STRONG CONSISTENCY OF THE MAXIMUM PRODUCT

OF SP

ACINGS ESTIMA

TES WITH APPLICA

TIONS

IN NONP

ARAMETRICS AND IN ESTIMA

TION

OF UNIMODAL DENSITIES

YONGZHAO SHAO

1

AND MARJORIE G. HAHN

2

1

Department of Statistics, Columbia University, New Y ork, NY 10027, U.S.A.

2

Department of Mathematics, T ufts University, Medfor d, MA 02155, U.S.A.

(Received November 14, 1996; revised June 16, 1997)

Abstract. Distributions with unimo dal densities are among the most com-

monly used in practice. However, for many unimo dal distribution families

the likelihoo d functions may b e unbounded, thereby leading to inconsistent

estimates. The maximum pro duct of spacings (MPS) metho d, introduced by

Cheng and Amin and indep endently by Ranneby

, has b een known to give con-

sistent and asymptotically normal estimators in many parametric situations

where the maximum likelihoo d metho d fails. In this pap er, strong consistency

theorems for the MPS metho d are obtained under general conditions which

are comparable to the conditions of Bahadur and W ang for the maximum like-

liho o d metho d. The consistency theorems obtained here apply to b oth para-

metric mo dels and some nonparametric mo dels. In particular, in any unimo dal

distribution family the asymptotic MPS estimator of the underlying unimo dal

density is shown to b e universally L

1

consistent without any further conditions

(in parametric or nonparametric settings).

Key words and phrases : Asymptotic MPS estimator, L

1

consistency

, mono-

tone density

, nonparametric, spacing, unimo dal density .