

This equation can be written as

bu—en bp—ey - ¢ ¢ bln_ €1n X Y,

7
(6 ) by—en by— &y o+ v by—ey 2 | Y,
. . L] . . . L] . L] . . . . L] LI ) e o ’
'’
bu—en bp— €y v bu—eny, n Y,

or
(7) BX=Y.

At first, we evaluate |B’| :

bu—en bp—e, - - - b —ein
|B'| = bu—ey bp—en - - o by—ey
e 6 o o o s 6 s e e s o o @
bnl —&m bnz —Cpz * ° ° brm —&nn
by by - - - b1y —ey by - - - by
— by by - -+ by 4| T by ¢ ¢+ by
e« o o e o *° o o e o o o e s o o o
bnl bnz A bnn —&u bnz D bnn
bu —ep by - . - bm bn D bl,n-l —€in
+ by —en bg - - - by 4 oee e+ by + 0 bypor —en
. . . L] Ll . . L . . . . . L] . . . . . . .
bnl —€n2 bn3 ¢t bnn bnl A bn,n—l —E€nn
. —&y —&p b13 « o . bl n
+ —&y —em by -+ - by 4 oo e
e o s o o s s e o s o o
—€n1 Eny bps + + o bun

and since a,, is of order 1/z, on neglecting the higher order terms of
errors,

=1Bl - ie“b” ’
=1

%,

where b'/ is the cofactor of b, in |B].
Now, put
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Cn Cz * * * Cun

Bl—C=|% ©Ca * *°° Om

e o o s o o o o

Cpi Cpz * * * Can

Then this can be rewritten as

(8) 1B1=181 (1= e by )=1BI(1-Zeven ) -
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In the following, we evaluate b'*/, the cofactor of b,,—e;; in |B'|.

e e o o o e e e & e o o e s o o

b'ij=(_1)i+1 bi—l,l_ei-l.l . bi—l,]—l_si—l,j—l bi—l._1+l_sl—l,j+1 .

e o e o e e & s e e e v e o s o

bu—em - - - bn,]-l—en,j-l bn,j+1"

bu"en s b1,,1—1"‘511 -1 bl, J+1 €1, 541

€n,j+1

cee bln"'em

e o o

* bnn —Enn

.
bi—l.n

bi+1,1“‘5i+1,1 * bi+!,j—1—si+1,j—1 bi+1,j+1_€i+1,1+1 * bi-l-l,n

.
—&i-1,n

—&+1,n

and neglecting the higher order terms of errors similarly as in the eva-

luation of |B’|,

bu ¢t 61,1-1 b1,5+1 AR

® & e o e e o e e s s o o s s o o

=(_1)i+1 b¢-1.1 ° bt—l.]—l bt—l,;ﬂ s

bjor1 * - bis1,5-1 b£+l,J+1 °
bm A bn.j—1 bn,j+1 M
—ey .« e bl'j_1 bl’H_1 . o e
—e,_ « o by . b._ [P
+(=1)+/ i-1,1 i-1,5-1 Og-1, 541
—&a+1,1 * " b'i+1.1—l bi+1,j+l e

e o & o o e o e e o s e e o s o

T

bu ¢t bl,j—l bl,j+1 ..

e ,+(_1)t+1 bt-l.l A bi—l,j-l bi—1.1+1 .

bz+1,1 ¢ bz+1,j-1 b1+1,;+1 bl

e o e o p o e o o s o o o o

bn,1 c e bn,j—l bn,]+1 A

n

=bij —_ Z sklb“; Kkl
k¢t
i¥J

bl,n—l
.

. e
bz—l,n'—1

bs+1,n—1

bﬂ, n-1

—€1n

.« .
—&-1,n

—&+1n

—Enn
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where 7% denotes (—1)*/ (the cofactor of b,, in the minor of b*), that

is, for example

(_1)1+J+k—1+l

bt—1,1 c bi—l,l—l bi—l,H-! ¢ bi—l,j—lbt—l,j+1 AR bt—l,n
bt+1,1 c bt+1,l—1 b¢+1,z+1 ¢t b¢+1,1—1 bz+1,1+1 ce bl+1,n
........................

e o o

blc—l,l ¢ bk—l,l—l bk—l,l+1 bx—1,1—1 blc-l,j-l-l c e b}c—l,n

bk+1,1 ¢ bk-l-l,t—l bk+1,l+1 t bk+l,J—1 bk+1,j+1

oooooooooooooooooooooooo

bm ¢ bn,z—-l bn,z+1 D bn.;-x bn,;+1 e qu

and this can be written as b*3¥, Then we have

(9)

n

b=bt— 3 €, bFu
ket
23

Now,
X'=(B)'Y
pu b pret N\ \
2 ... 2 Vv
B| |B B
(10) |B'| B |B'|
712 722 N2
[ A A A | 4
=| IBl |B| |B’|
b/ln blZn bmn
o - .. Y,
|B'| |B| | B'|

From (10), we have

11)

M

(bjt — i sklbkl: ji) YJ
il

=BT - (Y]

J=1

o W

n bt n & bHru It
{22 | B| Y, 3& k‘|1;|(§; b+ 13)}

|
| B|
[B'|
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- | B|
| B l(l— E €3Cs
Gj=1

n prL 5t
ECUYJ "'kZI €u0zk[2 T
[E%]

) {1-1 ¥k b*

1 n prEst
=0 {Xt—Eeucm(Z . YJ)} .
=1 ¥ b
1 - %eucﬂ £

Y,:“
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prust pruit . .
Let X' be > ——Y,, where —— is the ratio of the cofactor of b, in

=) bkl bk

the following determinant to the determinant itself,

bu b1 1-1 b1,1+1 bm
(12) bk—l,l' . bk—l,l—l bk—l.l+1 ¢ bk-l,n

bk+1,1' * bk+1,l—1 bk+l,l+1 b bk+l,n

. . .
bu M bl,l—l b1,1+1 ¢ bm 3 Xf ) Y1
................ s

kL
(13) bk-l,l’ ° bk—l,l—l bk—l,l+1 c bk—l,n -1 | Y, .
kl
bk+1,1' i bk+1,z—1 bk+1,l+1 D blc+l,‘n 1+1 er,+1
................ ces
22
\bm ¢ v bn,z-x bn,z+1 oo g \ X: \ Yn

Adding a trivial equation 0=0 to this matric equation, we have

((by v o by by by e b (X /Y,
bk_m R bk—l,l-l blc—l,z bk—l,l+1 blc—l.‘n Xlkil Y"'l

(14) 0O <+« 0 b, O .- 0 0 |=]0
blc+1,l° c bk-l-l,l—lbk-l-l,l blc+1.Z+l e bk+l,n Xﬁ-l Yk+1
bn1 ¢ o o bn,l-l b'nl bn,l-l-l e bnn / le Yn /

For the simplicity of notation we write this equation as
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/Y, N

(15) BriXF—=| 0

Subtracting (15) from (4) side by side, we have

Y1 2 Y1 0 3
Y,
Y. 0
BX—B¥X*=|...|—-| 0 |=| Y.|,
Y. 0
\ Y. Y. 0
hence
/0 N
0
B(X—X*)+(B—B*")X"=| Y, |,
0
(0
hence
(0 N

0
(16)  BX-X")=| Y,|—(B~-B)X*
0
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(0 ) 0 0 ee 0 NT X;cz \
0 0 . 0 0 w
== Yk _ bkl LR bk.l"l 0 bk,l+1 e blcn 0
°11° 0 -0 || X
\ 0 0 --- 0 cee0 )L xer )
0 0 0 N 0y
=| Y| = | ZbenX¥ |=| YVi—ZbinXi |=|a¥
mal -
0 0 0
0 0 0 (0

Thus we have

(0

a

/ XI_ {d \ 0 ( C1Ciz * * * Cin
..... ces €1 Cos® * * Cop
Xl_l"Xfil 0
an  xX-xo—| X, |=B|ap|=|------
Xl'l'l lil 0
Xn_Xfll 0 Cr1Cp2 *** Cnn
/ CellE
Con
= ’
Cri Q%

or
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(18)
Consequently
(19) X,

—Xn=_Cu ¥ for i=1, - -,

HITOSI KIMURA
X — Xt =y 0}
X, =0y 0¥

Ykl Kl
X ""Xz+1=cz+1,kak

-1,1+1,--+m

Cik

Substituting (19) into (11) We~have

X Xm = Seca(XE-X) + Seca X}

=1
1— Zc”eﬁ 1t

—-—,,L—v{i‘{emcm—f— X+ Eemccht}

= c
1->cye, e
§ij=1

__*l___-v,{ Z cikek,X} .

1- Z cu €5

Now the mean square error of X, can be obtained by assuming that

E(e;)=0, E(e, €,)=0 for ik or j#1, and E(e})=ra};:

n

ch e X, 2

B(X,-Xy—E{*= """

1- Zcu €5
1,j=1

A (et ) o Sipens (Soon) ]
El( S ) Fo()

+3 L E(2) X
kii=1

I

n
= cir’an X1

k,l=1

=7 Zl,c,,c(z ar )
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2 l;(aqu)z
(Z alel)‘
=1

n 2 2
=13 (Xe— Y ot
k=1 (nmk)_

=S (X, — Vi L (C2+1)
k=1 n

(where m,, o}, C, are the mean, the vaviance, the coefficient of varia-
tion of &, X,, respectively.)

g_% max (Ci+1) 3, k(X — Y.)*

S CES IF) NG % A1y

9 n éc“c Yk -Xk‘ n 2
=.f7;r_ (Cz'l' 1) {(;cm Yk )—”*—k_k—z‘{cﬂ: Yk}
® . e Yy )
=1

= T (C+1) XYM, —1),
n

where C is the maximum of C,, and M, is a weighted mean of X and
k
. X,
is not so different from =M.

Y,

k=1
From the above the relative error of X, can be estimated by 177'—
' n
1C*+1 (M—1) where C is a number near 1, and M is not so large,
thus the dominant value in this formula is », when #» is large. This
means that the larger the number of industries, the smaller the error
of output caused by the technical coefficients errors.
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