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§ 1. Introduction

The problem we treat in this paper arose when the sociometric data
were analysed. The data obtained by the so-called sociometry technique
express the human relation and the method of analysis is not simple.
But we think it is important to study the method of analysing sociometric
data from the mathematico-statistical point of view. In the following the
problem will be considered whether the pair who express positive (negative)
choices in the sociometric data have the same (different) behavior or not.
That is to say, the statistical problem as to the relation between human
relations and the patterns of their behaviour will be discussed. Considering
the group, the elements of which are pairs of size N, for example expressing
mutual positive choice, we shall treat it as a matching problem.

N First, notice that the pairs
— — ~ v consist of two units and, suppose
o o (o} that their behaviour (opinion or

// / / e oo s e // attitude) has been measured before

the sociometric test and are classi-

o o o ' ‘
. e fied into several categories. In the
/ * positive choico group mentioned above, the total

O « person (unit) number of units is 2.

When N, denotes the number
of units who are classified
into the i-th category in

. opinion, and R denotes

«— 1st category the number of categories,

we have

+«—— 2nd catego- R
&0 N, = 2N,
I'y iw .

Now we construct the
population by giving the

R-th category same sampling probability
to each unit. From this
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population we draw two units and record whether they have the same
opinion (atitude) or not, and define the random variable X,, such that

X, =1; when they have the same opinion, i.e. are classitied
into the same category in opinion

X, =0; otherwise

Then we have

N(N, — 1)
2 1 ON(2N — 1)

PiX, = 0f =1 — PiX, =1

In the next step, we draw two units without replacement, and record
whether they have the same opinion (attitude) or not, and define the
random variable X,, such that

X,=1; when they have the same opinion
X, =0; otherwise
Then

N(N, — 1)
BiX, =14 = §2N(2N_ 1)

P{X, =0} =1— P{X, =1}

Similarily, we difine X, X,, X, ..., Xy. X, is obviously correlated with
X, Xy, ..., Xy In the last step, i.e. the N-th step, only two units are
remained. Wen ow put

X,

M=

w =

-

-

which is the random variable representing the number of pairs having the same
opinion in the population above mentioend. We derive its distribution function.

Once the distribution function (consequently the moments) of w is
known, the test is carried out whether the number of pairs having the
same opinion which are obtained in the survey is significant, i.e. whether
the relation between human relations and behaviour is significant, or not.

§ 2. Distribution function and moments of

(i) The case where R = 2, i. e. the opinion is measured by dichoto-
mous category, yes or no.

Let N be the number of pairs, expressing a sort of relation in socio-
metric data, for example, mutual positive choice, positive choice, mutual
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negative choice etc., and let 2N be the number
of units. Then

2N=N, + N,
N
w=X,
t=1

Now we calculate the moments of w by taking
account of covariance factors.

_ (1 _ 2NN, \_
™ =B = N(1 SN(2N — 1)) =P
a.’= E(w — E(w))* = NP(1 — NP) +
N — 1) ¢ M= 10— Y0, = 8)-+ NN, — 1N, — 2N, = 3) + 2M, NNy~ 1) N, 1)
2N(2N — 1) (2N — 2)(2N — 3)
— B(w—Ew))* — Ne(Ne—1) (N, — 2)(N, — 8) (N, — 4)(N, — 5)
s = B(ow=B(w) (2N —1)(2N — 3)(2N — 5)
[>) . Nz(Nz _ 1) Nz(Nz - 1) (Nz _ 2)(Nz - 3)
+"(2 oN — 1 ) (2N — 1)(2N — 3)
(NN, — 1) | NN, — 1)\ Ny(Ny—1) _ N3, — 1)°
+(a-6 aN—1 (2N——1)2> SN—1 _ (@N—1)
o = B(w — B(w))'
_ANz(Nz _ 1) (Nz - 2) (Nz - 3) (Nz - 4)(N2 - 5) (Nz _ 6)(N2 - 7)
= (2N — 1)(2N — 3)(@N — 5)(2N — 7)
a ( N(N - 1)\N(N 1) (N, — 2) (N, — 8) (N, — 4) (N, — 5)
(2N —1)(2N — 3)(2N - 5)

N, (N —1) N} (N, — 1)
14 — 1222 32
+2(14 - 122 o (2N-—1)’)
o« No(N, — 1) (N, — 2) (N, —3) 4 (2_4N,(N2—1)
(2N —1)(2N - 3) 2N -1
N'(N, — 1) N}V, — 1) )N(N —1) + NA(N, — 1)¢
_ (2N - 1) (eN-1)*/ 2N -1 (2N - 1)¢
The exact distribution of w is given by
P(w=X) = N!NI!N,! v

EuaceEy ey

+ 3
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where
N,; number of units with the opinion of the first category
N,; number of units with the opinion of the second category
2N= N, + N,
N, — N,
2

m =

: o 1 when N — m =1 (mod 2)
X=m, m+2 m+4, ..., N-3§; b:{o N — m = 0 (mod 2)
Now putting
n, = number of pairs with the same opinion of the first category
11, = number of pairs with the same opinion of the second category
n; = number of pairs with the different opinions,
we have
N, =20 + n,
N, = 2n, + ny

Nl—Nz

2

w= 1N + n, = 2n, +

Using the probability distribution given above, we have

Ny(N, — 1)(N, — 2)...(N, — 25 + 1)
2.(2N—-1)(2N—-3)...(2N - 2i + 1)
These relations give also the moments too. Putting Nv instead of N, in
these formulae, where

Ne =N, or ':'-——%vA—f OVcLrg?2),

EGy,(n, —1)...(n, — 1 + 1)) =

we have

when N—go. , .

The approximate distribution of «, when N is large, is given by using
the Stirling’s approximation formula.
1

~/27(’;<2_4-L) : ~/Tv) )

log P(w — % = y) = log(
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- (4T~ 52
Q) = {5 - @%T) -1ia . 1 q‘)z) _ ml_ rr%

L1686 A= ¥ _ l(f_"'_@_-ﬁ’)si} +0(_1_)
3PE—n N BV PR—r /N N

Let Z be a continuous random variable with the probability density
function f(z) defined as follows.

W — —_ 2
10gf(i):logP,.{“ “’+z(1 ’)e[z—%,z+—});‘

Then, putting

w—w + (1—9)° _
2 Y-t

and ¢ =the value of £ which belongs to (z — —})—,z + %—), we have

log f(z) = log Pr{€ = {4
= log 1 - — 1 ‘
NGz (ﬂi_') M"N) (t@:i) N/TV‘)" |

P

i {tf e - 'r)‘}

Lo | =t

+ Q2. — (1 — )%, N).
By this formula we can see that when r=1 or N,=N, N/_'_Z-—N' is- approxi-
mately normally distributed with mean zero and variance (1/4)% or w is
approximately normally distributed with mean @ and variance (ﬂ—o——‘r)YN.

Evaluation of Q(y, N) for y = 2-(0;(—29;’:)—)-~/ N shows that in the
test of significance of w at significance .level 5% it will be reasonable to
treat w as if it were a random variable obeying the Gaussian distribution
with mean % and variance o’ for N 80 and r = 1. Generally for any
N, when r =1, we shall be able to put much more confidence in the con-
fidence interval of the type [# —kea,, @ + ko,] than that assured by the
Tchebycheff’s inequality. We will tabulate a part of the distribution of w
for the case where =1 and N = N, = N, =40 with the approximate
value by normal curve,
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N1012141618202224262830

P.(w=X)| 0002 0.013| 0.050| 0.126| 0.215| 0.248 | 0.195| 0.104 | 0.037 | 0.009 | 0.001

Approxi-
mate value | 0002 | 0013 0.048 | 0.124| 0.217 | 0.252 0.196 | 0.102| 0.086| 0.008 | 0.001

Generally when N, & N,, w is not regarded as tending to (aussian
distribution with N — co.

(ii) The case where R >> 2,

Calculating the moments of «, we have

EN N,
E(w) = N(l - _ﬁ.'=__> NP
2N(2N - 1)
a.) = E(w — E(w))*
NN = (N — 2) (N, — 3)

NEN - 1)2N —2)(2N - 3)

e N, = DN(N— 1)
* 2}*1::22N(2N —1)(2N - 2)(2N - 3) }

— NP(1 — NP) + N(N — 1){20

By means of these formula, for the significance test of w, we can use the
followings. But we must take the corresponding eritical regions to the
alternative hypotheses and interpret the results.

(a) the relation

Pilw — Ew) | ke,} £ 71?

for N small and large,
(b) the relation, as an example the case where the two sided eritical

region is taken,

Pl ) —1_.__.[ rdt = a,
~to

w — E(w) =t¢, and a is the significance level, when N,=N,

T

where
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and N is large,
and
(¢) the exact distribution when N is small for dichotomous case.
We tabulate below the 5% points %y, 1, of the distribution function
of w for some cases of dichotomous type, where
U, =min(X; P(vw> X) < a)
w, =max (X: P(w< X) <a).

Case 1, N,=N,=N
\\\N\ 0 2 | s | 40 | 50 | e | 70 | s | % | 100
005 0 | 18 | 20 | 2 | 32 | s8 | 44 | 50 | 54 | 6
o5 73 | 184 | 192 | 249 | 306 | 361 | 416 | 471 | 525 | 580
w005 0 4 8 12 | 186 | 22 | 2 | 30 | 84 | 40
woos 21 | 60 | 102 | 145 | 188 | 283 | 278 | 323 | 369 | 414
; fu,,.,,ﬁ =E(w) + 1.65 x MTN

Wy, = B(w) — 1.65 x l/iv—
* 2
1 185 _t?
-:f e tdt = 045
N2 J,
These results show that the approximation by Gaussian distribution
is of practical use in this case for even small N’s.

Case 2, N, =2N,

I A T T IS T O R
\ .

M 20 40 60 80 100 120
N, 10 20 30 40 50 60
00.05 13 22 31 40 49 58

10,05 4 10 19 26 33 44
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~ I | | ! - ; ¥ shows that
~ N 10 200 s 0 % 7 ~
~_] { . Plw = m) > 0.05.
M 15 30 15 7% 106 135
i |
Ny 5 0 1B 2% 8 | 45
|
wo.05 9 18 23 37 51 63
0.5 X * * 25 37 19 |

In the above, By, and 2, are in most cases cqual to @oe,+2 and wpe—2

respectively. ’
/ X
Graph of Ty and wye for each N /
70
- +
/‘J'
o———= for N, = N, | 1 /,/’/, 60
——————e N, = 2N, P g ’
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§3. Examples :

In this section we shall refer, as an example, to the results of attitude
survey towards American culture and French culture in a group, which
was recently performed. Two groups, one which consisted of pairs of
units in relation of mutual like (050) and the other which consisted of
pairs of units in relation of like-neutral (0—0) were obtained. They recieved
the attitude test before the sociometric test. They did not know the attitudes
of others. Their opinions were classified into two categories in the first
case where favourable and unfavourable scale was used, and into four
categorids in the second case where the grades of scale were used. The
results are as follows.

1-st case.
_\_Q‘fegﬁﬁfﬁﬁ 12| T ” . .2
Somon:-:%:t(i:on (Ny) (Ny) | (2N)  |[(realized) v v
mutusl Oliéeo) 48 68 ue - 24 W6 | (110
like ne(gtflo) ’ 161 241 | 402 96 104.2 (ggi%)

; () of tho last column means the value of ¢, approximated by
NP(1 —P).
Now for mutual-like group we have
[w— @] = 1480, ,
and for like-neutral group we have
|w — w| = 1.207,
From the exact distribution we have for mutual-like group
Wy — 22,
Wy == 20.
In this case we can not find the significant relation between sociometric
status and opinion.

2-nd case,

—~~__Categories of . w
opinion 1 9 3 4 Total w T
Somon;:% e realized) v
~ .
mutual like . . 11.05
0220) 9 39 52 16 116 13 19.3 (12.89)
like nutral . o | : 39.41
(0->0) 21 140 185 56 402 66 71.1 (45.94)
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; () of the last column means the value of ¢, approximated by
NP(1 - P)

We have |w — w| < 20,. In this case too, we can not find the signi-
ficant relation.
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