
Ann. Inst. Statist. Math. 
Vol. 40, No. 2, 311-328 (1988) 

SECOND ORDER ASYMPTOTIC OPTIMALITY OF 
ESTIMATORS FOR A DENSITY WITH FINITE CUSPS 

MASAFUMI AKAHIRA* 

Department of Mathematics, University of Electro-Communications, Chofu, Tokyo 182, Japan 

(Received August 14, 1986; revised January 28, 1987) 

Abstract. We consider i.i.d, samples from a continuous density with finite 
cusps. Then we obtain the bound for the second order asymptotic 
distribution of all asymptotically median unbiased estimators. Further we 
get the second order asymptotic distribution of a bias-adjusted maximum 
likelihood estimator, and we see that it is not generally second order 
asymptotically efficient. 
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1. Introduction 

Recently higher order asymptotic efficiency of estimators has been 
studied by Pfanzagl and Wefelmeyer (1978), Ghosh et aL (1980), and Akahira 
and Takeuchi (1981) among others, under suitable regularity conditions. 

In non-regular situations where the regularity conditions do not 
necessarily hold, asymptotic optimality has been discussed by Weiss and 
Wolfowitz (1968), Prakasa Rao (1968), Akahira and Takeuchi (1981, 1985), 
Ibragimov and Has'minskii (1981), Jure~kov~i (1981), Akahira (1982, 1987), 
Takeuchi and Akahira (1983), Antoch (1984), Pfanzagl and Wefelmeyer 
(1985), and others, in particular cases. 

In this paper, we have independently and indentically distributed 
random variables according to a continuous density, with finite cusps, which 
includes both of regular and non-regular features. We shall obtain the bound 
for the second order asymptotic distribution of all second order asymptotical- 
ly median unbiased estimators. Further, we shall get the second order 
asymptotic distribution of a bias-adjusted maximum likelihood estimator, 
and see that it is not generally second order asymptotically efficient. 
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