Absolute Moments in 3-dimensional Normal Distribution.
By Seiji NABEYA

(Received April 5, 1952) !

In the previous paper the author derived the formule for the absolute
moments in the bivariate normal distribution with means zero. 1t is the
purpose of this paper to extend the foregoing results to the trivariate case.

First we shall prove the following theorem.

Theorem. Let 2,2, ..., z, be distributed aceording to an r-dimensional
distribution, and denote their characteristic function by @ (¢, %, ...,t.). For
a fixed set of non-negative integers n, n, ..., n, (in, = n), and for any

=
set of non-negative integers my,, m,, ..., m, such that m, < n, m, < ny, ..

‘m, = n,, let the absolute moments E(|z,"2."2...2,”]) be finite.
If ny,mg o (0 p £ ) are odd and 7., .... 0, are even, then
(1) E(lx,"'xz"’....-."r])

f fdtl Ay (TP s J
z"*”n“ & Loty ot

Here the integral with respect to +’s is to be understood in the sense of
Cauchy’s principal value, i.e.,

(2) h’x?w f ,& [ ﬁ\)dt ...... ([(ST[& 0"-)dt,,

' £

")

tygy = =ty=0

Proof. Denote by F(x,, %, ..., 2,) the distribution function of =z, z,, ...,
%,. Then, using the function

g 1 x>0
sgn(z) =< 0 =0
t 1 v <0

we can express as follows. *
() B(jeoes o)

= [ f M x r sgn (%), .sgn () dF (=), ..., %,).

Substituting in the right hand side of (3) the wellknown integral expression,
9 . Cai 9 . Coltx _ p—itr
sgn (z) = = lim f Sz 2 i [ € ¢
JE (]

T g t T OEN . 2it
C>eo >0
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1 lim<f f)_u:dt
@7[ &->0

and interchanging the order of limit-signs with 1ntwra.l--1gn with respect.
to I, which is permitted by the dominated convergence from the assump-
tion that E(|z/...2,"|) is finite, we have

(4)  E(lama™.a™])

Y[

exp (iZt);v,) dF (=, ..., %),
4=1

the integrals with respect to ¢'s being also to be understood in the sense
of (2). In (4) the integral with respect to F is just

[8"(/)(61, AN
EC T

+17 r

since by the assumpution the partial derivations are possible. g.e.d.

Applying the above theorem, the author has derived the formule for
the absolute moments up to 12th degree in the 3-dimensional normal
distribution with the means zero. We shall illustrate the method in some
detail by taking an example.

Let ,a, v, be distributed according to the 3-dimensional normal
distribution, with the means zero, with the standard deviations o, o, o
respectively, and with the correlation matrix

1 pe pn
pe 1 px
Pz Pm 1

the determinant of which being denoted by E. Moreover, in the results
given below, we shall denote by pisg i, P the partial correlation coef-
ficients, 1. e.,

. ______‘Pl?'f" PPz e
Przes = V= p a1 — pa
We shall caleulate E(|x’wz,,]) for an example. The characteristic
function of 2, x,, #, is, as is known,
1
‘P(tn 29 ta) == exp (" ‘:)— U'kijtjtk).

Differentiating two times with respect to £, one time with respect to f, and
t, and putting t, = 0, we have
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3 - N . .
) [Z2obb)] = (5, + 2upy — T, — %I, — 20,117,
ANy J g .
— paT? + TI’I'ET’S)‘.I’”BUS-",;,

X exp {— %("»’: s + 2Ps°'z°':t:ts-+ ”s’ts’)}a B

where
Tl = Pulsls + PuTshs,
= agly + POty E
T = PuTels + Tuls.
To caloulate E(las1 T3 Z3|), it is necessary to find the value of the integral
of the type

®) (@8 = f[LVE

X exp {= 3 (o0 + pumrily + o247) b,

for which @« <2, 8<1, y <1, such that @ + 8 + v is an even number.
We start from the well-known integral
2

f f exp - ?(Vz’tz’ + 2pnoostits + ”s’ts’)}dtxdta = a’,a'; */1——_—7;;

Integrating both sides with respeet to p, and taking into account the case
ps = 0 to determine the integral constant there, we have
f f e P - —("'z’tz’ + 2puoiaitals + <r3v’t.3’)}¢:lt,dt3 = — 27 sin~1 py,,
’ H
1. e., [0,0,0]=— 27 sin'p;4
Differentiating both sides of (7) with respect to oy, and p,, and
multiplying by — o,, — o3, and — 1 respectively, we have

f f s exp {— l(”z"z’ + 2me3txta'+ aa’ta’) }dt,dts =0,

@ f[ %tt,f et + ety + ot } dht =,

(10) ff":ﬁ'stxtae Xp § — —'(o'z’tz’ + 2,,”020,3% + a'a’ta’)}dtgdts — :/_is)—,-, .

From (8), (9), (10) and from the equahtles
TP = ploats T, + pigosty Ty + (2puprs — P12'Pss — PisP2s) T30 slats,
T, = pyot, T, + PisPzostsTs + pu(l — px’)owotets,
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T\T; = pupecsh Ty + prostsTs + pu(l — pu’)owostids,
(11) T.T, = st"'stsz + Pn"'stsTa (1 — Pz’ )0 sbsts,
we obtain

(12) 2,0 0} = ~/1 = (2P12P13 Pz Pes — Pm’Pm)’

(1,1, 0] = 27pss */1 - st ’
[1,0,1] = 27ppA/1 — pat, ‘
[0,1,1] = 27 ~/1 — py*.
If we substitute in the left hand side of (12) the right hand side of
(6) puiting & = 2, B =4 = 0, differentiate with respect to o, and nmltiply
by — @, we obtain , :

b8 - St s it s ot

- 2}’12].[%? exp {—' -é-(d‘z’tg’ + 2pnooilly + 05'ts") l‘dtzdta =0.

And again using (8) and (10) with
oels Ty = poutsT: + (P — PupPn)oostly
in the second integral, we have

(13) [ f 2T oxp { - —(a' 4+ Spuraitly + o) bt

2

v (2P1=Pu = 2Pu'Pm)-

Similarly
(g [ [ T’exp {— L (082 + pamiity + oi83) att

—2 p’pas).

T Vi—ps 1 - P
On the other hand from ‘the differentiation of (12) w1th respect to
Pz, We obtain

(15) f [ "*’3‘2‘37' exp{ | (a', '+ it + ea't;)}dt,dis

- 27r pist + Pm - 2P12P19st
RS T 1 pos’
In view of (11), if we multlply both sides of (13), (14) and (15) by
Pas, Pes 8nd 1 — pg, and sum them up, we have
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2,1,1] =271~ Pza’(2Pu' + 2p, + =P’ '—1913' :’ . ’2P1?P13Pn).
. — Pz

We have thus obtained [a, B, y] for all the necessary cases.
Combining these with the coefficients given in (5) an. multiplying
by —1/x we have the final result

YAQENXADES ;2-[~/1 — p(1 + pi’ + pis’) + (P + 2p.opy5) 8ID7? Pn] 0’005,

In the following we give the results E(|z™ z,™ z,"|) using the nota-
tion (m,, ng, mg), for all the cases n,=mn,=>n,=1 and n, + n, + 0y < 12.
For other cases of order not higher than 12, we may obtain the similar
formulee by a permutation of the indices. For the cases m; == 0, see also
the author’s previeus paper.

3
(17 1;1) = (%)- [‘\/R + (Pm + Plsts) sin~! P23

+ (P + PruPa) SV pss + (P + Prspis) sin"‘rs.ﬂ a.0,0
21,1) = 2[VT =01 + 0 + o) + (pa + 2upu) sin™ p | o

3

@11 = (2)[VE@ + pa + o) + (30 + Boupa + Bpups’
w Pig'Pe) BNV P10 + (BPis + Bpuupam + Bpu’Buy = Pis'P) 8N prsy
+ ('2P£ + 6pyapys) sin~? Pzn]“"xa"'z“s

21) = ('E‘)z (1+2p:5° + pis® + P2’ + 4PPusPn — Pis’P’) o050

(4, 1:11) = %[\/1 - Pmi(2 + 8pi’ + 8pis’ + pw’ — 4P1Pupn — 2p:

R o 41 .
+ 4pi’pi’ — 2p4' + i ”P- ,) 1 (8pn+ 12ppy) sin™ Pza] 0y'a,0,
— Pu

(3,2,1) = f—[f—1 T o (2 + B+ p + 2050 + BPuPPm

— 2p,%p’) + (3pis + 6prps + 6pi’pr3) sin~ P13] o'oloy
(2,2,2) = (1 + 20,7 + 2p:° + 205" + Spuupups) 0’070

3
(5,1,1) = (%)‘ [JR(7 + p,? + 1pg® + ps® — 4pipisps — 3ps'



(4,2,1) =

(3’ 3, 1) =

3,2, 2) =

(6,1,1) =

(5,2,1) =

(4,8,1) =

(4,2.2) =
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+ 4pi’pi’ — 3pis' + ) + (15p,3 + 15p,ps

1-py
+ 80p1pis” — 10p15°pgs — Hpiapss’ + 3pus’pxs) SID~! pras
+ (15p55 + 15p15pss + 30p"p1s — 10pss’pss — 5p1a'pis

+ 3p1sPss) 8in~! pis; + (8ps + 40p,9p55) 8in~! P:s-l]d'xbd'zd'a
L1 .

(%), (8 + 12p,5" + 6pu + 3p* + 24pupups + 120,70,

— P — GPLS’pﬂz - 8PuP1.aSPzi + 3pus'ps’) oo

( 2 )% i ~/—_é 4 a 3 3 3, 2. 3
- I_ (4 + 11py’ + 20" + 20’ + §PanPa§ — 3pi'Px’)

% 4

+ (9p12 + 9pupas + 6p1® + 9puapis’® + 9pusps’ + 18pi’pispss
— 8P’z — 3puspas’ — 9pupis’Pe’ + 3pi’pe’) BINT pras

+ (Bp1s + 18p1upy + 18p15’pis + Bpis’pys) 8D~ pig.,

+ (6pz + 18pyepis + 18pis’pas + Bpyg’pys) sin? PB-I] ooy

1
(}%')’ (2 + 6py’ + 6p. + 4p’ + 24pupispys + 6p.°p") 0’00y
-f—[«\/ 1= pg { 2 + 76p,* + T6p,5® + 13py> — 5(5;17',,,;0,3,),3 — 38p,3
+ Hp’pis’ — 4pi’pr’ — 38py’ — 4pulps’ + 8pi’PusPas + 8BpuPis’pa
— 4pupupr’ + 8p’ + 16pu'pu’ps’ + 8pu’ — 16pi’pup

- 3

+ 1 £ (12 — 4p,° — 4pis" — 4puupispn) + -——Ri———}

— Pz E

| (1 = ps)?
+ (15p5 + 90p,pys) sin~ st] 7’0303

2

' |_~"1 — P (8 + 40p, + 9p® + Bpx’ + 50papupm + Wpilps’
— 2pis* — 16p13’pa* — 20p1opis’pas + 8pis'Pr’) + (15p1s + 30p105

+ 60p,’pys) sin™ Pm] o’a’as

%Wi_:p;’(e + 36p,7 + 19,8 + 3,7 + 36pupups + Opus

+ 360" — 2pis' — 120" — 24pap.ipss + 8PPl
+ (9ps + 36pupis + 36p,"ps + 24p,5°p;5) sin? st] o'aroy
(8 + 12p,* + 12p,% + 6py” + 48pupupy + 24p,°pi%) 0'0’a
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(3,3,2) = ._[~/1 S (4 + T1p? + 1207 + 12p,7 + 5dpapipss

e Op’pis’ + 6pupy’) + (91 + 18pipy + Gpy’ T 18paps
.+ 18pyyps’ + 86py’p1sps) sin Pu]‘" G

3
T
(1,1,1) = (_3.) [JF o2 + 196p,7 + 126p13 + 16p,* — 64p,pupm
= 88pt + 60ppi — Spiipnt — 68P13 5pispe + 12p1s PP
©F 12p0pis’Pr — Apispupe” + 16p7 — 4pis'py’ — 470y
+ _16P12,PH’P=!’ + 15P1_3‘ - 16P123_’P133Pm + 1 ip ,(14 — 5p;s° — 5pss’
- 4p1sP1sP) +I'2_(_1-§;’_3)’} + (105sz + IOQRmPn + 315P12P13’

T = 105p1’ps — 105p5p1s* + 63p’pis + 21propis®— 15p1spys) 8ID 7 pya s
+ (106p,, + 105pups + 815p15°p1s — 105py* Py — 105p,,"pss
"+ 83pi’en + 21py’py — 15pTpy) SINT Py o -

+ (48P + 83Bpups) sin”? pa. | 5o,

1

(6,2.1) = (2)7 (15 + 90p" + 45,7 + 100 + 180puapusps + 180p.p,
— 15py’ — 45py’p’ — 120p1pisips — 30pus’pus’ + 3pys’ + 45py'ps’
+ 36P1:Pn Pz — 15Pu st’) o} 0'2 °'3 N

(5,2,1) = (—) [ﬂ? (16 + 83,7 + 19p,7 + 897 + 63pupupr + Opu

' + 4T’ — 4ps’ — 20pupw’ — W0pupits + 15p.'ps)

T+ (45Pu + 46pups + GOPH + 90P12P13 + 45p1ps" + 180p:5°Pups

— 30pi’pn — 15pups’ + BOpu'prs’ — 15pupss’ — 90pupi’pa

— 60p.'pipn + qus Pes + 80pi’pa’ + 45pupis’pyl

— 15p,°pas’) 8D~ pras -+ (80pss + 90pyaps + 180p,5°pss + 60p1sps
+ 30p:5'ps — 6p13’Px) SINT! piye + (24P + 120050, + 120p.°p5

'+ 120p,°pys) sin? Pz-ll:] aloia

}_ - .o : -
5,2,2) = ( -1%)2 (8 + 40p, + 40p, + 16p,7 + 160p,3pyps:.

+ 120p,5'p,s’) aa’a,’
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1 (3,8,8) =

Seiji Napsya

(4,4,1) = (£) (94 7207 + 1807 + 1802 + Mbpupipn + 2o

+ 72005 + T2p.5%p2" — 81’ — 36p,5%pr’ — Bps' + 90p15"P1sp
— 48pupi’pr — A8pupupx’ — T20u'PrPr’ + 18pr'pe’ + 18p5°px
+ 48p12p1°ps" — 15pss'ps') 0y'ay'ay _

(4,3,2) = (%) (6 + 36p,7 + 24p,7 + 18,7 + 144p.pspn + 6py.!

+ 72P12 0t + 36p'0." + 48p’pps — Op'Rs’) ov'eley’

*2—)2[ /R (8 + 22p,F + 22p,8° + 22p,° + 100p,.p3px + 6p1r'pis*
1

T+ 6p 7" + Gﬁxazl’nz) + (18p:; + 54p.p5 + 12Px23 + 54p.p.

+ 54912P8.2 + 108p,,'pps + 1891331’9 +~»1,8.4_’1,3P233 + 54pppi’ps’

- = 0P ) sinT pg + (1805 + Sdpueps +.54pes + 12p.°

+ 54psps’ + 18111231?2:& + 108p1p15°05 + 18913P33 + 54p.’pispss’
— 6pi’pa’) 8D~ pig + (18pn + H4pupis + 5APuPs + SAPSPx
+ 1205 + ISP123P13 + 18P12P1;3 + 108p1zp13p2° + 4pi’pis’Ps

3, 3\ i 3.3 2
— 6p,5°p,5’) sin™ Rnu] G 0 G3

8,1,1) = f—[w/l_;"ﬁ;]' — 58 + 868p,7 + 868py° + 1630 — 592p,:p150

— 630p,' + 396p,2p,% — 100P;2?P232 — 650p;5" — 100p,5°p2;"
+ 168p.°p1spn + 168101505 — 104p12p1sps’ +,272P126 + 112p;/'a:°

_ + 24p,'p3 + 112}’12 Pist + 4-’C’Pv"'l"’xs ps’ + 2028 + 24p,'p°
- 30P1" PJSPB '14-81?12 sz Pz + 39Pu Plaﬁa - 32P1.Pn P2
+ 32PmP13 pr’ — 43’01 - -3‘)P1- ps” — 96P12 an = 128p.'p.'ps"

— 32pi’py’ — 128p,)) PBPB 48p,° + 128Pu Pi'Ps + 12800 '0is’Ps
3 R’P (144 — 94p,3 — 9dp? — 100pp.pm + 24pit + 320,08
R
a- 2)2
Ri
— 6pi® — 4P12P13PB) + 3 T =) l’ (105p

+ 24p,5* + 32[’12 PPz + )-3P12P13 *pp) + ————5(16 — Gpyy’

+ 840p,,p;5) sin~? p.,_,] aloo,
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(7,2,1)

(6,3,1) =

‘(‘6,,2,.'2) -
(5,4,1) =

(5,8,2) =

= —3— [m (48 + 336p, + 87p," + 48ps" + 462p..p13pz

+ 878pu’pi’ — 88pys' — 14dpi’pa’ — 3641’“?1: ps — 84p.°pis’
+ 8’)]36’ + 144’)1}4?‘33’.*. 112P12P135P13 - 48P13 PB ) + (100')13

+ 210p,,p5 + 630p,°p;3) 8in~? .p,,] alao,
—[\/ 1-— P;s (36 + 252}’12 =+ 72P13 + 5PB + 806p,,p1302
T 108]’12 + B76p,°pis" + 18Pu Ps’ — 12an — 12p,'ps’ + 6pus*

— 120, pupn — 4320015 Ps — 36pupaps’ — 120 + T2p'prd’
- 1O§P;2’sz4 + 72?u’P13’R3’ + 120?1{?:3’ — 48p.,°p15'pPs

+ 144P12PI3GPB —_— 48Pl36Pﬁz — 61 Rap ’) + (4'),)3 + 270P12P13

+ 270p.5%2 + 360p:5°%053) sin"p,,-}a,‘c,"’a',

(15 + 90p,° + 90p,5* + 30p5° + 360piprspau + 360p,7°p,%) o falas’
—[‘\/1 - P13 (24 + 240[-"14 + 27[’14 + 48P|3 + 300?;1913%

+ 120p,,* + 120p,.°0:8° + 240p1’°p’ — 6P13 %Pla P’ — 8ps’

+ 240p.°pisp s — 120p3p15°Pn — 160p.spups® — 240p.%p 5"

+ 48p3'ps’ + 56p.’ps’ + 160912!’13?"}"; — 48p;5'p4') + (45pis

+ 180p5p2 + 360p,.%015 + 240p:%p5 + 120p,5'p15) sin“pm] o °0,los

%[ 1 — pi’ (16 + 83py* + 80p,5° + 48ps +390pupispus + 6pua’

L+ 220Pu P + 54p’ps + 60p..°p130: —‘1.°P12'P ) + (456p

(4,4,2) =

(4,3;8) =

+ 90P13Pz¢ + 60[’12 + 180[’12{’13 + 90P12P.a + 360P12 Pr1aPxs

+ 120Pu pis’) 8in” Pw:I ay’e, 230'

(9 + 72P12 + 36?13 + 36st + 288p,,0.5p5 + 24P12‘ + 144}’12’!’13‘J
+ 144p,%p5" + 192p:15°Pisps) o1'rlos’

9 - » ; i

:[ 1—ps' (12 + 72p" + 72 13’ + 33”1‘3: + 324p15p1p5

+ 12p,* + 216p,°pis* + 36P1° Pz;’ + 12p,5* + 56P13 P’ + 72015°P1aPs
+ 72P12P13 sz — 120, pi” — 12p,5ps ) + (27P.’3 + 108p;.0,4

+ 108p,°ps + 108py’ps + 18ps® + T2pi°0 + 1572p1pis’
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-4 216piipips’ + 216p1°pis°Ps) sin! PB] ool

(9,1,1) = _) [J"E'm + 1688p,* + 1638p, + 283ps” — 912pupup

— 1314p,' + 73"Pu P’ — 145 ’Pu pa’ — 1314py* — 145p,5°p5"

+ 312p,5} PuPs + 812p,:p1°pz 104?12P13Pz3 + 573p1" + 16p1'prs’
+ 8%pi'pa’ + 16p’pyst + 551pi’pis’ps” + 575pss" + 37pstpn’

— 60pi’pups — 556p1’0i5'Pe + 40p1Pisps’ — 60Pusp1’Ps

+ 40!’::!-"133%3 — 107p," — 20p,°pis* — 100p.'pys* — 160ps'pis’pss’
- ‘)Osz P1s’ — 160p1s'ps"p” — 105[-’138 + 160p1°pis’ps + 160p15°p15"ps
5 (189 — 131p,° ~ 131P13 - llbpupl,p”

+
T2
+ 35p1 + 39py.7p1s" + 55[’13 + 40p,5’ Pust + 40p12p15°ps)

- a _bn 1)2(36 14p,* — 14p;3* — 8pripupy) + 8 ——— = & a)a}
+ (943p1 + HM5p1pyn + 3780p..0157 — 1260p,5°p — 1890p,.p15*
+ 1184p,°pss + T56p12p1s* — 540p,5'ps — 135p1.p:5°

4+ 105p45 p:,) sin™? Pizs + (945p,5 + 945ppn + 3780p..%p1s
— 1260p,,’ Ps — 1800p,, Pis + 1134[’1: P + 756p:5°p1s

— 540p,7pr — 185p,57p15 + 105p17p5) sin~" pjs., + (384p.,
+ 3456p1:013) sin" Pu-}] o’o0;

1
o\t
(8.2.1) = (i)'(l% + 840p,2 + 420,32 + 105ps% + 1680p1yp15ps
+ 2520’)]?”]3"" - 210’)‘3‘ - 4.20P132P232 - 1680,)13?133”‘3 - 840P1;32P]34
+ 84p, + 630p,y'px’ + 1008p1p15°ps + 168}’122”13‘3 — 15p,
- 490}’1% pn’ — 2400005 + 100p,5°ps°) 003’0y
©(7,8,1) = (”) [\/R (102 + 723p. + 1506p2 + 36pg? + 672pupuupa

+ 188p,,' + 948p,,°p.s* + 18p;s° Ps — 58py* — 213pis’ps’ + 6py’
7205 P1sPs — 828p12015°ps — 30p1p1ps’ — 18[’12s + 72}’12‘!’132
015}’12 Pnz + 77Pu Pis” st + lons + 280pis'ps’ — 48p1.°p1s’Ps

) + (815py; + 315py3pn

-"SOPHPH»P-:B + 105p,°px" — 6
+ 630[’123 + 94'-;P12P1'32 -+ 31”‘P|2P23 + 1890]),, P3Pz — ul{)Pla Pz
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— 105pup? — HSpupipa’ + 1260p7ps" — 315prapys

"= 12600 'p1'ps + 18950 + 316p1%05" — 210p, 015" + 63p1apys’
+ 940P1:Pu Px’ + 3T8pu'Pr’Pn — 451y Pn - 315p,5°pos’
- -310PuP13 ps’ + 105p157p5") sin™! Pizs + (210P13 + 630p1pz
+ 1890p,,°1; + 630p.5°p + 630p,,'p,s — 12601505 — 42p,%0;5 .
+ 18py/’py;) sin~ szz + (144st + 1008P11P13 + 1008p,,°px,

+ 1680p,5°p15) sin™? pu,. ,] alolte,
I\ : . -
(7,2,2) = (_;.)‘ (48 + 336p,° + 336p," + 90pa* + 1384piupyps
. + 1680”“2";32) 0_170.220.3? ) . | |
: .
2\z - ,
(6,4,1) = (;:) (45 + 540p.F + 185p,% + 9057 + 1080ppypz + 360p,*

+ 1080p1,’p,§2 + 5_4.0;:)12”;),,2 — 45p,s* — 270pis'ps’ — 15py"
+ 1440p.'pupis — T20pupis’pss — 360pupups’ + 360putpss®

o —180piipyt — 1080piipiag? + 9 + 2T0pufpa? + 135p:5%p
- 48091: (Y + 216p1py’ps + 720P12P13 P:x + 540p,."ps' 0’
- 90p,, Pz’ — 225p15'Pn' — 360pipis’pn’ + 10591, Spnt) o %asio

~
>
g
o
SN
It

(-—) “(80 + 270p,* + 180p,,* + 90ps? + 1080p1.pssps + 90ps

+ 1080p,.°p,5° + "7on2 P’ + 7‘)0Pn P13P23 6pi + 180p::'p1s’°
- 90Pn P’ — 72P12 P13P23 + 18p°py’) ofoy'ey _

(5,5,1) _‘(;) (VR (84 + 80Tpi? + T2, + T2ps? + 5T6pupup

+ 274p,.* + 333p:i°pys° + . 383p15° e’ ﬁ-.’lﬁpl,. — 207 p1%p* — 16p5!
+ 44pi°piapn — 296p1pispn — 206p10p1spn’ — 48991701 P’

+ 115p.5'p5" + 110pi°pn’ + 340p1pi’pz’ — 105p5'05*) + (225p,

+ 225,05 + 600pss" + 450ppis? + 450pupx’ + 1800p,,7prepig

— 150p,5°p — 150}’13!’5a + 120p,° + 600%”];1‘;2:"' 600p,,p’

- T5puprs* — 900p1epssps’ ~ TSpiups’ + WPQ‘P:;P;- — 600p,,°p:15°ps
— 600p..°p15p5° + 45p15°ps + 800p,°p° + 45P13k:35 — 600p,.°p,5°pss"
+ :450szan‘sz +‘450P12P’;7‘32P‘; + 600p..'p:%05" — 150p,,°02"

— 150p,5°p5" — 37 5P12Pih“P‘;' + 105p;°p,") sin " iz
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+ (120p,; + 600005 + 1200p:°p,; + 12000,,°pr + 600p,,°p15
+ 120p,°p) 8in7" pyyz + (120p5 + 600py0s + 1200p,.°0,

+ 1200p,°py + 600p,5'p2s + j29}’125[’13) sin™ szs-x] a0’y

1
(5,4,2) =(,) (24 + 24007 + 120p" 9bp_3 + 960pupipa + 120ps

+ lZOPu P’ + 480P1_2 st + Y60p*p1sps + 120}’12 pi’) o’as'ay’

3
(5,3,3) = (;2_)‘ [,JR (82 + 166p,7 + 166p5" + 88ps* + T60p.pyepis
+ 12p,, + 44dp)%pis" + Sdpia’ps” + 12py5' + 54pis'pr’ + 84pislprspus
+ 84piopis’ps — 18p1y'pa” — 18!"13‘}’232) + ~(90-P12 + 270pi3pz
+.120p,° + 540pypi° + 270pup5" + 1080py"p1spxs + 180p,5°ps
+ 90p.sps® + 860ppis + 90pupist + 540p,epispn® + 360pu’p133p,3
— 18py’ps — 60pisips’ — H0puupis'pss’ + 18an Pz ) sin~! py,
+ (90py; + 270pypx + 54_01’12 Pis + I‘)OPB + 270p,5p.5°
+ 180p,°p + 1080}3,,['11?;?23' + 90P12Pz;3 + 80p.,'pi; + 360p1.%p;5°
+ 540P12’P1_3Pa’ - ISPlz'@‘zs';F_ 360P123P13’st — 60p.,°p5° — 90p2'prsps’
+ 18p,%p,%) sin pyg; + (72pz + 860p13p55 + 360p12’ps + 360p.5°p2s
+ 48px’ + 360p,"01 + 360p1pss” + T20p12p1p" + 1080p15°p15"poy

+ 120p,%pys°) sin™ Paq}” Voo

-

(4,4,3) = (,, )2 (18 + 144p,7 + 108;7,3 + 108057 + 864p,2pmp,,, + 48p,

‘+ 459?12 Py’ + 439[’12 P’ + 18P13 + 216p,3’ Pm' + 18px*
+ 576p1s’pispr + 288pupis’ps + 288p1p1p’ + 432p15°015°0"

4 .43

- — 36pifpn’ — 36py'pst — 96pupl’pst + 18p,'pst) 0y'ay oy
9

(10,1;1) = ——[v 1= p;J 1200 + 116520, + 1160"p,3"’ + 2935p,2
R :’)54p,zpmps — 11610p,2* + )601(1,{;7“ — 2052p,,°p." — 11610p,5¢
= 20562pi5°p" + 27600,°p13px +. 2760p1p:5°05 — 21%P12P13P23
+ T248p,.° + 5040p,,'p1° + 984p,'0:° + 5040p,,°p,¢
.+ 10440p,5°p,5°ps* +.7248p,° + 984p," 0" — 1008p,.°py5p15
— 9686p. P15 + 13449, "prps’” — 1008pypi’pss + 1344pupisips’
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— 2544p," — 2400p.5°pis" — 192p.°p5" — 5472p,"pss"

— 5760p,'pis’ps’ — 2400p,4°p.° — 5760p,°pis'ps” — 2544p,5°

= 192004’ + 1920, pupis + 5568p.°pi’ps — 288py’pisprs’

+ 5568p.°pis’ps — 384p°0i’ps" + 1920001 — 288p1pis’pis’

+ 384p,° + 884p.'p" + 1152p,°p,* + 1152p,.°p,°p"

+ 1152p:'p,° + 1538p,'pi'p s + 884ppy’ + 11620.4°p, P "

+ 884p,’° — 1152p..°pis’ps — 1536p1°pn’pss — 1152p.°p15°pos

3 Fpﬁ,_,(lazo — 1854ps* — 1854ps" — 2052pupupa + 956p."

+ 1296p:,5°p,5" +, 936p* + lz%PmsPnPn + 1296pupi’ps — 192p,,°
e 288p,5'py" — 288pi'pist — 192]’:36 — 288p1’pisprn — 384p1 P’

L e + f - 174p, — 174p,7
| - 13‘)P12P13P5 + 48p' + 48p,°pi" + 48P13 + 48p.°Pisps

;'.,. A +4&WP’3) + (1 H ‘)3(60 24Pl2 - ‘)4PB bt 12P1;P13P_g)

+ 15(—‘1?-7} + (945p5 + 9450pup) sin pg | 70,
(9,2,1) = ‘—[ T = pi* i (884 + 3456p,,° + 975p," + 384ps’ + 5022p1upisp

+. 62%“ ’w - 630])13 - 1536?13 P'zs‘ - 5868P1f133f’n — 2736P122P13‘
+. 264913‘6 + 2304‘)3"”2 + 3600P mﬂm"P:s + 576P122P136 — 48 pns
— 1536p.7pa’ — 864pupis'pn + 384pi’p’) + (945pn + 1890pip.s

+ 7560”122’713) Bin"l P]s:' [-¢ 1’0’ 3’6’3

(8.3,1) = 2[/T= 57 {360 + 20409, + 31205 — 195ps7 + 3384pupup

+ 1800p,' + 8784p.'p" + 504p, P’ + 264pys" — 240p,5°0,5°
- + 150ps' — 1872p,%pispn — 7200p5pu'°ps — 816pupups’ — 408p.°
e : + 1656py'py’ — T2pu'ps" — 3528p,,°p1t + 1206p,"py"px"

- 2‘4‘}’122P-.’:v-4 — 216p:° + 1464p,'p5" — T20.°Ps) + 144p:"Prsps

= 480p.°p’ps + 4752pupi’Ps + 288pupi’ps’ — 48pupips’
v, + 48p,° — 96p,.'pi! + 288pn'pi’pi’ + 7680122%6 — 288p,."pus'pus’

+ 288p.,°p)%0" + 48335 — 1844p, 5.5 — 3843,,"’p133p._,_‘

— 576p,°pi’ps — 1152p1p S ps + 384P124ﬁ13‘ﬁrsz.+ 384p.ps’
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1 —_

S (-1 + 24,»',;' ¥ 72‘5;*4 4§pa;plspg)'

R

(1 —p 1)3} (315925 + -'0‘)0P12P13 + 2520{’12 Pxn

+ '-’040” Pm) sin~ stlflo'za's

(8,2,2) =105 + 840p,* + 840py* +. "10% + 3360,:,,;:,3):1,
T 45040, ofafed L

(1,4, 1) ='_[§71 Tha (144 + 201607 + 2610 + 288ps’ + 2772pupups
T

"+ 1680p, + 2268p,%py? + Olbp,, 0,2 — 1146, — 864py2p,s”
— 48ps* + 42000 P, — 2184pupi’pr — 1344p1psps’
+ 840p,,'pis" — 504p:,°prs* '4032P12 i’ + pi® + 864py:'py7
+ 480pi'ps’ — 1680p1°p1s’Ps * 67°P12P13 P + 2688pups’pr’
+ 2016Pn Pis’ st - 288[’13 st.‘ - 816P13 Ps — 1344p.p1%ps’
+ 3%pifpsty + (3 10P13 + 1260p5p + 3780py.%p:; + 2520p1'ps

+ 2520p,,'p;s) 8in~" anJ alas'a;
(7,3,2). = [4/1 — P (96 + T41p" + 673]3,, +.288p," +. 340‘)P1)P]3Pg

) + 120P1: + 3486P102P13= 522P122P32 + 1176PH3P13P3 — 12P128
+ 252p,.4p17 — 228pis'ps” — 168p1prspn + 48p1px’) + (316p:
+ 630p3pn + 630p,° + 1890p10i° + 630ppn’ + 3780p:5"pipes

+ 2520p,°pys*) sin™ Plz] alalay
(6,5,1) = E[ﬂ" TpaE (120 + 1800p;° + 360py? + 135p.7 + 2250pupups
T

4 1800p,* + 3600p,Tp.st + 900p,.pst — 120p,5* — T20p. 0.
— 30p5" + 8600p.,°p55p. — 9400P1;Pi58%'~.'3 — 900p..pspss’ + 120p,°
+ 1800py,"pys" — 600P1~ P13 — 2600p..°p;5 pﬁz + 24[‘13 + 840py'px’
| + 360p:5°pss' — 6)400Px P1s°Pes + 720P1~P:3 Pz + 2400p,.p15°pss°
+ 2400p,7prs'pst — 288p1°p" — T20ps'ps' — 1440P1~P13 Pas’
+ 884p,%pst) + (2 5P-$ + 1350p:5p13 + ‘)700sz ps + 3600p:1.°p1s

-+ 1800912 P‘n -+ 72091‘» Dn) sin~! Pc-] 0’1 Ty '7"
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(6,4,2) = (45 + 540p,% + 270p,* + 180ps* + 2160p,pupss + 360pist
o 4-2160p,%p5" + 1080p:°ps" + 2880p1°pisps + T20p1'0s°) o0 sta’
(6,3,3) = %[«/1 T (60 + 540p.? + 540p? + 165p," + 2430puprps

+ 180p,,* + 3240p.,°p1* + 270p..7p,° + 180p,5* + 270p.5%p0"

+ 1080p15°psps + 1080p.2p;s’ps — 12p5° + 540p1'pss" — 180py,"pas’
+ 540p.%pust — 180py5'p* — 216p1°p1spss — 216pupis’ps + 48p:1°ps’
+ 48p,%0,%) + (135p, + 810p,p15 + 810p,,°0 + 810p,°0

+ 90p:° + 1080p,.°0:5 + 1080p,,p0:5° + 1620p,.0:5p0:5" + 3240p,.°015°p2s
+ 720p,5°p,5%) sin~? pz,] alolo

(5,5,2) = £[¢1_‘_ p (64 + 607p.% + 320p,2 + 820p,! + 2750pseppss

k2
+ 274p,* + 1660p,,°p:° + 1660p.,°0:5" + 2500p,°p13p5 + 120p..'p15°
+ 120p.'px*) + (225p.. + 450pi3p5 + 600p,,° + 900p,p:°
+ 900p,.p,° + 3600p.,°0:5p + 120p,° + 1200p,,°p,° + 1200p,.°p25°
+ 1200P1!4P13P23) sin~? P121 oo loy’

(5,4,8) = f.[vi o (48 + 480p.7 + 249p, + 288, + 2340p,p1spns

+ 240p,;' + 1320p,,°0,7 + 1440p,°0,° + 18pss* + 324p.7p5°
+ 48pz* + 2160p:5°01302 + 360p1pis’pn + 600p1p1p’ + 120p.%0,5°
+ T20p5°pus'ps” — T2p15"p5" — 96p1s’pr’ — 240p1pis’ps’ + 48p1s'pas’)
+ (135p;3 + 540p.px + 1080p.,°0:s + 180p,° + 540p.5p2°
+ 720p,5°ps + 2160p1:p,5°pss + 360p1pss® + 360pss'prs + 720p0°015°
+ 2160p,5°p15px" + 1440p..°0,5°p,;) sin™? pu] alolo}

(4,4,4) = (27 + 216p,." + 216p;° + 216p.5" + 1728pppisps + 72p,0"
+ 864p,.'018° + 8641705 + T2p:5' + 864pipx" + 720551
+ 1152p,.%p13p5 + 11520101505 + 1162p,50150,°
+ 1728p,,°pi’ps’) o'aras!
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EDITORIAL NOTE
This article consists of the results of calculations for the most part. We publish it here
in expectation that it will be of some use.



