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Abstract We investigate the Pólya process, which underlies an urn of white and
blue balls growing in real time.A partial differential equation governs the evolution
of the process. For urns with (forward or backward) diagonal ball addition matrix
the partial differential equation is amenable to asymptotic solution. In the case of
forward diagonal we find a solution via the method of characteristics; the numbers
of white and blue balls, when scaled appropriately, converge in distribution to inde-
pendent Gamma random variables. The method of characteristics becomes a bit too
involved for the backward diagonal process, except in degenerate cases, where we
have Poisson behavior. In nondegenerate cases, limits characterized implicitly by
their recursive sequence of moments are found, via matrix formulation involving
a Leonard pair.
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1 Introduction

Associated with a Pólya urn is a process obtained by embedding in continuous time.
In this paper we shall refer to this process as the Pólya process. The process was
introduced in Athreya and Karlin (1968) to model the growth of an urn in discrete
time according to certain rules. The Pólya process can be viewed as a transform.
It was noted by Athreya and Karlin (1968) and others see for example Kotz, et al.
(2000) that extracting information about the embedded discrete process from the
Pólya process is fraught with difficulty in practice. Nevertheless, the Pólya process
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