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1. As is known, R.v. Mises constructed the theory of probability
from the standpoint of collectives and later, A. Wald made the important
contribution to it.*> Wald gave the solution to the following problem :

Let M be a label space. What are the conditions, that the system & of
selection rules, the system § of subsets of M, and the set function w defined
on § satisfy, in order that a collective K(S, ) exist, whose distribution
function is identical with wx ?

From his article one can easily learn the importance of the role of &
in the calculus of collectives. In this note I shall show what selection rules
S must contain, in order that some fundamental operations are possible,
and what system of selection rules are admitted by the resulted collectives.

2. First, we begin with the four fundamental operations.

1. Place selection. This is an application of a selection rule to
a collective and is the simplest operation. Iet K(S, &) be a collective
with regard to the system S of selection rules and the system F of subsets
of M, and let f be an arbitrary clement of . Then, a necessary and
sufficient condition that f(K(S, F)) be also a collective with regard to &
and @, is that © is a semi-group (with unit) concerning the product of
selection rules, or that the semi-group generated by the elements of S are
admissible by K(S, F).

II. Mizving. Let A and B be two disjoint sets of F. Then, identifying
the elements of A and B is a mixing operation on K = K(&, ¥). Let M',
&' and K’ be the label space, the system of subsets of M’, and the sequence
of elements of M’ obtained from M, ¥ and K by this identification respectively.
We ‘denote the correspondence from M onto M’ by m’ = @(m), where to an
element not belonging to 4 or B does itself correspond and to an element
belonging to A or B the same element of M’, say 7.

If we put

Joo = Jos

*) A. Wald, Widerspruchsfreiheit des Kollektivbegriffes der Walrscheinlichkeitrechnung,
Ergebnisse eines mathematischen Kolloquiums Wien, 1937.
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f,,,,(w(wc,l), @(m,), -+, gu(mn)) = fa(m,, my, ---,m,) (n=12, )

for f={f.}€ € and an arbitrary sequence {m,} in M, then f, ={f, .}
defines a place scloction for { rp(m,-)}. Conversely, if we put
Jo :fc‘7
S, ooy M) :fﬂl<¢(m1)’ Ty ¢(mn)) (n=1,2, ),
for an arbitrary sequence {m,} in M, then f= {f,} is obviously a place
selection for §{m,}. In this case, however, {m,} being an arbitrary

sequence in M, f= {f,} defines a selection rule in M. The correspon-
dence between f and f’ will be denoted by f= ¥, x(f’). We have then

(Yaoul ), =1

Now, setting

S = {f5 Yusulf) € S}
K’ is a collective with regard to & and . We have clearly
P (m') = P(A4) + Px(B),
where Py ('), Pc(A) and Px(B) represent the probability of (m') in K,
those of 4 and B in K, respectively.

II1. Partition. Assume that M contains more than two elements, and
let A be an element of §F with Pi(A)=*=0. When we select the elements
belonging to A from K, we have a sequence K’ consisting of elements in
A, Selecting K’ out of K in this way is called partition, as is known.
We denote this operation by K’ = 7',(K). Then, if B is a subset contained
in A and belonging to #, the relative frequency of B in K’ has the limit
Pu(B)| Pu(4). |

Now, let {p,} be an arbitrary sequence in M’, and let ¢ = {g.} bo
a selection rule defined in A. Then, setting

Jo = 9o
JuPyy o) = 9Py 5 pi) - (ne=1,2,000),
whore p;, -+, p;, are elements among p,---,p, belonging to 4 and
i < dy < <4y, wo have a place selection f= {f,} for {p,}. Since
§P.} is an_ arbitrary sequence in M, f = {f,} defines a selection rule in M.
The correspondence from ¢ to f will be denoted by f= ®,.,(g9). For an
arbitrary sequence K, in M it obviously holds '
T (K} = g(Tu(K)).
If f€ &, the relative frequencies of A and B in f(K) have the limit
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- Py(A) and Py(B), respectively. Consequently, the limit of the relative
frequency of B in ¢(K') is Px(B)/ Px(A). Setting

& =g; Tusuly) € S},

K' admits all the elements of &', and if & is enumerable, so is also &'.
Since &' contains the unit selection rule, it is not empty. Denoting by
&' the system of subsets which belong to % and are contained in A4,
K' = T,(K) is a collective with regard to € and &'. The probability of
B of 3 in K’ is given by _
B _ Pe(B)
| Py (B) Pe(d)
IV. Combination. let K, = K,(&,%,) = imP}, K,= K,(S, &)=
§m®} be two collectives in the label spaces M™ and M® respectively.
Then, the sequence K = {(m‘i", m?’)} is a sequence in the product spaco
MO x M®, If K is a collective with regards to some system & of selec-
tion rules and F = F, X Fo in MD x M®, K, and K, are called combinable
and the operation to form K from K, and K, is called combination.
Now, assume that K, and K, are combinable. Further, let n.m be
the number of elements in the first » terms of K, which belong to A™ of
&, and let n,m,,» be the number of elements in the first n terms of K
which belong to A® x A®, where A® is an element of ¥, Then we have

() MyDg D D gDy D
n n 72,401
As n — oo, the left-hand side of this identity (*) and n/n in the right-
hand side have the limit, therefore, n,w, @»/n ) must have the limit. Of
course, we have assumed P (A4A®)=+=0. n,m,o/nm is the relative fre-
quency of A® in the first n > terms of the sequence {m{P} (j =1,2, ),
whose elements are those of K, such that the corresponding m{; belong to
A®, To select {m(?} from K, in this way is called (K, A®)-sampling.
In the case, when the limit of nw, @/nw is equal to Pk, (A®), we have
(%)  Pu(AD x A®) = Pg(AP) Pe,(49).

Now, let K, = {m{?} (j =1,2, ‘---) be a subsequence of K, = {m{”}
selected for f@ = §{fP} of &, in the following way :

each m®, of K, is to be selected or not, according to

JfP(mP, -, mEP) =1 or 0.

We apply ( JSO>KY), A(“)-sampling to K and denote by K, the obtained
sequence. If the limit of the relative frequency of each A® of &, in K’
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is equal to the probability of A® in K,, K, is called independent of Ki.
Setting for any f® = {f°} out of &
' ﬂ) = 01)7

R0, B0, (B2, 0) = FO(P - pP) (n=1,2,-),
where §{p3}, {p$P} are arbitrary sequences in M and M(z),.respect.ively,
f = {fa} defines obviously a selection rule in M® x M®. This is called
a selection rule induced by f® in M® x M®., If f® —f, ¢ — g in the
correspondence between selection rules in M® and the induced ones in
MO x M®, then clearly f®.¢g® — f.g. ‘

In the case, when K, is independent of K,, K = {m‘ﬁ, m?))} makes
a collective with regard to the system of the selection rules induced in
M® x M® by all selection rules of S, and F = &, X F,, and we have the
relation (¥). Thereforo, when K, is independent of K, K, and K, are
combinable. ‘

It is to be noted that our definition. of independence has not the property
of symmetry, i. e., one cannot immediately conclude that K, is independent
of K, even if K, is independent of K;. However, the relaticn (¥) holds in
both cases, where K, is independent of K, or where K, is independent of
K,. The only defferent point is the difference of the systems of selection
rules. If K (S, %) and K,(S, §,) are independent of each other, their
combination admits all the selection rules induced in M® x M by all
SO of &, or all f* of &,.

Now, let K (S, &) and K,(S,, §.) satisfy the following condition :

(1) K, and K, are combinable,

(2) the combined collective is one with regard to the system & of

selection rules and §F = & X T

(3) the relation (¥) holds.

Some selection rules in M® x M® are considered to define selection rules
in' M® or M. Then, if S econtains all selection rules induced by all
clements of S,, K, is independent of K;. Moreover, if S contains selection
rules induced by all clements of &,, K, and K, are, therefore, independent
of each other. _ ‘

3. In this scction I shall state some important caleulus.

Assume that we are given L collectives with the same system & of subsets

K = K(8,%) = {md}, -, K = K(&,, &) = {miP}.
When we make the sequence .

— (1 ¢4 (¢ 1 K (1
K = {m{®, m®, ---m®, m®, ---, m, m§H, ---4,
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what collective does it make ?
The relative frequency of an arbitrary element A of ¥ in K has
obviously the limit

%{PK,(A) + e+ Po(4)).

Therefore, if K, ---, K, always admit (f(’)(Kl),M)-samp]iug, SO being an
arbitrary clement of &,, then K is a collective with regard to the system
of selection rules induced by all the elements of &, and §. The simplest
case is that where K, = K, = --- = K.
Now we shall consider the condition that K, ---, K; be combinable.
As is easily seen, the following is a sufficient condition :
For an arbitrary element f out of &, and k-1 arbitrary elements
Ay Ay Of'g
(1) K, admits (fO(K,), 4,)sampling,
(2) Setting
(K, 4) (), 4s) = (fO(K), 45 K, 4s),
K, admits ( FOUKY), 4, K, Az)-sampling,
(3) Similarly, K; admits (f(K), 4,; K, 4;; -, Ky, Ai_l)-sampling
(i =3,4,-,k).
Let us consider this condition in K.
For an arbitrary element ¢g@ = {¢{°} (I = 0,1, 2, ---) of &, and arbitrary
Ay, -, Ay of §F set _
(1) 90, lk+j(’m'§n9 ey m§“), ’mf'(_’n; Ty mgl)’ Ty m(Lk), m%lq-)ly Tty lm’(l}zl
g (mP, mP, -, mP) if j=0,
‘{0 it 1=j<k-1 (=012 ),
(2) I, lk+](m§1)y ' "Im‘gm, ) 'm’%l)a ) 'm’%b)’ m&)h ) "n%-?l

{1 if j=x, mf{) is selected by gu, = {9,a}, and

My € 4y, M) € A, e, miy € 4,
0 otherwise, :
‘ t=0,1,2,-).
9oy = $Go.a}, s G-y = {Jr-1,»} define selection rules in M.
Then, if K always admits such gy, gay s G-1y K, Ko+, K are com-
binable and for arbitrary A, ---, 4;, the probability of A4, x --- x 4, in
the combined collective is

LS ) - ()
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Especially, when Py (4;)= -+ = Pg(4) (4 =1,2,---, k), it turns out to
be Py (A4,)---Px(Ar). The combined collective admits the selection rules
induced in M x --- x M by all elements of S,.

\_———,————/

For example, let K- , K be subsequences of a collective K =

K(S, &) ={m,} such as
1(1 = {mlk+1}7 (l: O 1 )7
Kz = {mlku}) (l— 09 )’
(***) ....................................

I{k: {/m’lk}: (l_—‘- 1: 2))

In this case, if K, K,,----- , K, are obtained by applying selection rules in
S to K, and if © makes a semi-group, then K, K, ----- , K. also are
collectives with regard to © and F, and the probability of any 4 of & in
each K, is equal to that in K. TFurther, we can verify by the result of
Wald the existence of a collective K such as the above-mentioned K,,------, K
are independent of K. ,

Let %, be a field containing at most countably many subsets in M, and
let u(A) be a non-negative and additive set function defined on &, with
w(M) =1. Further, let F be a field of subsets measurable in Jordan sense
concerning ¥, and u, and let S, be a system of at most countably many
selection rules in M. For every integer % the selection of the first term,
the (k + 1)-st term, the {2k + 1)-st term,------ out of a sequence in M will
be denoted by a;. For an arbitrary f of &, and arbitrary 4,,------ , Ay of
&, we consider the following selection rules f = {fP} (i=1,2,---,k—1),

( 1 if j = 4, mu,, is selected by fa,, and

' (?gi) f%&l('m’v ey Mygyy) = Mppyr € Ay, ooy My € Ay
: 0 otherwise,
(1=01,2,--;5=0,---,k—1).
Such selection rules are at most enumerable, as «; and system (f, 4, ,Ai )

are enumerable. Let S, be a semi-group of such rules, and let S be
a semi-group generated by &, and €. Then & is at most enumerable.
Therefore, according to Wald’s result there exist continuously many collectives
with regard to © and &, whose distributions are identical with u(4).
Now, let K = {m,} be.such a collective, and for an arbitrary integer
kEolet K- , K be such as (%). Then K- , K, are collectives with
regard to © and &, and are combinable. The combined collective K* is
one with regard to the system €* of selection rules induced in M x --- x M

k
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by all elements of © and F, x --- X &, For 4,,.---, 4, € F,

S—

k
P(4; X -+ x 4;) = Py(A)) - Pe(4y).
This collective K* is proved to be a collective with regard to S* and
T X o X B Consquently, K, K,, --- K, also are those with regard to &

——
and ¥, and K, ---, K, are independent of K.

4. Conclusion. In order to develop the theory of probability from the
standpoint of collectives the above-mentioned operations are inevitable.
Therefore, it is necessary that the system & of subsets is one as mentioned
above, & is a semi-group and that a collective K(S, ¥) admits the semi-
group generated by &, all a;, and selection rules as (%%).
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