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The present paper is a continuation of the papers [1], [2], previously pub-
lished, in which we treated some methods of quantification of qualitative data in
multidimensional analysis and especially the use of quantification of qualitative
patterns to secure the maximum success rate of prediction of phenomena from the
statistical point of view. The important problem in multidimensional analysis is
to devise the methods of quantification of complex phenomena (intercorrelated
behaviour patterns of units in dynamic environments) and then the methods of
classification of them. Quantification means that the patterns are categorized and
given numerical values in order that they may be able to be treated as several
indices, and classification means a prediction of phenomena. The aim of multi-
dimensional quantification is to make numerical representation of intercorrelated
patterns synthetically to maximize the efficiency of clas-ification (success rate of
prediction). Quantification does not mean to find numerical values but to give
them to the patterns from the operational point of view in the proper sense. In
the present paper, the methods of quantification of qualitative patterns will be con-
sidered in case where an outside variable (realized by the outside criterion) is given
in the form of qualitative classification. In this case it is most important that we
must devise the methods to fulfil the property of validity. Let us take a universe
of n elements, each of which has, as a lakel, behaviour patterns categorized by a
survey method and is classified into only one class by the definite outside criterion
of (this is an outside variable). Here the outside criterion must be based on
the absolute scale and must not change according t: what elements of universe are
classified (judged). That is to say, J(O,)=J(0;)=constant independent of 4, j;
i %J, 4,j=1,2, - -+, n where J(0O) represents symbolically the frame of criterion
for the i-th element O, when it is classified (judged). It is our aim to predict
to which class the element will belong in future which has a definite behaviour
pattern at present, by the method of quantification using the past data.

* The theoretical parts of the present paper are the same as those in [4], and its aim is to
describe their applications. The theoretical descriptions are repeated here for the
convenience of understanding of the meanings of applications.
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1. Case 1: The case where elements are classified in 8 (= 3) strata by an
outside criterion which is unidimensional, that is to say, the so-called law of tran-
sitivity holds in the field where elements are judged by only one norm. When-
ever §=2, this method is applicable. Each element has a response pattern in R
items which have several sub-categories and the label of the stratum to which it
belongs. Response pattern is represented by marked sub-categories in the items.
The essential point of this method is the same as in [2, §3]. Let {Cy, Cy,
ceey Cugl} , {021, 022, ceey 021(2), ceay {Og” CR._,, ceey ngg} be sub-categories in
all items. Let us consider a way of giving a numerical value 2, to the m-th
sub-category in the [-th item, C,,, from the mathematico-statistical point of
view. It is sometimes desirable that quantitative data are expressed in the
forms of responce patterns mentioned above. Response patterns of n elements
are, for example, as follows.

Response patterns (behaviour patterns) of elements

Bg'erc;utsidé
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V sign means the check in response of elements.

n, is the number of elements belonging to the t-th stratum, where n=>)n,.
t=1

Let {Xiuy, Xow « -+ Xras} be the respone patterns of element 4, where X
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denotes the sub-category of the jth item that element ¢ marks. Now we use
the score a;-—xl(‘,+x2\,)+ *++Zpy, a8 the score of element ¢ where zy, is the
numerical value given to the sub-category of the ]-th item which element ¢ marks.
The linear form is considered to be appropriate, according to the outside
criterion being unidimensional and the idea of the first approximation. This
linear form is not so restricted, from the point of view of making the data
(having not linear relations) linear by quantifying qualitative patterns.

We have az=il-é(a,—-&)2 as the total variance with respect to elements,
ni=1

where a——za, Now we want to quantify the sub-categories (items) so as
n i=1
to maximize the eﬁ'ect of stratification, that is, so as to maximize the cor-

relation ratio ° =;—2 , Where o} is the variance between strata. This is a reasonable

method of quantification, because #? is a measure of discriminative power of the
items, i.e., 8 measure of efficiency of the classification (success rate of prediction).

If »* is large in the result of the quantification, we can treat quantitatively
the behaviour patterns by using =, (or @). Thus we can introduce a metric
into qualitative patterns and define the distances between qualitative patterns
(data) using the obtained values z,,, and, so to speak, obtain the functional form
of them which is valid in the above sense. To obtain z,, which maximize
7°, let us introduce the following definitions.

Set
8.(j¥) = {1, if element ¢ marks the k-th sub-category in the j-th item,
M7 lo  otherwise. ' :
Then
R K,
= E kz_.i 8i(jk)z %
And
_ 1 % R KJ
a=—23131218(jk)zs ,
N i=1j=l k=1
1 n 3 R K R K
——(2228.0%)2—?;(2&# + 35S S fuim)aptin) — @
N =1 j-1k=1 J=1 k=1 I m jelkel
where

nu=‘2:1&(jk), Fultm)=28(k8(0m) ,

(f#(I'm) represents the correlated pattern between responses in items of each element),
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2’212 covers all range ofl m, ],l except when I=j, m= k hold simulta-
1 m j=1 k=

neously. Further.
o= 2 (@, —ap>
n

=1

where

R
= 21 gz

”M“

§|v—l

9‘(]76)— 2 8ua (& ), njk—Ey‘(Jk),

8,4(jk) means §,(jk) which element i belonging to the &th stratum has.
Thus we have

e O

02
To maximize 7? with respect to zu, (u=1,2,..., R, v=1,2,..., K,), put
o 2

97 0 that is, 0% =p2 97
dxug dxuu dxuv
without loss of generahty, and, as w1]1 be easily shown, we have

9% _ E Z P )7 52

d.’l'm, N j=1k=1

. In calculating this, we can  assume a=0

de®> 2

- (2 E Su(l1)21m)
By .M m1mer
where
huv(Jk)zsz
t=1 777,
Then
2 thuﬁ(jl’)x‘lk—” E quu(l’mf)llm (w=12,..., R, v=1,2, ..., K.
g I=1m=1

Let H be the matrix (h,,(jk)), F' be the matrix (fy, (lm)), X be vector
(z;). The above equation is written as follows.
‘ HX = ?FX '

’ ’ X
1t is our problem to solve this under the conditions kz_ln,-,,a:y,zo, (=12...,
R), and to require the largest maximum value (this is the largest value) of
7? which is not equal to 1 and the correéponding vector X to it. It is easily
proved that 5?(0 <7® <1) satisfying the above equations exists and the value
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-we require exists, for the quadratic forms from symmetric matrices H, F are p-si-
tive definite. We can obtain the required #,, by the successive approximation
method.

The method of classification (prediction) by quantified behaviour patterns
.and its efficiency are described in [2, §3], because it is considered that the
-stratum means the label of outcome of the element in future.

It is generally proved that the success rate of prediction is a monotone in-
-creasing function of 5, ([6]). Thus the maximization of %' has the valid sense.

The methods of calculation to solve the equations in case 1 and the following
-case 2 have been devised by Mr. H. Akaike and the complicated calculations of
-examples have been done by Miss M. Taguma, Miss S. Takakura and Miss Y. Saegusa.
[Example) _

(i) Decision of status.

This is a problem to decide the status of the resident in a city. Status
must be considered in the society (social field) where he leads a life. In many
.cases the status judged by us is different from the status judged by the residents.
‘The latter is meaningful. It is valid to decide the status of a resident by
the judgement of some experts resident in the city. But they do not know
.all residents at the same degree and can not judge the stata of residents in the
valid sense. Thus we adopt the sub-sampling method, regarding the small area
as a primary sampling unit. Experts know the residents (samples) in the small
.area at the same degree and can judge their stata.

It is our purpose to decide (estimate) the stata of all residents by analyzing
the structure of judgement of experts. This procedure means that we estimate the
stata which would be obtained if the residents were judged by the same criteria
.as those of the experts, For this purpose we inquire into the following four
items which have six sub-categories respectively; income, occupation, appearance
of house, and the experience as a staff. Each sample has a label of status
judged by experts which is classified into six strata and the results to the
:above inquiries. The former is the outside variable and the latter is the response
‘pattern in the above items. It is our problem to represent the outside
variable by the response pattern at the high confidence level. In this case the
relation J(0,;)=J(0;) holds.

We want to require the numerical values of sub-categories in items to
maximize the success rate of decision (estimation) of status by the above theorx
and the above data. In ca.lculating; six strata and six sub-categories are reduced
to three strata and three sub-categories, respectively, in order to increase the
«coefficient of reliability.
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Response Patterns in Total

& Income Occupation Staff House ! Status !
i
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wu---upper; m---middle; 1...lower.
Thus, #=0.71, and the numerical values are as below.
Income Occupation Staff House (
% m l % m I ! u m l % m l l '

o |
1.066 0.056 —0.404) 0.690) 0.120’—0.550 0.265 - 0.025 — 0.035 0.640‘-—0.170{—0.590'

| l

The order of effectiveness (Tupper — Ttower) 18; income (1.47), occupation (1.24),
appearance of a house (1.22).
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Using these values, the distributions of three status are described.
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| lower i -0.97
i |
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|

upper +1.36
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The dividing points by which one can judge to what status a resident belong
using his numerical value (score, a;), are obtained by the max-min theory.
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Dividing points

' upper ©=0.95
middle 0.95>x=-0.74
lower -0.14>z |

The success rate of judgement is 0.707. Next let us require the dividing points:
by the method of [3, § 2], approximating the histograms by smooth curves.

Dividing points

upper r=1.2
middle 1.2>2=-0.49
lower -0.49>2

The success rate is 0.716. The comparison of judgements by this method with.
our judgements are as below.

I =l L Sl =i
Sample by this ' Sample ' by this ;

method £ S S method, 1 | S | S
1 om l l w | 13 rr | m
__2_!7 m e "m N 7;1. B m 14 i l ' 2 /
3 | w m ; i ow .15 m m ' I om
P A N T Lo |
5 | u ! om o % m [ % %
rrrrrr T 'm m u o om 18 m m i l Lom
1w v . u w19 m m i | m
7 NSVmi m 1 m i 2 - o ’ m ! % } m
2 ‘ m l m , m 1" 21 m l ! m l
10 —fﬁ‘i g m l ‘} 22 m | om I m w
M om 1 m  m 8 | m 1w om

12 ﬁ‘m __ u m ! m ;‘ 24 m o ow I l v—m_—

u---upper; m---middle; {---lower.
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The above relations are interesting.

(ii) The following questionnaire is given.

There is an opinion: If there were a great politician, we would con-
fidently leave affairs of the state to him for the reconstruction of Japan
without arguing with each other. Do you agree with it?

1. Yes 2. On some occasions 3. No '

This response is an outside variable. We consider to what extent the out-
side variable will be decided by the following five characteristics; residence (urban,
rural), sex (male, female), age (20~24, 25~29, 30~39, 40~49, 50 over),
political party to support (conservative, progressive, no, others), schooling (no,
primary school, middle school, high school, college over).

Each sample has a label of the outside variable (i.e., the response to the ques-
tionnaire) and a response pattern in the above five items. J(O;)=J(0;) holds
evidently. The sample has been obtained by the stratified random sub-sampling
method from the universe of the Japanese, in April, 1953. The size is about 2000.

The cross tabulations are the following.

o ge;i:i; Sex | P ohtx::ll,p}())arty ‘ Age Schooling Responce
’ Eés-ﬁggga88;8‘&38%881a=&58°§g:
53 rural | 0607615 532 2465253‘1_9)1?234189355%%’310 67381:4972.32 45635114473
%3 | urban | 0803387416 314 256144 96?%15&193 148177 29|151‘2431283 97321 82400
5 male . 954 0] 456 281180 u 189 163:>195 178269 25;220|E=‘m 106374 1105@
% | female| | 1oc1] 390 2202172042(74 162263 194218 71:312;345237 36582 86,363
o |Comser) 8476‘ o 0 0121 136:156171232 24239308218 57421] 81344
Emme || o o snm w1 im0 o
£8 o | N 397i ok 84) 6] 92| 58106 22|120'150 87 18206 43148
$° [ others N '2?1{74 28 52 63 94 43 99) 84 43 12170 29| 82
20~24 lssg 0 0 0 0 141164163 34125 39229
25~29 - | | 5 0 0 0 14813103 27008 8017

% |30~ —mi’ # )‘ ;m j&:’ 70(_0 8109181132 28212 391207
40~49 B | g1z 0 11129127 78 27209 42121

so~ | || | | | | ||| 487 ts205132 49 26302 46139
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'ﬁ;sci; Sex P(;l(i)ti::il)p%ar!;ty Age Schooiing Responce
R R P R
55| 8 85855 & Eln 8 =/s/3| 8 58 H3° &8 s
no | 96 0 0 0 0 68 10 18
| primary j 4#"_: - _::;#__532 o o 0389 421_—5‘1
E middle 740, 0 0342 703_2§
@ | high | 515 0169, 66280
college N '142; 38 8 96
g |ves |635321374582 421 169206170125108212209302 68339342169 38
8 |medium/114 82110 86 81| 43 43 29| 39| 30 39| 42 46 10 42 70 66 8
2 no 473400510363 344 200148 82229177207121)139 18151328280 96 | |

The values given by the

above method are

as follows.

7=0.383.

Residence

Sex

Political party to support

rural | urban

male |female

conser- [progres-
vative | sive

no others

0.305 |—0.465 |—1.018 | 0.982 | 0.270 |-1.120 | 0.430 | 0.580
Age
20~24 25~29 30~39 40~49 50~
-1.392 -1.242 -0.162 1.038 1.288
Schooling
no primary middle high cglézge
1.074 1.094 0.154 —-1.086 —1.686
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The distributions of scores in the strata by the outside variable are

AU AR R VLR VMRV NN

no casoms | ves
mean| ~108 | 028 | ool
: 4 1 - »
50 -30 -0 0 30 50 T e o

The dividing points are obtained if we neglect the strata of “on some occasions ”

Responce Dividing point
yes z=0.20
no z<0.20

The success rate of judgement is 0.690. The success rate of predicting to which
stratam he belongs (to which category he responses in the questionnaire item)
is 0.613 in the whole.
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2. Case 2: The case where elements are classified into S strata by an
-outside criterion which is not unidimensional. Each element has a response pattern
in R items and has a label of the stratum, which is called an outside variable.
We use the same symbols as in 1. In this case we consider the R-dimensional
Euclidean space, whose coordinates correspond to R items. Each clement
will be represented as a point in this space if sub-categories in items are to be
quantified. Now we want to quantify the sub-categories C,, so as to maximize
the effect of stratification. Here it is not at all effective to use the method
of case 1. As the total variance o% we take the generalized variance which is
considered to be proportionate to the square of the volume of the so-called
ellipsoid of concentration. The validity of using this generalized variance is
secured by Chebyshev’s inequality of R dimensions, because the ellipsoid which
contains a definite probability and has the minimum volume, is given by the
so-called ellipsoid of concentration, and the volume is proportionate to the generalized
variance. The generalized variance i8 o®=|p;0;0;|, Where p;0;0; is the covariance
between the j-th and the Ith item (dimension) when the sub-categories are quan-
tified and [--:] expresses a determinant, element of which is (pyoj0; J,I=
1,2,...,R).  As the within variance, we take oi=|o;(0)o(f)o,(t)], where
p:(D)e (o (t) is the covariance between the j-th and the Il-th item (dimention)
in the t-th stratum, which is deeply related, in the above sense, to the ellipsoid

Efl'z 0'2

of concentration in the #-th stratum. Thus we take p=1—*=_— as a measure
[

of the efficiency of stratifieation, i.e., a measure of the discriminative power of
items which will be an index related to the efficiency of classification (success
rate of prediction), by quantifying behaviour patterns. Here p, is a weight assigned

to the f-th stratum, and >) p,=1; especially, we put p,=£", where n, is the
t=1 n

8
size of the {-th stratam, and we have clearly >)n,=n. >)p,0; is considered to
. =1

be a sort of within variances in the whole. If o;=0, we have p=1, and if oi=4d?
#=0. Besides this, we can take several indices as a measure. One example
of these will be shown later on.
Now we require ,, given to C,, to maximize u. Put ;d;”'—=0, u=1, 2,
s 14
.., R, v=1,2,...,K, Then we obtain
3 d 2 d 2
SIp-Z =1 p) 2 e 1)

=1 OByy 0%y

It is our problem to solve these equations and to obtain the ‘largest maximum
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~value of u(3F1) (which is the largest value of w) and the corresponding vectors.
» L’
1

Let 7; be the total mean of the j-th item, z;= lEEb‘,(ﬂ») =

IC
‘——Eanka, ﬂ'}
N iml k=1 n

‘the total variance of the j-th item: a§=—2 Nuth—2Z5 (¢ the mean of the
'n: k=1

jth item in the ¢-th stratum: Z(f) = —2 9" (jk)z%, and a;(t)’ the variance of

N k=1

the jth item in the ¢-th stratum: o, ()= —Eg’( Jk)x%—2z,(t)* Without loss of

Ny k=1

K.,
. - . o 1 G 2
generality, we can assume z;=0, j=1,2, ..., R. Then o;=" “ S npah.  Let
n ka1

puoso; be the total covariance between j and I, pyoo= 1 %% T M)zt ;
p,-,(}t{) a,;((t)a,(t) be the covariance in the ¢th stratu‘r;n,k ,:u B o; o) =
[ IACORERLION0
‘where

Fiim) = 33 8 (DBlm), 33 fiIm) = fultm).
‘Then .

Fallm) auin| o (2)

q
(]
Il

L3

a; '1

=MX *Mx
3 M:« sMx

Fim) 2z — 228 | ... .. el (3)

From (1), (2), (8), we can obtain the numerical values 2, (I=1,2,.. , R,
m=1,2, ..., K;) which maximize u.
‘Special Case: Let R=3.

. ‘
(51 P120192  P130103
J— 2
@ = P120102 o3 P230203
- Y
P130103  P230203 o

Set
-rg.r =o‘§¢r‘.';- - pgrdgdi B,v=1,2, 3),
Yo, bu= Sk(a'Y)Su(a'Y)ag + Sk(aﬂ)Su(aﬂ)d‘i
— {Su(@B)Syay) + Su(ay)Sk(a8)} psras0+ 5
ax B, akv, BF7.
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1 &
Sy(8e)= - 2 felem) em, 8,e=1,2,3.

and
T5:(8)? = 0p(8) 0 (£) — pp(£)ap(£) %o (£)?
Va1 =Si(a7)Si(a)ay(8)? + SU@B)SHaB)a(¢)?
— {8i(aB)Si(ay) + Siay)Si(aB)} ps:(t)ap(t)o(t)
848 &)=L 5 F4(e m) Zem— ;‘Lﬁ@ 7(t)

Ny m=1
¢ _-9'(ak) —
Par= n “y 4 8,7=12,3, a¥pB, a¥Y, B¥FY.
t

Then, in the long run, we obtain

Ky K1

EALM”:&=F,§ D, i1k (w=1,2,...,K;,) (*)
K3 K3

mE_IAz,mvzzm=/‘m2_1¢2.mnfvzm (’v=1’ 2,..,K) ()]
K3 K3 *
IZAa.zw“’az=I‘l_Zl¢s.zw%z (w=1,2, ..., Ky (;’:)

where
A=Y a,10 + Po,is— Yo, 10 + O PouThr — Vou)
wa,ku = Skupau'rg-r —Ya,ku

Paw= 23 PePuPlasr(t) 5
%,m:g Ps'r':z,m ’
Yoy = g D pfm'r”(t)'!

a=1,2,3 a:\=182 B#"’ a:‘f-"y

8z is Kronecker’s symbol (§;,=1, k=u; =0, kX u). 4,4, is symmetric
and quadratic form from symmetric matrix (@, ) is positive definite (equal to
variance) in a sense. Therefore it is shown that the required u exists.

Numerical values %, which are obtained in the valid sense (taking appro-
priate unit), by this method, have the same meanings and function as in case 1.
Moreover we can give the distances between the strata explicitly in the senses which
will allow useful interpretation. The above equations can be solved by a successive
approximation, “step by step in turn” method. Thus we can generally obtain
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-the required results. As another measure, we can also take 1=1—%", where

0%=| 2 pros(t)a(D)a(B)], and o* is generalized variance, which is suggested by Mr.
Akaike, The method of solving the equations is the same as above. Generally it
turns out to be better that we adopt, as the first approximation, the values of z,,
-obtained by solving the following equations, for example,
K 8
; ZM@:&“=&%@W , (=1, 2,3)
k t=1 Mg
-which means the quantification in case where each dimension is treated separa-
‘tely. The method of prediction is similar to case 1. The essential point of this
method consists in making no use of the sum of the response patterns (additivity).
“This is also applicable to the case where the method of case 1 is not effective
even when the outside criterion is unidimensional or §=2. Mr. Midzuno has
devised an interesting method [5] in the similar problems.

[Example] The aim of this research is to clarify the relation between home
.education and personality of child. This survey has been carried by Mr. Mizuhara
.at the Ochanomizu Joshi University.

Personality of child is classified into four types, by teachers’ observations:
I-type, adaptable and group-played; Il-type, adaptable and isolate; III-type, re-
<calcitrant and group-played; IV-type, recalcitrant and isolate. This is an outside
-variable in our case. FEvidently these four types are not unidimensional.
Response patterns are given by marking the items of questionnaires made to
.obtain the informations of home education. We want to get the numerical
-values given to sub-categories of the above items to maximize the discriminative
power among the personality types, that is equivalent to maximization of success
rate of predicting the personality type of a child by the informations concerning
‘the home education given to it. We want to get the numerical values from
th's stand point. So they must be interpreted from this point. As an index of
home education, the following three dimensions have been taken into considera-
tion: democratic-autocratic, lenient-strict, afectionate-non-affectionate. The three
items corresponding to the above three dimensions have three sub-categories
respectively : democratic, medium, autocratic; lenient, medium, strict; affectionate,
medium, non-affectionate.

We consider three dimensional space. Each of three orthogonal axes cor-
responds to one dimension. Each sample has a label of personality type as an
-outside variable and a response pattern in the three items. The cross tabulations
-of a sample are as follows.
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Democratic (X) Lenient (Y) Affectionate (Z) |

| demo- .| auto- N . affec- . non-

r cratic medium cratic ]ementimedlum strict tionate medium t?glict; |
g |dem| 3 0 0 9 | 15 7 12 14 5 |
s _ . - - -
85 | med. 30 0 6 | 12 2 | 5 16 10
EV I S [ -
g | aut. 19 6 6 7| 8 7 9
o | leni 2t | 0 | o | 7| 10 | 4 |
-g::.‘ medi. 33 o | 9 13 un |
D~ _ S I S |
2 stri. % | 4 13 9
£ | affec. [ 20 0 0
g _ - I B
-.gg med. | 36 0
= non- o o T
S laffect. | | 24

Thus using the theory of case 2, z,,8 are obtained. In this case the numerical
value given to the sub-category of “ medium” in each dimension is assumed to-
be unity which does not mean any loss of generality. This is considered to be-
valid in interpretation, because the relations between qualitative ratings (qualita--
tive response patterns) and numerical values given to them are important.
Besides this, it is also meaningful to assume that the numerical values given to
“medium” are equall to unity and the values to * autocratic” (strict, non-
affectionate) are equall to zero. The numerical values are as follows, u=0.902.

|
Democratic (X) » Lenient (Y) |
democratic | medium i autocratic lenient medium strict f‘
i I |

1.688 1 -4333  1.08 1 -2.120 |
{ i i

Affectionate (Z)

affectionate medium non-effectionate

0.032 1 -1.5627
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The mean values of the personality types are:

Pe“’tggg“ty' Democratic (X) Lenient (¥) | Affectionate (Z)
I { 049 | 0.022 0.033
i

n ~0.193 0.186 0.211

m 0.281 ~0.1%5 —0.18
;’ | o |
1 | )

v } ~2.200 -0.237 ~0.263
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The distances between means of the personality types are:

I I I v
I 0 0.730 0.338 2.726
II v 0 0.690 2.106
I 0 2.485
v 0

In this case, the mean values of the four personality types approximately turns
out to be on a plane.

1

AI
O

v

The relations between home education and the personality types will be clear from
this angle, The numerical values (i.e., weights in a sense) given to the sub-cate-
gories, the mean values and pu have interesting meanings. But we must not
forget the idea underlying the above method.
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3. Case 3: The compound cases We divide R items into 7° sub-groups.
‘Suppose that, in each sub-group, the items belonging to it fulfil the property of
additivity in the valid sense (see case 1), i.e. they are on a unidimensional scale.
In this case we regard each element as a point in the 7" dimensional Euclidean
space if sub-categories of items are quantified and synthesised in sub-groups. We
set the 7" orthogonal coordinate axes that have the same meanings as in case 2.
In each dimension, we quantify sub-categories of items under the assumption of
linear form by the same idea as in case 1, but the numerical values must be
required in correlation with the whole. Elements are classified into S strata
by an outside criterion which is not unidimensional.
 Let Ry, R, ..., By be the numbers of items in sub-groups, respectively,
S B,=R.

r=l

R"
Let 333 8,(uvr)2y , =a(r) be the score of the element i in the rth

sub-group. Where u,, ... express the items and sub-categories belonging to the
rth sub-group and the symbols have the samie meaning as in cases 1 and 2;
the symbols in this section are the same.
Thus §=l2ag(9')=— Enuv Ty v, 5
n

rr rr

-

R"
3=%2 pIP ,vzf..,”,a,m,) 0, G, — 7 in the total,

Ir m, o

Zl_t,-(t) = E 2 g' (ur’vr)xurv, ’

o‘r(t)z $ 2 E E Ly v Tt _m, fu ) (lr'm'f)"'z (t)z

i'fff

in the {-th stratum. Wxthout loss of generality, we can assume % =0, r=1, 2,

.»P. Then a—-—EZEZf,,.,(l,m,)xu,x,’,,. . Let ppor0, be the total

r My

covariance between the r-th d1menslon and the s-th dimension, that is

PrsOr0s= 71‘* 2 ay(r)a(s)
13
_;‘T_' 2 2 qu ”, (l:'m's) Zuw, Tigm >

Let
er)a(t)a(t) be the covanance in the f{th stratum,

Prt(t)""(t)dx(t) = “‘E 2 Z 2 sy, (Itmx) L, u,,zt,m' —x,(t)m,(t) '
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The behaviours of these numerical values have the functional and opera-
tional meanings in intercorrelated patterns and will be interpreted in the valid.
sense from the point of view of social psychology and statistical mathematics.

Thus
f
o'= ; % 2 2 E 2 f“r"r(lam.s) x“r"r A "‘c'

Il

2
(]

DD S i 4m) s 5m, =BV,

From these, we can obtain the numerical values z, & =12, .,T, j=1,2,
ey By Be=1,2, ..., Kjr which maximize u or 4, these have the same meaning

and content as in cases 1 and 2. In special cases, we can explicitly describe the
equations which have the same forms as the combination of those of cases 1 and
2. In this case, we can obtain z,, by the same operations using successive appro--
ximation “step by step in turn” method which is similar to those of cases 1
and 2. This is possible by using the methods in cases 1 and 2 alternatively..
It will be possible to treat very complex phenomena by this method for the
purpose of predicting events in the valid sense. For example, suppose that.
number of items is 9, each of which has the same three sub-categories. So we-
need to solve the equation containing 9 X 3=27 unknowns.

In case 1, we must solve the simultaneous linear equations containing 27
unknowns and 1 unknown constant. This is impossible by our calculating-
machine and may be difficult even by the most improved electronic computer..
If we can find that 9 items are divided into 3 sub-groups in which items are
on unidimensional scale and which consist of 3 items, respectively, we adopt
the method of case 3. In this case we have only to solve the 3 simultaneous.
linear equations containing 9 unknowns (reduced to 7 generally) and 1 unknown
constant step by step on the idea of successive approximation as can be seen in.

equations (*) (%) (z) (see case 2) and case 1.

This is easy to solve by our calculating apparatus (simultaneous equation
solver) which has been constructed by Dr. T. Sasaki, Director of the Institute, to-
solve simultaneous linear equations containing 9 unknown variables. Generally
by this apparatus and this method, we can quantify the 10 x 11 unknowns i.e.,.
total sub-categories in items (dimension 10 X numbers of total sub-categories in.
items 11 (reduced to 11—2=9 generally).
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