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Let
X1, Xo, -oveee 1)

be a éequence of non-negative variables independently distributed according'to
the same distribution function F(x). Let x be any positive number, and N,
be a random variable defined as follows:

N={0 if Xi>x @)
s i Xt Xt +XeZx and XitXeteoo+ Xns>%
If F(x) is the Gamma distribution function
0 for x<0
F(x) ={ fa-l _t 3)
———— ¢ B
f: I (@) B e Pdt for x=0,

then- N, is, as is known, distributed according to thé Generahzed Poisson Law.
P (Ngimy =@ 1L41(2) 437 (0 431 P (3) o

1

+mf Cneba-13(x) ], - )

when « is a positive integer with f(x) ;% .

Mr. Seiji Nabeya [1] has proven the converse of this fact when a=1. In
this paper we show that, when F(x) is continuous, a somewhat simpler proof of
the Nabeya result may be given which extends his theorem to the case when
a=<2. ' :

Theorem. Let (1) be a sequence of non-negative independent random vari-
ables with the same continuous distribution function F(x), and let N, be defined

-as (2). If N is distributed according to the Generalized Poisson Law (4), with
fixed <2, for every positive x, then F(x) is of the Gamma type (3).

Proof : Denoting the distribution function of Xi+Xo+ -+ +Xn by Fa(x) we

have that . :
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0 for x<0,
Falx) ‘_,_{ F T nwal (5)
-]('u)[l_‘.f( )+ x R +‘(—n—j‘;—‘—ﬁ] for x=0.
Since, F =1—e"’[l+g o (5::;) !

is an increasing continuous function of g, the inverse function g(F) is an
increasing continuous function of F. Also F=Fi(x) isa non-decreasing contihiuous
function of x, and therefore, g(F(%)) =f(%) 8 a non-decreasing continuous func-
tion of x. Furthermore, /() =7(), for £<y, only when

P k<Xt Xat -+ KniZy} =0,

Hence,
0 for x<0,
Pr < =Hu = .
{f(x) f} (f) {1&’—![1*-!*!‘\\“\* (”a i) !] m x>0
If x[f] denotes the inverse function of' 7, then we have for #>0
oo fn‘—l _ - ‘
s (na-l)!e %Crd fdf‘"ﬁ"(ﬂ.
For fixed ¢, we regard
Aolgetthd=h
(a=1)1 (8

as a probability density of the random variable .
Hence we have that

£ gro-vy= 22D g ),

and & {() =

It I8 sasy to see that ff ¥ is n random vatriuble with probability density

1

then its moments doinclde with the moments of -

For a<2, it {8 well known [8] that the moment problem is determined.
Hence we have that, '

L
-,

J;= x[(y¢(t)) 1+ (y¢(t))
’[W(ﬁ)—l“]s W(n)%‘[ﬂﬁ),;_:l_]’
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2[f]= f[¢>(t) ]
This proves that
flx) = t¢(t)" 20 LR g_ ©)
1-¢@)= s

Substituting (6) in (5), we have the desired result.
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