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(simplified meteorological model around Japan)

PDE to approximate real physical system
(continuous time/space)

State Vector- —

OX 5 PDE : Partial differential equation ’
- =CX  +--- .
ot .
Discrete simulation model

(discrete time/space, FDE) gm t
X =T (%) (time varying) Xt — §m+1 ¢
KAGTE | Boundary conditions \(t .

v' [ J
Nonlinear state space model §M t

(discrete time/space, stochastic(SDE)) ,

Xy = ft(Xt—l’Vt) H
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State Vector (Simulation variables) o
ATLETIL
A Stochastic simulation model
E_ _—
-(i(t/ ft(Xt—l’Vt)1 Vt p(V ‘ 3sys)

LY = ht (Xt ’ Wt)1 Wth(W | gobs)

KR BEEOT—4 . Observation model
GIRIADE T P yt - HtXt + Wt’ WtNN (O, RObS) %Ei%:i%i—?jiﬁl

L -

At :sampling time of observations

At At :simulation time step &
At =1>> 6t

<>

time integration
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We assume that proteins “myosin” in the cell wall drive
physically such intra-cellular flow, and we perform data
assimilation by combining a numerical simulation that solves
simultaneously these physical equations and the observation
obtained by the image analyses.
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Cell tracking

Tracking result Centroid Cell Positions at time=20

The|neuronaj;nuclei of adult C. elegans are labeled with a red fluorescent
protein sensor called mCherry.

A combination of the fluorescent protein sensor for calcium ion visualizes the
neuon3f activity of the multiple neurons |n the living state.

~

—C. ‘elegans

Quantitative analysis of neural activities with Ca2+ imaging of C.elegans whole brain
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UQ: Uncertainty Quantification
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Monte Carlo Experiments

Simulation — Data Assimilation — Emulator @ _ Ve celbSeomere
Statistical model for predicting an output given input parameters

Result (Prediction)
N
) M)

Result
(Exoerimental Data)

Y

Adjustment and
Interpolation

Emulator

Input Parameter

\Z )

A'\/\j’[[{[.;\LS |N FORMATICS

L - Elg(z)|=m(2)
y Statistical Model 0\ -
: ) 3; Kriging | Rainfall (or temperature) o
- . *
o Featiire extactionmazs  JpuUssian Process Regression at some location o
Huge dimensional Small dimensional o*
state vector feature vector ¥ Scalar OutputL le
. System
X ) Sparsing Z — Black Box — g (Z)
CQ2 emission Temperature averaged over entirfg c| RCA extension
surface (Global mean temperaturg)

@
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. Sparse Regression ) [
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year
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Emulator and Emulation
Emulate an output of simulation given parameters

Feature Extraction

Simulation (DA) Result
Huge Dimensional Vector

Syst
X —> Sparsing m—) , — Blac):/;egox — \

Small| imeansiomn S

Lab
O
N =
=
b
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LT TATETAT Y
@ Sparse Regression G_P R

Statistical Model

utput (Prediction

{m(zi)}:\il djustme (

Parameter Input

= = | =1 | Result (regarded Ve .: -
EQ E Simulation s an experimﬁnt) T
Monte Carlo experiment { y }
Experimental Design \ I 1=
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Sample

Sparse
regression

Simulation Result( 10*~10")
- 3
Observation Vector (10 ’\*105/ (or Assimilation Result)
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Climate Prediction : Climate Emulator p(y-mt \Xt_l, Z)
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For given Z :
I
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\' Sparse Learning \
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/ Xt—l = ym,t ]
/
Ensemble prediction of y;,t by using many samples Xt*_l

New input from a simulation system
P(Yomi [%2) = | POV X0 1,2) P(Z] X[ )02
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LASSO Least Absolute Shrinkage and Selection Operator
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Emulator and Emulation
Emulate an output of simulation given parameters

. Feature Extraction
lation (DA) Result 1
Small| Diimens|on 51 OUthut

Dimensional Vector

. System
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Simulation I N
Monte Carlo experiment { yl }

Experimental Design

Statistical Model
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Emulator : Gaussian Process Regression (GPR)
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Emulator : Statistical Model (Linear Regression+GP)

System Model

Gaussian Process: g is a csntmuous fl(xctlo 032) N ’ 2
).k(z,Z)-7°)

<) colssl

Statistical model is given Covariance function
Kernel function

T
Distance between input
parameters

— Observation Model

yi = gi t€ eNN(O O ) =1,--,N) g:g‘;‘(z) m(z)
9

Posterior Distribution y2 ~

g is a continuous function

p(g1Y) = p(Y | 9)p(0) 9110
:[yll”'vYN] ; — Z
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Emulator : Design of Kernel function

9(2),9(2")]=1%(z,2) +0%5(z - 2') [ E,l0(2)]=m(z)

1\ 2 1\ 2 .
L—7 L—7 :
) exp{— %} +72 eXp{— ( . ) }L o’6(z—-17") Kernel function is NOT related
201 20 to a mean function m(z).
(2)

g=9(2) 0, =60g o g=

kY
{
L
[24] = ad o8] - = - %) () =y
<
=
>

Gaussian Processes for Regression:A Quick Introduction
M. Ebden, August 2008

T} exp{— (z ;;2')2 } 7’ exp[— 2sin®(vz(z - z'))]+ o’6(z-1")
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Emulator : Similar structure to SSM it discretizing

foisdfined)
only on

discrete point

G, =m()+0,,+V,, V~NO,27)

y =g, +e, e~N(0,c°)

~——

Kernel function should positive definite

k(n,n—1) =exp{- 1)" RA)]
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Emulator : Online Adjustment (Calibration) and Interpolation

Inacase for — — (0

’ p(g(2) [Y)~N(m'(2).k*(z,2')7")
Wzl | )= mez)+ Y - MK
R (Y -M)

2 ..
2 (sl O " takes a finite value

1k

For simplicity = Posterior distribution J

nNce between Data /
Statistical Model  \jqrmalization factor

2,2,),K(2,2,)]
k(z,z")-t" (2)K't(z")

n from data always reduce uncertainty

k(zl’zl) k(zl’ZN)

-25

-16 -14 -12 -1 -08 -06 -04 -02 0 02

. . . .X ((ZN’Zl) o 0 0 k(ZN’ZN)
Gaussian Processes for Regression: A Quick Introduction
M. Ebden, August 2008

Flgl}le 2: The sol_Ld line indicates an estimation of 7, for 1,000 values of z... Pointwise T
26 / 95% confidence intervals are shaded. X
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Emulator : Obtain a TU Bayes model

For simplicity o’ Posterior distribution
Inacase for — — ()

2 p(g(2) Y, 22 H)~N(m*(2),k*(z,2')7")

p(g1Y) =] p(g]Y,7*,H)p(z*) p(H)d 7 dH

p(c?) ot =, p(H) L

Gamma distribution T

Number of samples
t distribution with a degree of freedom N-A
Emulator A=dim(z)+1

For a part of Regression model
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