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Abstract
For 1 ≤ i ≤ r , let F

i
 be the cumulative incidence function (CIF) corresponding to 

the ith risk in an r-competing risks model. We assume a discrete or a grouped time 
framework and obtain the maximum likelihood estimators (m.l.e.) of these CIFs 
under the restriction that F

i
(t)∕F

i+1(t) is nondecreasing, 1 ≤ i ≤ r − 1. We also 
derive the likelihood ratio tests for testing for and against this restriction and obtain 
their asymptotic distributions. The theory developed here can also be used to inves-
tigate the association between a failure time and a discretized or ordinal mark vari-
able that is observed only at the time of failure. To illustrate the applicability of our 
results, we give examples in the competing risks and the mark variable settings.
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1  Introduction

In a competing risks setting, a unit or a subject is exposed to several risks at the 
same time but their actual failure (or death) is due to exactly one of them. In a study 
with a mark variable, interest is in exploring the association between the failure time 
of a subject and the level of a mark variable that is measured only when the subject 
fails (or dies). What is observed is (T , �), where T is the time of failure and � is the 
cause of failure or the level of the mark variable at the time of failure.

In these situations, statistical inferences are typically based the CIFs, the sub-sur-
vival functions (SSF) or the cause specific hazard rates (CSHR) corresponding to 
these risks. The CIF due to the ith risk is a sub-distribution function that is defined 
as
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