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Hazard function estimation with cause-of-death
data missing at random
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Abstract Hazard function estimation is an important part of survival analysis. Inter-
est often centers on estimating the hazard function associated with a particular cause
of death. We propose three nonparametric kernel estimators for the hazard function,
all of which are appropriate when death times are subject to random censorship and
censoring indicators can be missing at random. Specifically, we present a regres-
sion surrogate estimator, an imputation estimator, and an inverse probability weighted
estimator. All three estimators are uniformly strongly consistent and asymptotically
normal. We derive asymptotic representations of the mean squared error and the mean
integrated squared error for these estimators and we discuss a data-driven bandwidth
selection method. A simulation study, conducted to assess finite sample behavior,
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demonstrates that the proposed hazard estimators perform relatively well. We illus-
trate our methods with an analysis of some vascular disease data.

Keywords Imputation estimator · Inverse probability weighted estimator · Kernel
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1 Introduction

A common feature of survival data is the presence of right censored observations.
Censoring can occur, for example, if individuals withdraw from a study before dying
or if a study ends before all subjects have died. Additionally, when multiple causes
of death are operating, the time to death from one cause can be censored by a death
from a different cause. For instance, in a clinical trial one might distinguish between
deaths attributable to the disease of interest and deaths due to all other causes. Without
loss of generality, we focus on a particular cause of death and treat all other causes as
censoring mechanisms with respect to the death time of interest.

Let T and C (0) be random variables representing the time to death from the cause of
interest and the time to usual (right) censoring, respectively. Let T (1), T (2), . . . , T (r)

be the times to death from all other causes. In our problem, T may be censored by
C (0), T (1), . . . , T (r−1) or T (r). Let C = min(C (0), T (1), . . . , T (r)), where C denotes
the censoring random variable. We assume that T and C are independent and we
observe X = min(T, C) and δ = I (T ≤ C), where I (·) is the indicator function. Let
F , G, and L be the cumulative distribution functions for T , C , and X , respectively.
Finally, let λ(t) = limε→0+ P(t ≤ T < t + ε|T ≥ t)/ε be the hazard function for T .

Censored survival time problems frequently are characterized in terms of hazard
functions, and thus the estimation of λ(t) has received much attention. Suppose the data
consist of n independent and identically distributed pairs {(Xi , δi ) : i = 1, . . . , n}.
One type of non-parametric hazard estimation is based on kernel smoothers of the
form:

λn(t) = 1

hn

n∑

i=1

K

(
t − Xi

hn

)
δi

n − Ri + 1
, (1)

where Ri is the rank of Xi , K (·) is a kernel function, and hn is a sequence of bandwidths.
Clearly, λn(t) is a convolution of the kernel function and the nonparametric cumulative
hazard estimator of Nelson (1972). This class of estimators has been investigated by
several authors, including Blum and Susarla (1980), Tanner (1983), Ramlau-Hansen
(1983), Tanner and Wong (1983), Regina and John (1985), Diehl and Stute (1988),
and Wang (1999).

This paper addresses the problem in which cause of death is unknown for a subset
of individuals, and thus some of the censoring indicators are missing. For example,
van der Laan and McKeague (1998) describe epidemiological studies in which death
certificates were missing for some people, mainly due to emigration or inconclusive
hospital case notes and autopsy results. They point out that it can be impossible to
determine whether death was due to the cause of interest in these cases. Missing causes
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