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Outline 

• Topic 1: Improvement of a box model and 
estimation of the initial explosion amounts (from 
Prof. Hatano) 

 

• Topic 2: Advection equation modeling of 
radioactive material in the air (from Prof. Hatano) 

 

• Topic 3: Satellite image analysis for effective 
afforestation (from Prof. Kawanishi) 

 



TOPIC 1: IMPROVEMENT OF THE BOX 
MODEL AND ESTIMATION OF THE 
INITIAL EXPLOSION AMOUNTS 
 



Box Model 

Regard air, soil, …etc as boxes 

Example(1) resuspension and deposition of radioactive material 
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Box Model 

Regard air, soil, …etc as boxes 

Example(2) Incoming radioactive materials from 
Fukushima to Tsukuba 



Box Model 
Example(2) Incoming radioactive materials from 

Fukushima to Tsukuba 



Problem on box model 

It is difficult to fit the observed data 
(especially, polynomial decay in the long 
time behaviour) 
Need Improvement of the model! 
How?  

Can we estimate the explosion amount 
from Fukushima by (improved) box model? 

*These data are just for a demonstrative purpose. 



Basic Strategy 

Coefficients are assumed to be constants 
 Description power is limited. 
(Only exponential decay can be expected.) 

We introduce the time 
dependent coefficients. 



Air & soil model

M1(t): mass radioactive materials in air.

M2(t): mass radioactive materials in soil.

Governing equation

d
dt

M1(t)
M2(t)

=
−K k2(t)
k1(t) −k2(t)

M1(t)
M2(t)

+
f1(t)

0 .



Coefficient settings

Assumptions
k1(t): deposition effect decreases rapidly, e.g.,

k1(t) = e− t .

k2(t): resuspension effect decrease moderately, e.g.,

k2(t) =
α

t + τ
.

K : small (10−3 ∼ 10−2).
τ : large, e.g., τ > K −1.
f1(t): newly introduced (artificial) source term.



Numerical simulation

We choose K = 10−2, τ = 103, α = 1 and

f1(t) = A exp(− tβ ) , β = 0.2.
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Figure: Left: Plot of M1(t) and the data. Middle: Semilog plot. Right:
log-log plot.



City D
City A City B City C

One way propagation

Every city could be viewed as a point 

Every city has a known absorption coefficient

Propagation needs time

Improvement of 4 Boxes Model



Improvement of Four Boxes Model

dC1(t)

dt
= −a1(t)C1(t) + f (t) − k1(t)C1(t) , t > 0, , (1-a)

dC2(t)

dt
= −a2(t)C2(t) + k1(t)C1(t) − k2(t)C2(t) , t > T1, , (1-b)

dC3(t)

dt
= −a3(t)C3(t) + k2(t)C2(t) − k3(t)C3(t) , t > T2, , (1-c)

dC4(t)

dt
= −a4(t)C4(t) + k3(t)C3(t) − k4C4(t) , t > T3, (1-d)

where ai (t) > 0 are known absorption coefficient. ki (t) > 0 are
the propagation ability from one city to the next one.
Assumption: We know the observation data Z (t) for t ∈[T3, Tn].
Inverse Problem: Determine { ki (t) }

3
i= 1 such that C4(t) = Z (t).



Improvement of Four Boxes Model
Procedure:

C1(T3) + Eq.(1-a):
Solving C1(t) in t ∈[0, T1] to get C1(T1)
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Improvement of Four Boxes Model
Procedure:

C1(T3) + Eq.(1-a):
Solving C1(t) in t ∈[0, T1] to get C1(T1)

C2(T1) = C1(T1) and Eq.(1-b):
Solving C2(t) in t ∈[T1, T2] to get C2(T2)

C3(T2) = C2(T2) and Eq.(1-c):
Solving C3(t) in t ∈[T2, T3] to get C2(T3)

C4(T3) = C3(T3) and Eq.(1-d):
Solving C4(t) in t ∈[T3, Tn] to get C4(t) for t ∈[T3, Tn]

Optimization:
Assume ki (t) have special form with unknown parameters, we
can solve the following problem to get ki (t)

min
Tn

T3

|C4(t) − Z (t) |2dt .



Numerical Simulations

Set ai (t) = exp(−K ∗ t
β
i
), f1(t) = A exp(− tγ ), ki (t) = α i

t+ τ i
,

Ti = 2,
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Figure: Left: Plot of C4(t) and the data. Middle: Semilog plot. Right:
log-log plot.



Parameter Identification by Using the One-box Model

One-box Model (
M0(t) + p(t)M(t) = q(t), t > 0
M(0) = 0.

where p(t) = ↵
t+⌧+ k and q(t) = Cexp(−(t + ⌧)β). Here, the parameters ↵,⌧, k, C, β are all

undetermined.

The explicit solution is as follows

M(t) =
C

Rt

0
exp(ks− (s+ ⌧)β)(s+ ⌧)↵ds

exp(kt)(t + ⌧)↵
.

Parameter Identification: ⌧= te, k = 1/⌧, C ⇠ x(te) and ↵ ⇠ 1.

Asymptotic Expansion for determining β, when t is large

x(t) ⇠ C

 
1

k
+

β
k2

(t + ⌧)β−1

!

exp(−(t + ⌧)β), β < 1.

Numerical method: Bisection of β ) β = 0.2.

In this example, ↵ = 1, β = 0.2, ⌧= 14, C = 1500.
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One Box Model 

Here we assume 



One Box Model 



Multi-box model 



Multi-box model 

We assume that  

where Δx is a distance between two boxes:   



Multi-box model 

In the limit of N to infty, our box model is expressed by 

Assuming that  we have 



Multi-box model 



TOPIC 2: ADVECTION EQUATION 
MODELING OF RADIOACTIVE MATERIAL IN 
THE AIR 



Cs-137 Measured at 1.5 meter high 





Can we generate the following decay by choosing 
appropriate coefficients? 

 

























TOPIC 3: SATELLITE IMAGE ANALYSIS FOR 
EFFECTIVE AFFORESTATION 
 



Problem 

How to analyze this picture to 
determine the position of the 

afforestation   

By Google Earth  



Proposals 

• Application of generalized polarization tensor 

Cluster the trees in several group 

• Blurring using time-cone model  

Find a void area 













Some numerical results of the GPT



Some numerical results of the GPT
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T im e-evolution m ethod

Time cone model

Idea Stationary scatter diagram =⇒ Time-evolution system
describing density distribution (blurring/smoothing effect).
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Time cone model

Idea Stationary scatter diagram =⇒ Time-evolution system
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One candidate Cahn’s time cone model (1995) for crystallization.

nucleation rate Ψ(x, t)

growth speed ρ(t)
=⇒ transformation rate u(x, t) .
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Prof. K awanish i’s P rob lem

T im e-evolution m ethod

Time cone model

Idea Stationary scatter diagram =⇒ Time-evolution system
describing density distribution (blurring/smoothing effect).

One candidate Cahn’s time cone model (1995) for crystallization.

nucleation rate Ψ(x, t)

growth speed ρ(t)
=⇒ transformation rate u(x, t) .

Time cone (domain of dependence):

Ωρ(x, t) := (y, s) ; 0 < s < t,

|y − x| <
t

s

ρ(τ ) dτ .
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T im e-evolution m ethod

Equivalent wave-type equation1

Essence u(x, t) is determined by the integrated effect of Ψ(x, t) in
the time cone Ωρ(x, t) :

u(x, t) =
Ωρ (x , t )

Ψ(y, s) dyds (x ∈R3 , t ≥ 0).

1Y. Liu and M . Yamamoto, Appl. Anal. , 93, 2014, 1297–1318.
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Lemma (Double wave equation)

Let ρ(t) ≡1. Then u satisfies

(∂2
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T im e-evolution m ethod

Equivalent wave-type equation1

Essence u(x, t) is determined by the integrated effect of Ψ(x, t) in
the time cone Ωρ(x, t) :

u(x, t) =
Ωρ (x , t )

Ψ(y, s) dyds (x ∈R3 , t ≥ 0).

Lemma (Double wave equation)

Let ρ(t) ≡1. Then u satisfies

(∂2
t − △)2u(x, t) = 8πΨ(x, t) (x ∈R3 , t > 0),

∂ j
tu(x, 0) = 0 (x ∈R3 , j = 0, 1, 2, 3).

In our problem, we can choose

Ψ(x, t) = χT (x), T =

K

k= 1

{ y ∈R3 ; |y − xk | < ε} .

1Y. Liu and M . Yamamoto, Appl. Anal. , 93, 2014, 1297–1318.
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T im e-evolution m ethod

Numerical simulation

Fact W e have a fast solver for 3-dim. double wave equations.

Example

χD (x): Hexagonal shape with random noise.

(2-D Forward Problem)





Summary and Future works 

Topic 1: Improvement of a box model and 
estimation of the initial explosion amounts 

 • We improve the box model introducing time-
dependent coefficients. 

• We do the data fitting. 

• (Future work) Estimation of the initial 
explosion amounts 

– Inverse problem 

– Data assimilation 



Summary and Future works 

Topic 2:Advection equation modeling of 
radioactive material in the air 

• We summarize and compare several PDEs 
which describe a polynomial decay 
phenomena. 

• (Future works) More mathematical Analysis 
and simulation 



Summaries and Future works 

Topic 3: Satellite image analysis for effective 
afforestation 

 

 • We propose two approaches 

– Generalized polarization tensors 

– Time cone model 

• (Future works) Simulation 


