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1. Introduction

The methods and techniques of sampling are very useful in the
forest survey and their application to it provides many interesting pro-
blems from the points of view of sampling theory itself as well as measure
theory. In this paper we shall treat some of these problems in the light
of the survey carried out under the auspices of Forestry Agency, Mini-
stry of Agriculture and Forestry of the Japanese Government in 1952-
1954.

In the forest survey, the most common method of sampling is area
sampling. In sections 2 and 3 we shall treat some problems in relation
to area sampling, and then in section 4 we shall refer to the sampling
design of the survey of forest resources in the whole country of Japan.
It is also an important problem in the application of sampling methods
to improve the precision of estimation by taking advantage of previous
information. In this connection, we shall in section 5 study the application
of regression estimate to the forest survey. Finally, considering the
importance of tree measurement in the forest survey, we shall in section
6 treat the analysis of errors in tree measurement.

In the preparation of the present paper thanks are due to Messers
M. Motoo and K. Isii.

2. The error of traversing

In carrying out the area sampling in the forest survey, we cannot
overlook non-sampling errors. Especially the evaluation of error in area
measurement is very important. For, in the survey, we cannot do with-
out area measurement, and in this measurement we cannot be free from
the error. Taking consideration of the actual forest survey in Japan,
where the traversing is commonly used, we shall treat the problem in
the following.
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The traversing is the following method of area measurement. First
we set up many station marks on the circumference of the area, which
is to be measured, and join every pair of neighboring station marks by
a straight line. Then we get a polygon, vertices of which are station
marks. Substituting the polygon for the given area, and proceeding
along the circumference of the polygon, we measure the length, the angle
of elevation, and the direction of every side of the polygon. From the
measurement results thus obtained we can calculate the area of the
polygon. If the results have some error, the area of the polygon thus
calculated may also have some error. Let r, ¢ and 0 represent generally
the true values of distance, angle of elevation and angle of direction
between two neighbouring vertices, respectively, and 4r, d¢, 46 errors of
measurement of 7, ¢, and @, respectively. We assume here that 4r, d¢
and 46 are random variables which have variances independent of the
true values, that is, V(dr)=os}, V(dp)=s’, V(40)=o0j, and that there is
no correlation between any two of them. First, we consider the case
where the measurements of 7, ¢, and 6 are unbiased, that is,

E(4r)=E(d¢)=E(46)=0 .
Let 7, ¢,, and 6, be the true values of the %k-th measurenient and S be

the true area of the polygon. Then, if we neglect error terms of higher
order than 4r, 4¢ and 40, the error 4S of the area can be written as follows :

n

48== 3 (a, cos ¢, sin 0, — b, cos ¢, cos 0,)4r,
k=1
(1) © 4 > (bery sin ¢, cos 0, —a, 7y sin ¢, sin 6,)de,
k=1
+ kZ (@, cos ¢, cos 0, + by, cos ¢, sin 6,)40,
=1

Here 7 is the number of station marks, and- (a,, b,)=1/2r, 4+ rss14+ =+ 1L
where t; is a vector of two dimensions, the co-ordinates of which are
r;c08 ¢; co8 0; and 7, cos ¢;sin ;. From (1) we get E(4S)==0, and

n
V(S)= ;‘; (a; cos?¢, sin*6, + b} cos’yp, cos*0,)or

n

+ kS_‘I, (airi sin’g,, sin*6, + bir; sin’e, cos®d,)s’,
n

(2) + kZ (air; cos’e, cos*d, + bir: cos’e; sin*6,)a;

=1
L . n . 3

— ,; ab, cos*g, sin 26,07 — kz:, a,b.ri sin®g, sin 20,7,

n
+ > ayb,r; cos’y, sin 20,53
k=1
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From (2) we can estimate the error 4S of the area. In this case, for
small 7, we must make use of the Tchebycheff’s inequality, but for
large n, probably for n2>10, we could assume that 4S has asymptotically
Gaussian distribution according to the central limit theorem.

Now, we shall give the relation between S and the relative error

VVTg@S ) of its measurement by making use of numerical values of o2,

P, os obtained by practical analysis. These numerical values are as
follows :

07=0.05m* , 0p=1.056°%, 03=0.57°% .

Here we consider the following typical cases:

(i) the orthogonal projection of the polygon on the horizontal plane
is a regular polygon with line segments of length 24 m and |¢,|=---

=leal=¢,
(ii) the orthogonal projection of the polygon on the horizontal plane
is a rectangle such that the ratio of its two sides is 1:4, |¢i|=---=

|¢.|=¢, and the length of each side is multiple of 24 m.
In practice we may assume that ¢<45°, then the error 4S attain
its maximum when ¢=45°, and it suffices to study the case where ¢=45°s

The relation between S and VVS(’ZS) is given as follows.

VV4S)
S

%

A

6:5 s : case (i)

60F === ee—m———— : case (ii) and A=1.
55F —se——-—— : case (ii) and 4=2.
501 —-——— : case (ji) and 4=3.

10} ST
05F S (tan)
0 20 40 60 80 100 120 140 160 180 200220 240 260 280 300 220340 30 380 400420 440
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Here “tan” is a unit of area in general use in Japan. To the case
of a convex and central-symmetric area, too, the above relations would

apply well.

L]
-+

In order to investigate the more complicated case of zigzag area, let
us consider to estimate the area between L and L’ in the above figure.
The relation between I and V' V(4S) turns out to be what the following
figure shows, and it shows that the difference is small. Therefore the
problem of a notch does not matter much.

D(4S)
[
2.5
2.0
=60
1.5 o« =45°

1.0

0.5

de L 1 4 l d Ld 1 ll(m)

H 1 1 1 L I} 4
20 40 60 80 100 120 140 160 180 200 220 240

In the second place we consider the case where the measurements
of r, ¢ have biases 4r, 4o, the bias of 8 is negligible, |¢,|=-:-=]|¢.|=¢,
and 4r are independent of the size of #. Then the bias 4S of S is given
approximately as follows.

INE :V_‘_, (ay sin 6, —b, cos 6,)4r;,
k=1
where a, or b, is the same one as in (1), and 4r,=4r cos ¢—r sin pdep.
A4S _gdr
S 7

In the preceding cases (i) and (ii), it turns out that where

r'=24m and 4r’=4dr cos ¢ —r sin pdp.
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Finally let us consider the effect of the adjustment of errors after
the measurement. When we make a map according to the measured
values, we get usually deviation between the start and end points. In
that case we adjust the map by a parallel and length-proportional trans-
formation of each polygon’s side. (See the figure below.) We shall now
make clear the influence of this adjustment from a statistical standpoint.
e Circumference based on

measurement.

——-—-—Adjusted circumference.

For simplicity, suppose that the area is a regular polygon with
side-length » on the horizontal plane. Let S, and S, be the measured
and adjusted values of S, respectively, and let 4S;, 4S, be their errors.
If we are free from any bias, we have E(4S;)==0 and

(3) VaS)= " {az (z+ coszn)+7'203}
8 sinz” n
n

Now by some calculation, we obtain E(4S,)==0 and

(4) V(48,)= " or (1 +cos 27)
8sin* ™ n
n
Then even if there is a any bias, by putting E(S,)=S, we have
E(4S,)==E(48S,)==S, and the variances are the same as above. From (3)

and (4) we obtain v/ V(4S,)< 51/ V(4S)). Tt implies that, when the bias

of measurement of S is small, the adjustment diminishes the error of
the measurement of S. If the bias is not small, however, the error of
the measurement of S cannot be made small, even if the variance of 4S5
can be made small by adjustment. In the above case, we have assumed
that the area is a regular polygon. In more complicated cases, the
calculation will not be so easy, and it seems dangerous to draw any
hasty conclusion from the above argument.
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3. Determination of sampling unit

In carrying out the forest survey with sampling method, we en-
cour_lter the problem of what form and what extent of sampling units
are most efficient. Let us consider this problem, taking into account the
cost of survey.

Let A be the area which is to be surveyed.
First divide A into blocks as shown in the figure,
and take every block as a sampling unit. If X,---X,
( ] denote the volumes in these blocks, the total volume
I

N
is V= iZIX“ where N is the number of blocks.
=1

Let @, ---, 2, be volumes of a simple random
sample of size » from these N blocks, and put

5=; ﬁ‘,-’%- Then V will be estimated by V=Nz. The coefficient of

A

variation of this estimate is given by

N-1Vn _/N=n 1 4

174 T VY'N-1VaeX

where X= ; and o* is the population variance among blocks, i.e.,

variance of the block population, and it gives the relative precision of
the estimation.

It can be seen from this formula that the coefficient of variation
depends on ¢/X, where /X varies according to the way of subdividing the
area—the way in which we make the population of our conecern. There-
fore we must know at first how o/X is expressed in terms of forms and
extents of blocks which are sampling units, for the method of dividing
the blocks depends only on them.

Considering the nature of our survey we shall here confine ourselves
to the case where all blocks have almost the same form and equal area
although the form may be taken in infinitely many ways. As for the
form we take (1), (2), (3) in the following figure as the representatives.

(1) (2) (3) [ s |

[ ®
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When the form is fixed the dividing method is determined by the area
s common to all blocks, and thus we denote it simply by the areas. In
this case Z=o4/X is a function of s: Z=27(s). Actually through the
practical survey we first investigated the functional form of Z=Z(s).
We selected a part of forestry and studied every tree in it. In that
part there were Japanese cypresses and larch-trees, but the majority
were Japanese cypresses. Its extent was 5-tan and trees were 25 years
old. In this case Z(s)==as~* was seen to be a good approximation and
we got the following table

© Method o i

- (1 *)"* 0.2310 0.3011

2 o029 02603
(3y o8 0286

where s is measured by tan. Z decreases fast when s increases from 0
to 1, but slowly thereafter and decreases only a very little when s becomes
greater than 2. Therefore, when we want to draw samples with the
equal area, without taking into account the cost, it is desirable to take
areas of extent of 1~2 fan as sample units.

In practical cases, we usually try to approach the most profitable
way of subdividing the area from the following two standpoints.
i) To make the precision as high as possible for a given total cost in

the survey.
ii) To minimize the cost for the required precision.

In general the actual area is not a rectangle,
but we can divide the area into parts which may
be assumed to be approximately rectangles as in

the right figure. Moreover, in the above mentioned
survey, it was seen that the difference of functional

rectangle

rectangle

form of Z(s)= )‘_;_% among the above three forms of sampling unit pro-
8

duced little effect on the result. Therefore, it seems sufficient to solve
the problem in the case where the area is a rectangle and the sampling
unit is a square. In this case the way of subdividing the area is de-
termined by the length ¢ of the side of square. Now, let the area be
one as shown in the left figure, and divide it into N sampling units.
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We assume that the lower side of the area are divided into % intervals

- with the almost equal length, that is, k=r: is an

o~

integer. For the conveniences of calculation, how-

ever, we shall treat ¢ as a continuous variable.

When we consider (i) or (ii), it is necessary to get

formulae for the precision and the cost in terms of

012 k-1 % .. o e
n and ¢. As for the precision, it is given by
N—n 1 o@s)
= t’ == e
v=UE =Y N1V 0 Xis)

Here we assume that N>1 and %#as"‘=at‘”‘ holds in the general
S

case. Then

therefore,
1 1
=y(t, =}/ — = at™*
y=y(t, n) N

Now we shall consider the formula for the cost. The total cost may be
considered to consist of the following.

a) The cost for the measurement of circumference of the area.

b) The cost for confirming the sample spots, that is, for reaching
the sample-spots.

¢) The cost for the measurement of circumference of the sample-
spots and confirming them.

d) The cost to tally the sample-spots.
Assuming that the cost of the measurement of circumference is pro-
portional to the length to be measured and the cost of tallying is pro-
portional to the extent to be measured, we denote the cost per unit
length and unit extent by «, 3, respectively. Then for given ¢ and =,
the costs are LB for (a), 4nft for (c) and nft* for (d). Let the cost for
(b) be D. Then the total cost will be C(¢, n)=nat*+4npt+D+LpB. Let
us consider the formula for D. For confirming the sample-spot, it
suffices to determine the position of sample-spot relative to some station
mark, and it seems to be convenient to take the station mark used for
the circumference measurement of the area as a landmark. Assuming
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that the stations of the circumference measurement are on the upper
and the lower side of area, it is sufficient to measure lengths as is shown
by the thick lines in figure 4. Since we are interested in the mean of

these lengths for the 01 2-9 k-1 &

;
Sample

random sampling, it is

the same as measuring

of thick lines in figure thick line: to be measured

5. Therefore the mean i N7

1 \ \
distance p(n, t) to be dotted line: to go to the points ]Z 5

g 01 ) -
of measurement on 01 2 k=1 Jk

measured for confirming

the sample-spot is given

by taking the mean of 7 Z

the sum of the largest 1

distances between the

lower side and the sam- 0123 k=1 k
ple-spots on each row.

o, n)=kll:1 — nf_ i {1_ (1_ It)nﬂ}il

Dzﬂp(t, n) ’

Thus we have

therefore, we obtain
C(t, n)y=nat*+4nft + Bp(t, n)+ LB

As p(t, n) has a very complicated form and is inconvenient for numerical
calculation, we replace it by the following approximation formula which
is the nearest straight line to the graph of p(¢, n), where ¢, k vary in
the range appropriate for the practical purpose.

o(t, n)==0.16In 42/
therefore we get
C(n, ty=nat?+4dnft + £(0.16ln +20) + LB
Using the above C(n,t) and y(n, t), the problems corresponding to (i)
and (ii) are reduced to the following.
(i) To minimize y(f, n) under the condition C(n, t)=C, where C is
a given total cost.
(ii) To minimize C(¢, ») under the condition y(¢, n)=¢ where ¢ is a
given precision.
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These problems are solved as follows:
The case (i)
Let C=C—LB be the total cost except for the circumference

measurement.
Then t is given by

(Aa—C+218)(1—22)* + 2A3(1— 42)t — 0.32 A3 =0

the sample size by

o C—208
at? + 46t +0.1613

and the precision y by

/-

The case (ii)
t is given by

A (1—20) 1% —24% (41— 1)¢™-1—0.82241° ft#-*— 28t —0.1613=0
a? a? a’

" it
and
C=nat® +4npt + £(0.16n + 2)]
The values of «, 8 should be determined by taking into account the

practical forest survey.
Actually we have obtained the following data from our survey.

1=0.2846 a=1.414 A=28400 m* (=119
r=239m a=0.00194 person hour/m?
3=0.015 person hour/m

When using this data and C—=42 person hour—the standard .cost of

survey in Japan—, we get

S=1.4tan n=_8 y=5.29%
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4. A design of area sampling in forest survey

In the survey of forest resources in a comparatively wide region by the
sampling method, it frequently happens that we cannot select any suitable
sampling unit, and even if it is possible, our unit cannot be used practically
by the reason of management or others. In such a case the area sampling
method by topographical maps is convenient. In the following we shall
state the outline of our survey plan of the forest resources in the whole
country of Japan, which uses the topographical map of seale 1-50000.

As is seen from its nature, this survey has various survey items.
Therefore, we did not consider the stratification about special items, and
restricted ourselves only to the stratification by prefecture, which
facilitates the drawing of the land spots. We also did not use the sub-
sampling in consideration of the required precision and the nature of the
results, and drew a sample directly from the whole country. Existing
units, such as the administrative districts etc., were not suitable for
sampling units. For, it was very difficult to collect the primary data,
and the extents and boundaries of those units were very obscure. Thus
we divided the whole country into blocks with a fixed area, suitable for
the survey, and took those blocks as sampling units. We used a simple
random sampling and drew a sample from these units. For the precision

of 59, the sample size is determined by 0.05_2_17?3}?, where X is the
n

mean of volumes per unit and o is the variance of volumes per unit.
Now the distribution of volume per unit area may be considered to be
of L-type, as is shown in the figure. v

If the density of this distribution is | \Persity

e*, we have 2 =1. It seems that
v X X

is usually between 1 and 1.5. Thus,
to determine the sample size, we took

1
1.3 as the value of :Xi . Then the Volume per unit area

above formula is reduced to

1) As the results of the actual survey we got the following values.
X=8.93m3
o=14.05 m3
g

=157
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1.3
0.056>2--
=V'n

namely
n=>2704
and the sample size 3000 is sufficient for the case. We allocated 3000

sample spots to each prefecture proportional to its area, i.e.,
kt"—“qli n,
A
where n: the number of all sample spots (3000),
a,: the whole area of each prefecture,

A=3a,: the whole area of Japan,
k,: the number of sample spots allocated to each prefecture.

It is seen that as the area of the sampling unit becomes larger, the
precision of the estimation becomes higher. However, we must consider
the cost of survey at the same time, and it does not give advantage to
take very large areas without consideration. Taking the preceding con-
sideration about the sampling unit, it seems optimum to take 1~38 tan
as the area of sampling unit. Moreover, since there are some survey
items concerning the character of land, such as the state of utilization
and the topographical feature of the land, the adoption of large unit
- makes it very difficult, or at least practically impossible to characterize
each unit clearly, because the conditions vary much within the large unit.
For this reason, too, the area of the unit is desirable to be small. Under
these considerations we decided that the area of each sampling unit should
be 50m x30m=1.5tan. However, it is impossible, in practice, to divide
the whole country into small blocks with area 30m x50m and to draw
a simple random sample of 3000 from them. We actually drew the
sample in the following way. In the first place, considering the lattice,
which divided the whole country into as many blocks of equal area, as
sufficient for the purpose, we drew 3000 lattice points from this lattice,
with equal probability. Then at each lattice point, which was drawn,
we set up the 30m x50 m block in a certain way, the lattice point being
taken as a cardinal point. As a lattice we took the circles of longitude
and the parallels of latitude respectively at the interval of I’. (The
extent of each area divided by it was almost 1.8 x1.6km?.) The area
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of the block, generated by the lattice of latitudes and longitudes lines,

is not constant. However, we made the stratification with respect to the

prefecture, and drew the sample spots within each prefecture. The error
arising from the inequality of the block was negligible in practice. Now
the lattice of latitude and longitude lines can be chosen in infinitely
many ways. We must, of course, select one of them at random. But,
for the practical reason, we used the longitude and latitude lines which
had been printed on the existing 1-50000 maps. We believe that this
selection does not cause any statistical bias.

In order to settle the spot in the field, and to carry out the mea-
surement we used the following method.

1. Marking the lattice point, which belongs to the survey spot, on the
topographical map with scale 1-50000, and, using the sketch maps
and areal photographs, to investigate the landmark, which is conve-
nient for deciding the position of the spot to be surveyed, and the
route to reach it on.

2. For use of the traverse measurement, sticking the topographical map,
marked with the lattice point, on the plate, to examine the declination
of a magnetic needle in the neighbourhood of the spot.

3. Standing at a point of a wide field of vision in the neighbourhood
of the lattice point, and using the triangular points, peaks and
saddles of the mountains or other land marks, to decide this point
by trigonometry.

4. TFrom this point, to decide the lattice point by the trigonometry and
the traverse measurement.

5. Measuring the horizontal distance 50 m to the north and 30m to the
east from the lattice point, to decide the survey block, and to study
every tree and other items.

The errors of position of the lattice point, determined by the above

mentioned method, was less than 100 m.

This fact was sufficient for the method to serve our purpose, and
the work was accomplished by comparatively small labour. The estimation
formula for the total volume of the whole country is given by

A
vp="" 3, v;/n
a i=1

where A: area of the whole Japan
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a: area of a sample survey spot (30 m x50 m)
v, : accumulation of 7-th survey spot.
n: number of survey spots.

The variance o, is given by

A* ol

@ n
where o2 is the variance of volumes among the sampling units. We can
therefore calculate the length of confidence interval [, with confidence
coefficient 9595, neglecting the effect of the stratification by prefecture,
and neglecting the error in measurement, that is:

Now in the measurement of a, if there is error ¢; of measurement
at the i-th spot, the variance s, of estimate v, is given approximately
by

A? 2 —
=2 (s V)
where V is the population mean of the sampling units.
As for the estimation of ratio, the variance of the estimate can be

calculated in quite a similar way.

5. The use of the regression estimate

If we have some available information about a given forestry, we
can make the estimation for the forestry more effectively by making use
of them than in the case where we have not any information about it. For
example, if the aero-photograph is available, we can improve the precision
of the estimation of volume by the following method: on one hand, we
estimate the volume of the forestry by using the aero-photograph, and
on the other hand, making a small part complete survey, we determine
the regression coefficient between the volume of stand and its estimate
by means of the aero-photograph, and then using this regression coefficient
we correct the estimate of the volume of the forestry derived from the
aerophotograph. The improvement of the precision by means of experts’
excellent intuitive judgement is similarly considered. In this case, for
the ordinary regression estimate, the double sampling is required. Linear
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regression estimation is carried out in general as followsP. Let n be the
sample size, v the mark of a sample drawn in the survey, and & the mark
known by the previous survey. Drawing the regression line, we carry
out the estimation by .

D=0+ WX —7)
Z (a;,—:'v‘)(vt—i) 1& _ 12
where b=t ———, T=3, v="-27,
S (@, —2) i ni=
i=1
_.._ 1 N
X_Ngfx‘ ,

and N is the size of the parent population.
If

N>1, E@)=V
and, assuming that the variance about the regression line is constant,
we have

0= (14 1)
n n

2_1 ul _ 1)
where Oy= Ng;(% V),

and p is the correlation coefficient between v and « in the population.
Moreover, if n>>1, then v, is approximately normally distributed (see [3]).
In this case, if we can use the previous information, say, z(1),---, z(R),

for x, we got

o2 ;_—”i(l___ﬂz) (1 + R)
°z n n

where p is the multiple correlation coefficient between v and (1), - - -, z(R).
In the forest survey, the eye-measurement is used as auxiliary information.
Now, the error of eye-measurement of the volume apt to be great in
the stand with large volume, and it is 0 for a stand of volume 0. It
seems most likely that the standard deviation o, of the eye-measurement
error of the volume is proportional to the value 2*. Namely,

1) In the following the ordinary assumptions about the linear regression estimation are
assumed to be satisfied.
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ot=Jx’

Then, the approximation formula for the variance of the estimated value
is given by

o —o(1=p*) | ’1. (j{"z +9X ¥ /,‘4,)
n n* Ha Mo

where pg; is the i-th moment of x. Though this variance is greater than
that in the ordinary case, for a sufficiently large sample size, the 2nd
terms on the right hand in the above formula can be neglected, and this
variance may be reduced to the oridinary one. In general, it can not
be determined, for what value of n, the second term can be neglected.
In practice, however, the value of 1 is known to be less than 0.1, and
the second term is sufficiently small.

In the forest section consisting of comparatively wide stands, the
standard deviation of eye-measurement is sometimes given by

ot=A(z+d)*

In this case, the variance of the estimation is

ai:‘,’,:(_l:ﬁfz) + @é{(f+a)k+k(f+a)k—ll‘?_ ... }
n n s
Now, we shall consider the case where we can not obtain the population
mean of the eye-measurement of volume. The estimation formula
v,=v+b(X—7) contains X, but the caleulation of X is too laborious to be
carried out, when N is large. In such a case, we draw another sample of

size m independently of the previous one, and substitute 5m=,,li x, for X.
mi=1

Then the variance of the estimate is given by the approximation formula
2 —
52— 1 —P%) (1 41 ) + gt
n n m

If m>n, it can be reduced to the ordinary case. Thus if we know the
coefficient of each term, we can replace X by Z,. This method is a sort
of double sampling.

When we got the eye-measurement x, for the volume of a given
stand, we estimate the true volume of the stand by %,

D=V +bx,—X) .

Then the variance of errors of the estimation is approximately given by
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O ¢ —,n’l{H@f 7)}
n Mo

Although all the foregoing variances are calculated by 'approximation, it

is sufficient for the practical purpose to use this order of approximation.

In the following we shall consider the case where the regression
curve is not a straight line.

If many different groups of surveyers cruise the same forest section,
or if the state of forest sections varies from region to region, the regres-
sion curve is sometimes not a straight line. In this case we stratify the
data into the groups of the same nature. Namely, we adopt the follow-
ing stratifications.

1. The stratification with respect to the groups of surveyers.
2. The stratification with respect to the eye-measurements of volume.
3. The stratification with respect to the age class, the species of trees
and forestry.—and so forth.

In calculation, assuming that the regression curve is a straight line for
each stratum, we use the linear regression estimate for each stratum,
and consider the sum of them as an estimate of the whole volume.
Then the variance is given by

i 1 & ap s

o= N; i_Zl Nio%
where k is the number of strata,

N, is the number of units in each stratum,

and % is the variance of the regression estimate in each stratum.

6. Tree measurement

It is obviously most fundamental in the forest survey to measure trees,
but it seems that the measurement is often carried through without much
care and reflection. In view of such a circumstance and of the primary
importance of tree measurement, we shall take up here some items, and
study the errors in tree measurement and their effect to the calculation
of the volumes of tree. Let the diameter of the tree at the breast height

be d, the height of the tree %, and the volume of the tree v. Then v
is a function of d and 2. Thus,

'U-——f(d, h)
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It is an interesting problem to study the form of this function itself.
But we shall here confine ourselves to the examination of the forms of
the function, which are commonly used.

(1°) Measurement of the diameter of the tree at the breast height.

In practice, the diameter of the tree at the breast height is measur-
ed for the purpose of obtaining the sectional area of the tree at the
breast height. If the cross section of the tree is a circle, the meaning
of the diameter is obvious. But, otherwise, the term, ‘diameter of the
tree at the breast height’, is rather ambiguous. Considering the practic-
al measurement, we shall here call the distance between two parallel
tangents of the cross section at the breast height ‘‘ the diameter of the
tree at the breast height ’’, or simply, ¢ diameter’’. In what follows,
we shall consider the most reasonable method of the measurement of
diameter for the purpose of obtaining the sectional area of the tree
at the breast height. Usually, the following three methods are practic-
ally used. That is:

a) to employ the mean value of measured maximum and minimum
diameters,

b) to employ the mean value of a diameter in any direction and that
at the right angle to it,

¢) to employ one diameter in any direction.
Now, assuming the form of the cross section of the tree at the breast

height is an ellipse, we shall study the above three cases.

Case a)

Let @ and b be the major and the minor axis of the ellipse, respec-
tively. Then the sectional area d of the tree at the breast height is:

d= z(q;;l@)z

=mab+ i m(a—Db)* .

Therefore, d is always over-estimated by -}1 n(a—0b)*?, as the area of the

ellipse is mab. Moreover, when we denote the errors in measurement of
2a and 2b by ¢, and ¢,, respectively, the area of cross section of the
tree at the breast height is given as follows:




SOME PROBLEMS OF SAMPLING IN THE FOREST SURVEY 19

where we assume that ¢, and ¢, are quite accidental errors, that is, we
assume

E(e,)=0, E(e,)=0, E(ee,)=0,

E()=E()=0". (E(¢) denotes the mean value of ¢)
Then, taking into consideration the errors, we have, in the sense of
average,

1 1

d=ﬂab+zﬂ(a—b)’+§ﬂo“

Therefore d is always over-estimated by —i;n(a—-b)’+-;—rm’.

Case b)
If the radius measured first in an arbitrary direction is deflected by
0 from the major axis, the sectional area at the breast height is

€1

d=ﬂ{%(l/ @ sin*d +bcos *0+—, - +1/a" cos'0 + b sin’0 + %)}

where ¢, and e, are the errors in the measurements of diameters. If
we take the mean value of d with respect to ¢ and ¢, and consider
that 6 is a random variable uniformly distributed in the interval from 0
to n/2, we have approximately

BE(d)=rab+ %rz(a —b)+ %.:mz

and the difference from mab becomes —g’-n(a— b)%—é—naz.

Case ¢)
In this case we have
. 2
d=7f(l/a2 sin®6 + b* cos"0+~;—) .
If we take the mean value of d with respect to 6 and ¢, we obtain, as
in the case b),

E(d)=nab+_512~n(a-b)2+{4€ o,

Therefore, E(d) is always over-estimated by é n(a—b)’+-Z—o“.
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The relative bias in case a), b) and ¢) is shown as follows;

. The relative bias which N
Case Measux;le;;:n}:o;s to be has the effect on Characteristic of bias
sectional area
. . . 1 22 1 cps
a) the major and minor axis Tﬁ+—8-.s2 Always positive
the two arbitrary dia- 3 1 .
D) | meters at right angles g1 Ts® Always positive
one diameter in any 1 & 1., .
©) direction 51 Ta® Always positive
— 2
Here we put $=2=b and 2=
a

T

We shall investigate the magnitude of ¢ in order to compare these three
methods. Two examples of the distribution of ¢ are shown in the following

3
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illustrations.

It seems that the value
of ¢ is distributed with the
J-type approximately. This
is, of couse, the result of
investigation only on some
forestries, so that it is
difficult to draw a general
conclusion from this result.
But there would not be a
great error in saying that
the mean value of ¢ is be-
tween 0.02 and 0.04. In
these examples we cannot
see the existence of correla-
tion between ¢ and a.

Now, let us consider
which of methods a), b), and
¢) is the best. If the errors
of measurement are very
small, it is clear that the
best method is a). When
we measure a tree which
has the sectional area nearly
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of the shape circle, we can disregard the terms in ¢. Thus it is not use-
less to measure in two directions and make the errors of measurement
half by the method b). (In this case, there is the possibility to find
misreadings of scale.) As the terms in ¢ is proportional and the terms
in s is inversely proportional to the sectional area, we can say that the
terms in ¢ are of importance for big trees, and the terms in s are of
importance for slender ones.

Our discussions thus far have been based on the assumption that the
section of a tree is an ellipse in shape. Against this, there may well
be the opinion that our assumption is not always true and sectional areas
of trees are very complicated. However, the measurement of diameter
in a random direction is well applied whenever the shape of the section
is ellipse-like convex. In the case of concave shape, other instruments
are necessary. |

(2°) The errors in the measurement of height.

Usually, the measurement of height is apt to be far ruder than that
of the diameter at the breast height. In this section we shall study the
influence of the errors in measurement of the height on the calculation
of the volume.

We use Terazaki’s equation (cf. see [4]) to caleulate the timber
volume of the tree. This equation is in general use in Japan, and is
given as follows.

v=cg 10#r-2/*
where v: timber volume,
g: area of the section at the breast height,
h: height of tree,
a, b, ¢: constants.
We shall now calculate the error of », assuming that # has an error
4h. Putting
cg 10¢(h+Ah)—b(h+Ah)
cg loah—blh

’

we obtain the following approximative formula :

%eﬂ-(a“%) +log K=0,

where e: 4h/h (relative error in height)
K: 1+4v[v(dv is the error in volume)
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Using this formula, we shall give the graphs for Japanese cedar and
Japanese cypress.

We can see from these graphs that the errors we usually suffer
in measuring the tree height have a considerable effect on the timber
volume.

In practical surveys, height is usually measured with the eye, but
we must notice the fact that the accuracy of eye-measurement is, even
by an expert, far worse than is generally believed. Moreover, these
errors have tendency to under estimate higher trees and also have some
connection with the relative size of trees in the order of measurement.
These facts increase difficulty in dealing with the errors in eye-measure-
ment. After all, the proper volume can not be obtained unless the
way of overcoming the above difficulties is found out.

7. The problem of non-sampling error (or response error)

The non-sampling errors are considered to occur in the process of
every survey. Some of the problems were discussed in previous sections.
Here we consider in what way we take them up in the system of the
sampling errors. The non-sampling errors may be considered as the
bias in one case and the variance or mean square error in another
case. And, we may treat them by the same method as in the multi-
stage sampling. Concerning the details refer to the literatures [5] and

[6].
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