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1. As to the cffects of stratification in sampling procedurc there arc
various arguments made to the single-stage sampling procedure, but it
seems to me, that there are few to the sub-sampling procedure. In this
article we shall give the limits of effects of stratifications in subsampling
to some special cases and show how to determine optimally sample-size
and number of strata. The results will be of service to-the treatment of
the general case.

2. Given a population =, divide it into R strata and draw a sample
of size n from 7 by the sampling method with probabilities proportionate
to sizes of the primary sampling units. Then the variance of the sample

nmean Z is represented approximatelv as follows

210 (""" + zm”) (1)

where n, pi, 0., o, are the sample-size, the weight of the i-th stratum,
the within-and between-variance in the i-th stratum respectively. Further,
assumo that tho sample is allocated to every stratum proportionately to- its
size.®> Then the variance of T becomes

zpta'wt + 21% 7, (2)
i=1
where
Mi lv
T = S, ? - (3)
CE 2 (3)
2'_”‘;N,,‘—{—'_Y2 y
Tp = 2—'(‘ i — Xo) (4)
j=1
G5 = —E(Xm - A_;ﬂ)z (5)
ijk-=1 .
X = >X,
J=I

* This method (size proportionate allocation) is often used in practical surveys, for
the benefit of counting and analysis. Therefore this limitation will not be so serious.
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Y, - LSy
-ty = I’V—“g Lk
Xyt the attribute of the A-th secondary sampling unit of the
J-th primary sampling unit in the i-th stratum.

Since ]JV_\;: Pey o5 becomes
R 2
oy = "1-'0'10z + 2(%) o’ (6)
i=1

3 k& 'N‘J 2
where o, denotes 227\7—0,, .

=1 j=1

Once primary sampling units are determined, the first term of this ex-
pression depends only on the sample size n and the second term only on
the method of stratification. Therefore, stratification has the cffects only
to the control of between-variances o,*s. Now, we introduce the distri-
bution function F(z) of means X,; of the primary sampling units, which
is given by considering for every X, the weight —]\‘/—’ Now, for brevity
we confine ourselves to the case where a ratio of individuals having somc
characteristic in 7 should be estimated. The general case will be similarly
treated.

ot = flm(l — 2)dF(z) = X(1 = X) — o
0

where X= f %wdF(a;) is the population mean
0

) _ : .
and o = f (z — X)*dF(x) 1is the variance between primary
0 o o

sampling units in the whole population.
And the variance between the primary sampling units in the i-th
stratum is:

= f (v — X,)dF\(w)
I

= [@aki(z) - X
I
where I, is the interval or the set of intervals, representing the i-th stratum
in the line of real numbers, F,(z) = F(z)/p,, and X, = f xdF, (x) is the
I

population mean of the i-th stratum.
Substituting these relations into the formula (6), we have
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ol = L (X1 - %) — o' + ﬁ;pz,{ 2dF, () — X7}

n I
:L%WH—X)-ﬁ+¢§nLﬁﬂww—§nﬁﬂ (7)

For the convenience of administration in surveys, we often divide of whole
population into the strata, each being of the same size. In our case it

means p, =p,=...= pPp = %, and the formula becomes
v .
R
= LKA =B -+ (e - TSRL ()
B i=1
Putting
ol = — (li X - %)
R
then o2 is transformed into
g, 3 a'bz
= 9
2 n R )

Now @/, o, mean the within-, between-variance, respectively, as to the
primary sampling units in the whole population. The former is determined
uniquely by selection of the primary and secondary sampling units which
is independent of the method of the stratification, and the latter depends
on both, especially on the method of stratlﬁcatlon The decreasing amount

of the between-variance is represented by -——EXf — X? as g, = ¢® when
i=1
there is no stratification. Therefore, we define the effect of stratification

by the ratio

a —a’ ,
e = —~ LI as . (10)

3. In the following we shall illustrate effects of stratification by several
examples. (We suppose that the distribution function F(x) is differentiable
and F'(x) = f(x), and sizes of _primary sampling units are sufficiently
small compared with N/R.)

[Example 1} Uniform distribution :
Obviously, we have

~

1 -
:_‘)—, g =

B | (1)

a
il
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When the stratification is performed most effectively (in the best case),
we see from the Fig. 1

and
— ’b 1 %)

(Here I, = (w,_y, @;) represents the interval correspoding to the i-th stratum)
Hence we have

(A lyd(iody_ b
” (4+ 5) " R2\E ") "1 (12)
then. consequently, ’ ‘

1,1 v "
% = T2 (13)

If the stratification is done in the worst method, we have

Xi - '%‘
Then
et 1y_1_1
7 ”<Z+Fz) 1 12
henee
o 1 n 1 %) (14)

o; = — —_
6n  12R
Comparing the second term of (13) with that of (14), we sec that their
_orders arc R™* and R~ respectively. Therefore, it follows that in the
usual stratifications the degree of R in o7 lies between — 1 and — 3, for
example, — 2, and in this case, we get,

) In the case of unequal weights, we get

f0) )
3 . p—
= Pi— 5P
i=1 -
1 1 &
2= — . =% 4
RIP: [ =t 12 El’i
x Hence, 52 attains its minimum value when
ol P, P+P = ’ .
SoRRrR >P; n=pp=...... =pR, namely in the case of equal
i1

weights, Therefore, it is enough in this exam-
ple to discuss about the case of equal weights,
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= — — 5 3

7 = & * 12R* (15)
Next, the effects of the strati-
fications represented by (18),
(14) and (15) are respectively,

1

e =1~ =

e

;=10
' e2 : o
=1 — 1 1
B Fig. 2
(See Fig. 2.)
[Example 2] Linear distribution: f(z)= 22, 0 <z <1l
In this case, we get easily

)
$ X=2 p-1 aw*:%.,

3 18’
In the best case, '
z? = a,-’ -1 T %

T = \/-1%’ X = %R(‘”la = %)

hence we have

L 4
: - %, X2 = — ® + v —1)3
)éo XiXz2 Xm)llga g ¢ Rig g( )
Fig. 3 — 23 (i(i — 1) )3/2}
iml
1 1
=—_R— —_logR
| g TR ®
Therefore
. 4 1 L/1 1
== (= — ) - = =R — —
' (9 +18) R(2 24R OgR)
1
ip 8P
Hence

L gr (16)
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2 L

* 718

1, L
75 = 6n + 16R a7)

Then we get the results like Example 1.
[Example 3] Triangle distribution :

. 1
f(@) =4z (0._-90__ 2) f‘(Tx)
1
= —4(x -1 =<z < 2
(#—1) ( g =7= 1)
I‘:l, a‘zzl, a'w“._-é-
2 24 24

On this caso wo devide the whole population into
2R strata, and in the best case we get

x = \/11%’ X, = %')’(:vﬁ —a%_) L

1= 71 o

o X‘Z — L - OgR 2

2R & 24 24R? Fig. 4

,,u_.(1+}_)_<_7__l°_g_fj):1££

*T\1 T4/ \24 48R/ 48R
consequently

2 D log R 1
% T3 T R (18)
In the worst case
2 D 1
=2 4 1
s~ %an T R (19)

4. In conclusion, as to the above examples, when the variance of a
sample is expressed in the form

the socond term of the right-hand side becomes smaller at the rate of R~
in the best case, or at the rate of R~ even in the worst as the number of
N

max N;;

strata R increases (R < ) Hence, to any stratification it will

a@n :
become at some rate between them.
Now, let us study optimum balancing between n and R. At first, we
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2 2
T a,

= 2. When we apply this result

put the 1-st term equal to the 2-nd

n
to example 1, we have

1_ 1
6n 12R®
Since
a,",:! 1 2 1
— T I a-ll g
n 6n 12R8
we get
.
B=y73

But generally in practice, the notion of optimum balancing between
n and R cannot be considered without regard to cost for the survey. The
cost function C may, as a first approximation, be expressed as a linear
form of n and R:

C =¢ + e + R,

Therefore, in order to obtain optimum balancing, we have only to
find the solutions for n and R, which minimize the variance of under
the condition that the cost C be constant.

As to example 1, we have
(i) In the best case,

n = cR’ (Where c= gc2>
3¢,

and R will be obtained as a solution of the quadratie equation
Ce,R* + ¢,R — (C — ¢,) = 0.

(ii) In the worst case,

n = cR (Where C = E)

cl
=6 ,_C—20)
Ce, + ¢, Ce, + ¢,

5. The above results are not widely applicable because they are
obtained to the special cases, using probability-proportionate sampling
procedure giving equal weights to all strata and adopting the size pro-
portionate allocation. Moreover, the above estimation by Z concerns an
estimate of a proportion of the population. However, our arguments is
applicable to the cases as opinion surveys.

As for the distribution function F(z), it is in general unknown
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before the survey. This has the result that we can not optimally deter-
mine sample size n and number of strata R, but using the above results
we shall be able to design a perspective plan. After the survey we can
learn pretty well about the shape of the distribution F(x).
Several problems we want to solve in future are
(1) How to decide sizes of the primary sampling units optimally. (Tt
should be noted that a stratum can be taken for a large unit.)
(2) How to get general solution for » and R without limitation about
sampling method and sample allocation.

) Studies of cost functions in practice.
)

(3
(4) Estimates of effects of stratifications in practical surveys.

Before long we shall be able to publish our studies on these points.
Institute of Statistical Mathematics
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