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Abstract The distributions of themth longest runs of multivariate random sequences
are considered. For random sequences made up of k kinds of letters, the lengths of
the runs are sorted in two ways to give two definitions of run length ordering. In
one definition, the lengths of the runs are sorted separately for each letter type. In
the second definition, the lengths of all the runs are sorted together. Exact formulas
are developed for the distributions of the mth longest runs for both definitions. The
derivations are based on a two-step method that is applicable to various other runs-
related distributions, such as joint distributions of several letter types and multiple run
lengths of a single letter type.
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1 Introduction

Run statistics have been used in various disciplines to test the nonrandomness in
sequences (Balakrishnan and Koutras 2002; Godbole and Papastavridis 1994; Knuth
1997). For the related topic of scan statistics, see for example (Glaz et al. 2001). The
research in this area has been revived recently because of the applications in biological
related problems, such as sequence analysis and genetic analysis.

One of the commonly used runs tests is the longest run test. An unusual long
consecutive appearance of one type of letter usually indicates the nonrandom nature
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