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I. Generally speaking, Stratification is made to reduce the sampl-
ing variance of an estimate for a poulation parameter. In stratifying
a population which is constructed by giving a certain sampling proba-
bility to every element of a universe in which we will obtain some
propositions, the criteria for stratification kave been decided in some
cases from the qualitative standpoint, for example by the qualitative
qualities of a universe and in other cases from the quantitative
staqdpoint, for example by using the quantitative data of elements in
a universe. But the criteria for stratification seem not to have been
considered from the theoretical point of view, that is so say, the
criteria dividing a population into strata seem to be chosen arbitrarily
and conventionally. In this paper, the criteria dividing a population’
into strata will be theoreticzlly considered, in some problems.

II.- Let Y. be the label of an element of population 7=1,..., N where
N is population size and supposed to be very large.

§ N
When we are estimating the population mean ¥ where Y= “J]\:f Ny,

i=1

the population will be stratified by using the labels which are highly
correlated with Y,. Let X, be the label correlated with Y. For
example X, is a quantity in the k-th year concerning a quality in
question, Y, is a quantity in the (k¢+1)th yéar concerning it. Suppose
that we have some knowledge about X, (:=1,..., N), for example the
distribution of X in the population. .
Using some knowledge about X;, usually the population is divided
~into strata, because the result may be effective.,
Now suppose that the distribution of X in the population is known.
Then we consider the most effective-and reasonable stratification from
this situation. '
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(a) First problem

Let F(x) be, the distribution
function, which is approximately
expressed by a differentiable
function, is which has density
function f(x).

'21 > Let z, 2, be the dividing points
2 of population.

Elements the labels of which are smaller than 2z, belong to stratum
1. Elements the labels of which are larger than 2, and smaller than
2, belong to the stratum 2. Elements the labels of which are larger
than 2z, belong to the stratum 3. '

In some cases, sampling methods is adorted in strata, 1,2 but
complete survey method adopted in stratum 3. The underlying idea
is perhaps as below.

Suppose that population mean is estimated. Samples of size # are
drawn with equal sampling probability and #, is the sample size
allocated to i stratum. We assume that », is decided by the socalled
Neymans’ optimum allocation in a linear unbiased estimate of popula-

tion mean, that is to say, n=n —Jfl‘”— where o, is the variance of
X pios

=1

i stratum, N; is the size of 7 stratum, p, is N . , R is the number
2 N

i=l

of strata. In our case, the following relations approximately hold,
2=\"_ar@, 5=(" ar, p.=\" arw,
-—oc t 2) } %2 .
N.=Np,, Ny=Np,, Ny=Np, N=N,+N,+N,

2
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If N.<n, it may be reasonably recognized that i strata will be
completely surveyed. In many cases o¢® is usually large when x is
large, for example, the variance of stratum 3 is larger. So N.<n,
may hold in some cases. Then sampling method in stratum 1, 2, and
complete survey method in stratum 3. But this is meaningless if the
above condition is not fulfilled.

This stand point in sampling surveys is considered to be rea-
sonable. We proceed to the next consideration. What is the rea-
sonable method of diciding the point 2z, the stratum, the labels
belonging to which are larger than z, being completely surveyed ?

Following the idea mentioned above, z, is decided as the maximum
value to satisfy the following relation, where population size is large,

* o5 Ds
Ss.» dF(x)zn o ptoptosps
‘this idea holds in general cases.
(b) Second Problem
Suppose that # is allocated to strata in proportion to the size of

them, that is to say, n,=n _xﬂ‘_
N

-. i=1

where R is the number of strata.

This allocation is very usuful in many cases, where the data obtained

from sampling are analized from many stand points. In this

case, the optimum criteria for stratification are as followings. Of

course population mean will be estimated. We wish to estimate P,

but consider about X; and think of the optimum method to estimate
N

the population mean X =——§]- Y X: using the past knowledge, where
=1 B

N= {} N.. As Y, is highly correlated with X,, this may be well reco-
i=1 .

gnized in practise. Samples of size m; are drawn from i stratum, and
sample mean Z; is made.

. R
To estimate unbiasedly population mean, Z= 31 #,%; is made. The

i=1
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variance of %, o5, is followings
R N—n 7 N2 g2
o, 2= . i &g, re __(_
=%y (W)

s .
*——.Const‘. 2 N oo/

where N, ¢% is respectwely size and varxance of i stratum, and N, is
large.

foo oS NN (" are)
/ raft " xdFey
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1

Z; -2, Zi‘-j Z,‘,_ Zi#l A

Dividing points z, 2., 2z-; must be decided to minimize the
variance o,". This idea is the most reasonable. The dividing points
2i, Z..., 2z-1 Which are obtained from this stand paint, are the optlmum

- criteria for stratification.

Moreover using the relation

= N, & N, :
=3 TV‘”#'*‘Z—‘(X XQ

i=1

where X, o® are mean and variance of the population, Xsis mean of
{ stratym, i.e.,

X=*S_°; ng(x)‘ |

o=f wart=(§7 sarto)
S xdF(x) |

S dF()

- ay=Const {a?— 33 _l]%_ X-X z} -

=1
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R
To minimize o5, i.e. to maximize ¥ N, (X—-X)? z,..., 2., must be
{=1
decided. o
. N |
This implies that z,..., 2z, must be decided to maximize Q=3 X% N.

i=1

So, from —a—g—=0, i=1, ..., R—1, the relations zr———;— X+X)

11
i=1,...,, R—1, are obtained. If this solutien is unique, (z,..., 2z-\) is
the optimum deviding points’ set.

g0 !
ZoXaZu Xi 2 XiwZin i Zi

Illustration 1) Let d 1 -=
(1) t F(x)—sz e *dx.
LT
In this case z,,..., 2z-1 4 - // <
are shown in Table I /y )// A
and Graph L /| Z/ /;J//: g
/ / / ) ;v//
. . . , b1
ZL‘] Zb 0 . ///;457;
. Graph Ik
(2) Let the distribution be rectangle. In this case, z,=0, z,-=—;3—,
X= ’;1 +—2—1E" N is the population size, and » is the sample size.
'R
L N N )
. 1
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Table T

R bz 3| 4|5 | 6| 7| 8] 9101|112
B3 0.798 1.224 1 510 1.724 1 894 2.033) 2.152 2.256| 2.346 2.426 2.499
Z 1o |0612 0952 1.244 1.447) 1.611 1.748 1.867| 1.970 2.059 2.141
¢ | 0.399 0.331] 0.246| 0.184 0.140} 0.109| 0.087 0.070; 0.057| 0:048 0.040
® | 0.5 | 0.730| 0.837 0.893] 0.925 0.946| 0.960 0.959 0.976| 0.980] 0.984
x | 0 0.453| 0.765 1.000) 1.183 1.344) 1.478 1.593 1.692 1.783
z | 0 | 0.382 0.659 0.874 1:050 1.799 1.326 1.436 1.53
¢ | 0.399 0.371 0.321) 0.272 0.230 0.194 0.166 0.142 0.123
o | 0.5 | 0.649 0.745 0.8090.853| 0.885 0.908 0.92¢ 0.938
X |0 | 0318 0.561/ 0.756 0.920) 1.059 1.179 1.286
z 0 | 0.780 0.501] 0.682 0.835 0.966| 1.081
¢ - 0.329 0.384 0.352 0.316 0.281 0.250, 0.222
0 _ 0.5 |0.610 0.692; 0.753 0.798 0.833| 0.850
X | f 0 [0.245 0.444 0.611-0.752 0.877
z | 0 | 0.222 0.406 0.560 0.695
e 0.399 0.389 0.367, 0.341 0.313
) ] 0.5 [0.588 0.657 0.712 0.756
X | | | 0 | 0.200 0.368 0.512
Z ) 0 | 0.184 0.340
o . -0.399 0.392 0.376
0 0.5 | 0.573 0.633
X 0 0.169) -
z 0
¢ 0.399
0 0.5
In Table I
1 5 )
Ve
et '
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The variance of sample mean & is o5’

o (.1___1_)_1_ d. 1

**\» N/ 12 R 1 12 R
oy’ 1s proportionate to -ég—'. So o, is reduced to —‘11— if the number
of strata becomes twice, while o5’ is reduced. to ——;— if the sam_ple
size becomes twice. v
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1. In some problems, it is required that every stratum has the
same variance. Then 2z, z,..., ze-1 may be decided satisfying the
relation

ol=a=...=a;="1"

This stratification is useful not only to allocate samples (in this
case, Neyman's Method is identifyed with the size proportionate
allocation), but also to analyse the results. Moreover we can apply
this method for typification of a universe and controlling the groups.

Then we will show the some properties concerning this method.
We take up the normal distribution ) T

- 1 R
P =g | ¥ ax
(for convenience we consider the interval —3<x< +3, approximately),

and decide, z,, 2,,..., 2g-. For this purpose, we calculated the variance
73 between 2z and 2z,
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GRAPH VII

a Allocating by Size Proportionate
Metned in Equall size Strata.

b Allocating by Néyman’s Method
. in Equall size Strata.

c Allocating by Size Proportionate
Method in Equall Variance
Strata. (Sample size: %)

i 2 3 4 5 6 7 & 8 01

" 2dF(x) (S xdF(x) )
"R S dF()

and drew Graph III, IV. From this graphs, we can acquire the devi-
ding point 2z, 2,..., 2z—1, by some numerical calculation of interporation.
Graph V show this deviding points 2, 2,..., 2z~ and Graph VI show
7*(variance of each stratum) about 2 strata. We can easily see that
.if the number of strata is more than eight, the dividing points are
almost equal interval,

Ro—21=23— 2 =..,

When the distribution is not normal, so far as the number of
strata is large enough, be sufficient for this method to divide the
intervals equally. This method will be applicable.

Applying this dividing method in sampling design, the sampling
variances o’ of the sample mean & are shown in Graph VIL

Let R be the number of strata.

(a) N,=N,=..=N'x (The size of every stratum is equall.
Allocating »# samples by size proportionate method
N,

n=n =
YA

f=1 ¢
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(b) N1,=Nz’--.=NE,
Allocating by Neyman’s method.
ni=n —8
Z

(c) Equal variance in each stratum. Allocating by size pro-
portionate method. '
Institute of Statistical Mathematics.



