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0. In this paper, we shall concern ourselves with a generalization
of the result of Chernoff [1] on the rational selection of decision problems
to the case, in which the set of states of nature constitutes a topological
space. As the corollaries to the theorem proved below, we will obtain
the results for the cases, which were considered in Uzawa [2].

1. Let the states of nature be a topological space Q such that

o= /B,
v=1

where B, is a compact set for »=1,2, .-+, and

BICBZC"' ’

S'={o} be a “complete” group of transformations ¢ on Q and g a
measure on Q which is invariant with respect to > and finite on B, :

0 < p(B,) <o (»=1,2,--+).

By a transformation on  we mean a topological mapping from Q
onto Q. A set of transformations >\={c} is a group, if > contains or™*
for any o,7€ 3. A group >, of transformations on Q will be called to
be “complete,”—the terminology is used only in this paper—if there is
no other open set of Q than Q itself and the empty set ¢, such that

A’=A for every o€ 3.

A measure ¢ on Q is said to be invariant with respect to 3, if, for any
measurable set A4 and any transformation o€ 3, A° also is measurable
and

p(A%)=p(4) .

A non-empty set X of functions defined on Q is said to be a
randomized normal problem, if the following conditions are fulfilled :

(1) «(t)=0 for all ze X and te Q.

(2) XeIL(Q), where L(Q) is the set of all bounded and continuous
functions defined on Q.
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(3) There exists a finite number K such that

Lx(t)p(dt) <K

for all we X.

(4) X isclosed, i.e. if lim z(t)=z(t) te Q) and z, € X (»=1,2, --.),
then ze X. )

(5) X is convex, i.e. if #,ye X and 0< 2<1, then

Zex+(1—-A)-yeX.

2. When a set of states of nature Q and a complete transformation
group 3, on Q are given, a class of randomized normal problems G—{X}
on Q will be called a general problem, when G has the following pro-
perties :

(1) If XeG and «>0 and y is a non-negative functions on Q
belonging to L(Q) such that

| vy <

then the set
aX+y={az+y;xe X}

belongs to G.
(2) For any «,, ---,x, in L(Q) such that

@y oo, @ >>0
[ aman <o, -, [aguan < o
the set [z, ---, ;] belongs to G, where
[z -, 933]={ grxm 30y, e, 0, >0, ;a,gl} .
(3) For any positive number ¢,, the set
X,— {x sze L(Q),2>0 and Sgw(t),u(dt) <e }

belongs to G.

3. We write, as usual, # >y for functions z, y on Q, when 2(t) > y(¢)
for any te Q, and x>y, when # >y and z7#y.
For any set X={x} of functions on Q, an element @, of X is said
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to be efficient in X, if x>, for no xe X. The set of all efficient
elements in X is denoted by E(X).

A selection C, by which each problem X of G is associated with a
subset C(X) of X, is said to be rational, if it satisfies the following
five postulates:

P1.
pP2.
P3.
P4.

C(X) C E(X).

YCXand X,YeG imply C(Y)DCX)N Y.

C(X) is closed and convex for any XeG.

If Y=aX+y, where XeG and >0 and y is a function in

L(Q) such that

then

P5.

=0, | woman <

C(Y)=aC(X)+y .
If X’=X for XeG and s¢ S, then
C(X)"=C(X) .

For a set X of functions on Q, we shall define the set X° as follows:

where

Xo={z";xe X}

z°(t°)=x(t) (te Q).

4. For any set X of functions on Q, the subset

L(X)= {xo ;e X and ngo(t),zz(dt)= nggit Lw(t),u(dt) }

of X will be called Laplace set of X.
THEOREM 1: The rational selection C(X) for a gemeral problem
G={X} for a topological space Q coincides with Laplace set L(X):

C(X)=L(X) .

5. PROOF OF THEOREM 1. (1) Let

X,={z;220, ze L(©) and ng(t),u(dt)gco}

which belongs to G. Then we shall prove that

C(Xa)={x;xgo,xeL(Q) and ngv(t)p(dt)=co}.
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If ze X, and Lx(t),u(dt)=c <o, then “aft)e X, and L a(t) >a(0)
Therefore,
r¢ B(X)
and a fortiori z¢C(X) by P1.

Let x, be a function in X, such that
| 2@ =c, .

Since x,(t) is continuous, there exists an open set 4 so that

z(t)>0 for all teA.

For any function x(¢) in X, such that

[ et =e,

there exists a sequence {,} of functions on Q such that

z, € X,

[ s@n@—a
and
{t;2()>0} CB, (=1,2,--+).

We shall show that x,e C(X,) for any v=1,2, ---. Since B, is compact,
there exists a finite set of transformations o, ---, 5,, so that

B CAa\ --- U A™n ,
Then

m
x%;

1
y=w
m j=1

-

is in C(X;), by virtue of P5, and
y(t)>0 for all teB,.

Therefore a= ,ing y(t) >0
and 0= Sup @,(¢) <o .

Then the function
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y(t)— L ,(?)

belongs to X, and

y(t)—= %xv(t) + (1 - %) y

Since y € C(X) and % >0, we must have

z,(t) € C(Xy) .
From P4 we conclude that « e C(X,).
(2) For Xe@G, let
C= maxS x(t)p(dt)
z€EX Q

which is finite. Then, if @,e X and Sawo(t),u(dt)=cu, &, belongs to C(X).

This follows from

CX)DCX)NX,

where

X.,={x; ©>0,ze(Q) and Saa:(t),u(dt)gco} .

(3) If, for x,€ X, we have Snxl(t),u(dt)=cl< ¢, then we shall show
that z, ¢ C(X).
Let x, be a function in X such that

| atiman—a,

and Y =[x, ,]= {az,+ fz,;; a, =0 and a+B<1}.
If 2,€ C(X), it can be shown that this leads to a contradiction. Namely
in that case, we would have Ye G and z,, ;€ C(X). Therefore

{Awy+ (1=, ; 0<<2<{1} CCY) .
Set

Z={z;z_2_0,zeL(Q) and Sz(t),,(dt)gcﬁcl}
2 2

and V=YNZ.
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Then zeCY)NV and z,2:€eCZ)NV,

where

mz=L(xo+xl) and :v3=c‘+—c°:co .
2 2¢,

Hence z,, #, and «; belong to C(V), and therefore
L@+ eC(V),
On the other hand,
1 1 B
E(wl_l_xﬁ}) S ‘E(xl’*'xo)——wz € V .

Hence

%m+m¢avu

which contradicts to P1, q.e.d.

4. For a topological space Q, in general, the existence of a complete
transformation group 3 or an invariant measure 2 on Q is very dubious.
For a finite set Q={1, ---,n}, however, the complete transformation
group > is the symmetric group S,—the set of all permutations of
{1, -+, n}—and the invariant measure g is the one represented by

pl)=+ = pm) =

We can, therefore, deduce the following theorem as a special case
of theorem 1:

THEOREM 2: The rational >select'ion C(X) for a general problem
G={X} for a finite set Q= {1, - - -, n} coincides with the Laplace criterion :

C(X)={a:o;moe X and 1 ﬁ_‘, z(t)= max 1 f_“x(t)} .
n t=1 2EX N t=1
5. For an n-dimensional euclidean space Q, the group of all trans-
lations on Q, i.e.
Si=1{o; a(t)=t+a(t € Q)}

is complete and the Lebesgue measure p is invariant with respect to Q.
In this case, we have the following theorem :
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THEOREM 3: When the set of states of nature 18 an n-dimensional

euclidean space Q, the rational selection for a general problem G={X}
becomes as follows :

C(X)={xo;woeX and Snxo(t)-dt= max Sn w(t)dt} .
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