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Abstract
Gaussian graphical models are semi-algebraic subsets of the cone of positive defi-
nite covariance matrices. They are widely used throughout natural sciences, compu-
tational biology and many other fields. Computing the vanishing ideal of the model 
gives us an implicit description of the model. In this paper, we resolve two conjec-
tures given by Sturmfels and Uhler. In particular, we characterize those graphs for 
which the vanishing ideal of the Gaussian graphical model is generated in degree 
1 and 2. These turn out to be the Gaussian graphical models whose ideals are toric 
ideals, and the resulting graphs are the 1-clique sums of complete graphs.
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1  Introduction

Any positive definite n × n matrix � can be seen as the covariance matrix of a mul-
tivariate normal distribution in ℝn . The inverse matrix K = �−1 is called the con-
centration matrix of the distribution, which is also positive definite. The statistical 
models where the concentration matrix K can be written as a linear combination of 
some fixed linearly independent symmetric matrices K1,K2,… ,Kd are called linear 
concentration models.

Let �n denote the vector space of real symmetric matrices and let L be a linear 
subspace of �n generated by K1,K2,… ,Kd . The set L−1 is defined as

L
−1 = {� ∈ �

n ∶ �−1 ∈ L}.
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