Absolute Momerits in 2-dimensional
Normal Distribution

By Seiji NABEYA

Let x and y be distributed according to the following 2-dimensional
normal distribution,
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It is our purpose to express absolute moments in terms of elementary funec-
tions. Putting E ( [a™ y"|) = (m, n) for simplicity, we have
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Here

; ) aB ., a(a+1)B(B+1) .

F(a,B;v;2) =1 + 1!74+ 3Ty(y + 1) 2+
is the hypergeometric function, which reduces to the polynomial of z if a
or B is a non-positive integer and ¢ is positive. Thus, when at least one
of the integers m, n is an even number, (m,n) reduces to the polynomla,l
of p* multiplied by o, ;"
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The case where both m and » are odd may be treated as follows. Put

z =21 — p°) orcos b, ¥ =~2(1 = p’) ayrsin 6.
When m — n = 2¢, where ¢ is a non-negative integer, we have then
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As the last integral may be calculated in the elementary fashion, (m, n)
may be evaluated. '

In the following we shall give the obatined formulae for the cases
m =>n, The formula of (m,n) for m < n, is obtained by exchanging o,
and o, in the formula (%, m),

(1,0) :\/ 2 ,.

(2,0) = o,
(1,1) = 2(Vi=p + psinp e,
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(3,0) = 2\/-2_63,
w

(2,1) = \/ 21+ p)ota,
(4,0) = 30,

(81) = % WI=p (2 + p") + 8psin~p| olan

(2,2) = (1 + %) oo,

(5,0) =8 ~/ _721_—0'

(+1) = \/*;2;(3 + 6p — p') oy'o

(3,2) =2,/ 2 (1 + 3) oo,

(6,0) = 150,

(5,1) = % (V1= p* (8 + 9* — 20') + 15psinp} oiay,
(4,2) = 3(1 + 4" e,

3,3) = % [VIZ P (4 + 116%) + 3p(3 + 2*) sin~"po’cr,

(1,0 =48,/ % o,
T
(6,1) =33/ 2 (5 + 150 = 5p' + ) oo,

(5,2) =8,/ 2 (1 +5p)asar,

(8,0) = 10507, _

(7,1) = % (V1= 7 (48 + 87p° — 88p* + 8p%),+ 105p sin ~p} o/7cn,
(6,2) = 15(1 + 6p") o ia,

(5,3) = % (71 = p* (16 + 839" + 6p*) + 15p(3 + 4p*) sinp} a3,

(4,4) = 3(3 + 24p* + 8p") oty
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(9,0) = 384 \/ 250

T ,
(8,1) = 3,/ 2 (35 + 140" — T0p' + 28" — 5¢) oo,
(1,2) =48,/ 2 (1 + T)ala?,
(6,8) = c\/i (5 + 450" + 15p* — p%) ofa,
(5,4) = 24 \/ % (1 + 108° + 5p') ofas,

(10,0) = 9450.2,
(9,1) = 5 V1 — p* (128 + 325" — 210p* + 886" — 16¢p")
T

+ 315p sin “p} ala,,
(8,2) =105(1 + 8p%) ay°a’,

(7,3) = _:f_ (V1= p* (96 + T41p" + 120p — 129")

+ 315p(1‘+ 2¢*) sin“p o a,
(6,4) = 45(1 + 129* + 8p*)ofast,
(5,5) = % (V1 — p* (64 + 607p° + 274p")
+ 15p(15 + 40p* + 8p') sin“'pla 0.,
(11,0) — 3840\/ 2o,

(10,1) = 15 ,\/ i (63 + 315p% — 210p* + 126p° — 45p° + Tp") o,V e,
(9,2) = 384\/ % (1 + 9% a2a2,
(8,3) = 6 \/ ' 2 (35 + 4205° + 210p — 286" + 3p%) e,
(7,4) = 48\/ 2 (8 + 420" + 85p) 00,

(6,5) =120 \/?:"(1 + 15° + 15p* + p%) b,
T
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(12, 0) = 1039507,
1,1 =58 {~/T =97 (1280 + 4215p* — 3590p* + 2248p° — 816p°
4

+ 128p") + 3465p sin“p} oy,
(10,2) = 945(1 + 10p*)0, "0

(9,3) = % [T =57 (256 + 2639p* + 690p* — 1364° + 16¢°)
+ 315p(3 + 8p°) sin"'p} a0a .,
(8,4) = 315(1 + 16p* + 16p") ot ary,
(7,5) = _2_ [V1Zp" (128 + 17797 + 1518p* + 40p")
+ 105p(5 + 20p° + 8p*) sin"p} a7 a,

(6,6) = 45(5 + 90p* + 120p* + 16p%)acs.

In another paper we shall treat the 3-dimensional case by a unified
but more complicated method.
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