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DREZEZ S, 42 TEND LI, ZOREIF 2 FEAREORE T & D HERHY 2 IR 2 £F
O, FREAET )R, BoRET = [a,b] PHREE T = U {a)}) ZFHIGEGEL L TEAT
W3 T =UL {a} ISHT 2 IEMPERDE 3) OBUE BB r=a; (j=1,....m) IKNT 25 H
BOETH Y, B EEHETH 2,
AEX Q) 2 AT c DESE

K:ﬂﬂ:ﬂ&um@zq
teT
WFEAMEE R 729, ZAUFIESIEARSE E L iEN D Barvinok [1]). 2D K 23 &, TFAEEDKR
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EHEUMEREZ K-> TWS, 22Tl 5N T2 ARMSHEX O, KRXDHFET
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IEEMHETH QI k> TERSNDIAE / VL%

(o =x"0y, lixllg = /{x, X0

EBL, F, x DEAANDHY

Ip(x]A) = argminl|x — cllp
CceEA

EERT L. APHIMD L E, TN BICHEET S, DT, QWS4 L EIXHUC (x,y), ||x],
M(x]A) &L

FRETL (D) IZBWT o2 B L E, CETOHEETH DT, TRHFNE L CGERT
5CLMTES, I TTIHERGM Ny(e, D) 1685, 77 L T = 0250, %o = (XX, witu@)T)
EEHEITT A DA T H B

o2 BRAD & FDOHoHEHRIZ 6,70 TH2D, =EL 7 RERERELSHEINS o2 DR
fREERT, T LN, HHEv=N-4 DA A 2 ToHDERLS )2 /v ITHED
TONERIIAE Na(e,Z) 1IShiE) & &, WK H) : c € K D T TORLHEERIZTD K ~DiF&E
G )s DT CTOEKEYTH S, £/, Hy, Hy DT TORAHERIZNEN0,cCTHS. Ih
LIk D, REHHIRIIDT TEA6NE I LRI N5S.

ME1 2D E X, Hyvs. Hy, H, vs. H, DEICET 3 LEHHEREIZZNEFNLLTT
Lzons :

o1 = ek, A2 = llc=Ckllz. (%)

2Tk =Mz (@K) 1ZTD K ~NDEXEETH 5. o> BDRAD L E, Z2hEFh
|I'C\1<||%,l ”’C\_’C\K”%;, .
ﬂOl - m7 12 = m ( )

Ths. IIT, T=02%,0k =Il,[@K) TH 3.
MM E2IRE W & SIKFHPEA I NS, (5), (6) ITEWT
lle—ekliz, = I3 ~ ek,

THAHILICHHEET 5,
H, vs. H, DWMERMETIE, WMERHISESIRERGTH 2D T, ROAHLTMERET 24
Yi23db 5. Robertson, et al. [7] D 2.3 fifi & RO HFIETU T OMENRI NG,

WE2 H vs. Hy DMEICEWT o A, RAIGTNOLEATHIRERNT H, :ce KDHT
c=0DGEPROETFNTH 5.

(FEBH) Kato and Kuriki [3] % £, 0
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COHITIEF 2 — 7HEOWEICOWT, R CHE LT THIAT 3,

i 1 DGR A0 1&, BT v ¥ LR7 ML T DIELERM K ~NDERFHYORE S TH 3.
DX BIERT v LXT PV OIMNHENDEZGHE OISO WL, THFHFIO T ToME
RIED R TE  DAFZEDS 7 TV 3 (Robertson, et al. [7]). —Miw &k D, Hy: c=0DFT
(5) D g1, Ap WO WTEUT DD 32D,
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5. F72(6) D Por, Bro DATHIEUT DL I lckI s,
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%72 (Bo1,B12) EE L EHEAZ %)’)@Jj; QA=Y N DIREDATH 5.
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Kuriki [10]).
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ZEU—ROLGEL LT, K DOBIR 0K DR OMICH & 2 SR TH 2561%, {w;) 1d K D5
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B, TZTlRZDIEZDORHNDOEAETH S (BEK - #14) [4], Kuriki and Takemura [5] 7% 5 O0
IZZ2 DR E 2 )

BEMD n REERUITT T 2 IEEMRREDH AL, 2B warr, wp, wy, wo 12X LT (9) &
BRORDRY 2, AT A - RV 2OEH (10) b ZDE DB THD LD, ZDI EnBS
HAXE n 534 LT DEE1E (9) DIEDEBEIRIC X > TRTOEAR (wilocicnr ZRKDZ 2 LD3
T& %, #filix Kato and Kuriki [3] Z&HD Z &

3. AELHMEEDREST

3.1. 9K & 9K* DINFA—F TR

CORTE, RENHEROMESHOTES (wiosies ZFFT 2. SaICMiiLz: X 5 1CBARRSY
DRBEHET D E, w, wy DML (9) IZX DTV, w, w3 DEFFLIZA T A« R ¥ 2 DBIRA
(10) 12 & 2 DHMHITH 5.

DIFClE w, & wy DFEDZDIZ, K & 0K 1K L CIRITEEL (1 %6 1 0,87 X — 5 F5) 0
BAREZ D, Rtz EHEICT 570104 DOBEICHET %,

(i) ay > —c0, by < 00, T = 7, [a;,bj].

(i) aj > =00, by = 00, T = U [a), b;] U [a, ).

(iii) @ = 00, by < 00, T = J1,[a;,b;] U (=00, by].

(iv) a = —c0, by = o0, T = 75 [aj, b;] U (=00, b1 ] U [ay, o0).

ZL DI IK DNTRA—=FFRRIZOWTEZ S, UToEHI, ELHEA f(r;0) 25, IELHN
HEOWFICEEN OO S E2 52 5.
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DALOZ LIFFEETH 5.

(@) f(t;0) 1& T TEAEHO.
(b) “a; = —co 721 by, = 00” 7> f(1;0) 1EEEZ 1 K,

(FFB) Karlin and Studden [2] @ 5 ZEHL 9.1 12 T = [0, 00) DA DFERIIR SN TS, [
KROFE T L Z 61 5.
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L
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f(t;c+ec’) = f(t;0) + ef(t; ).
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alt—a))+p (a; > —o0, b,, = ),
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a+ by —1) (a1 = =09, by, < ),

@ (a; = —o0, b, = ).

72720 a,8>0.
A 1L,2ZHCTIKD (IZEAEBR)NIRA—IRRNELEZ DL ENTES,

wEE 3 EZHAHOBAZ ML T 2IFALIHK f(1;0), c € 0K ZRDVT N DEEZ LD, -
FLa,B>0E7%, FiZa B>0DEFHTIZEBIZ HTH 3.

at—y)?, yeT (yIZ2RDFEH),
alt—b)* +B(t—bj)(t—ajy) (bj 12 1 RDFEL), j=1,...,m—1,

a(t—a)? + B —bj)t—aj1) (aj IS 1TRDFELH), j=1,...,m—1.
INSITMAT () a; > —o0, by, < 00 DA,

alt = by) + Bl — )t — a)) (b I 1 XDFERD),
alby — )t —a) + Bt —a))* (a) 12 1 RDEH).

(i1) a; > —oo, b,, = co DAY,

a+Bt—ay) (by=c0lT1RDER),
alt—a) + Bt —a))’ (ar \Z 1 XRDFEL).

(iii) a; = —oo, b,, < co DEE,

by =)+ Bby = 1 (b 12 1 KDHF L),
a+pBb,—1) (a=-0I21RXDZER).

(iv) a; = —o0, by, = 00 DY,
[04 (al = —09, bm = 0 6: 2 ﬁ@%)ﬁ)
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GIEHD) #ilidE 1 IR L e k9 g, EZHEAMOERICE TN 2 IEALIEN f(1;¢), ¢ € 0K 3HliE
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U DICELE (@), ThDE f(0) BT CEERFOUEEEL D, f(10) Dy € int T TEM
EROLE, TN E R e> 0l LT fiy—gc), fy+e0) >0 LD yIld2RDZFHTH 5,
koTftio)=at—y)? EEHL I ENTE S,

y=ap, by (G=1,....om) $723 y = ay, b, TERZFOLE, y B2 ROEHNDL &I,
yeintT DHELFAKTHLDT, T Ty TIROZERZROGEEEZ S,

y=b; TIRDFERZFOGE T fo) B 1 RXADEE, flaji0) <0 7213 f(aj;0) <0 T
Hb., EoT ft;0) 132X ERD. flap;0)=20&D, fte) i3 b &yebjam]ilFEri%z
o2 kA

(t=bp(t—y) = (t—bj)(t— ﬁbj— ozLj-,BajH)
o a(t — b))+t —bj)(t —aji1)
ThH 5.
y=aj T 1 ROFREFFOGE WIS, f(he) 3 aj &y elbjajm) ICFERERFD 2 1
(=)t =9 = (=i = —2b; - L)
o alt — b))t —aju) + Bt —aj)?
TbH 5.

y=a; Tl RXRDERZFOES ta TIRXROEFERZROZHEAX L, W2 XD b, <o DY
FES
(T ETIEADE A1 XRDLIHA) X (t—a)) = {alt —a) + By — )} X (t—ay)
= a(t — ar)* + Blby — 1t — ay),

(T FCIEDE L1 RDEIER) X (1 — ar) = {alt —ar) + B X (1 — ay)
=a(t—a))* + Bt - a))

TH5,

Y =by TIROFERZFFOLS 1 b, I 1 ROFREFOZHEAE W, M2 XD a > -0 D

Al

N

(T ETIADELZ 1 RDEIAR) X (by — 1) = {at — ay) + By — 1)} X (b — 1)
= a(by — O + by — Ot — ay),

a; = —oco DEEIZ

(T FTIEAaDE X1 YX@%’?IEEQ) X (by — 1) = {a+ B(by, — 1)} X (by, — 1)
= by — 1) + Blby — 1)
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Th5.

RIZIZ f(t;0) DT THERBERZZOEEE2EZ 5, ZUIHE1 054 (b) £ D, a = -0 F
721k by, = co DYHICR SN, f(t;0) DIBIEHE 2 TE 2 7% a(t —ay) + B (a; > —o0, b,, = c0 D
B3, by — 1) + B (a1 = —00, by, < 00 DIEY), @ () = 00, by, = 00 DEIEY) Th 5. Ll 1% 100
L, f(t:c) DRCOTMIIFIEZI NG, o, >0 DL KBS —ETHSZ EIE, 7500
ATED, o

WEREH L 2l 3 138, IESHAMOEIR 0K 2T 2 IELHAXOBBIEEZ 5 2 Tw 5, M
TofrEd, IELHEAHOE 0K 2 LHADRER 7 PV O TEIT 25D TH D, HFEMN
I3 3 LT H 5.

EJCAETItES

o) =, =2,1)", @ =(bjaj,~bj—aj, DT, j=1,...,m-1,
ZHETS. ZokE

(t = 10)" = @(10) (1), (t=bp(t—aj) = @YD)

Th 5. FERIC
(=bpai, by +a;,—1)T  (a; > —o0, b, < 0),
_J(=ar, 1,007 (ay > —oo, by, = 00),
@ -1,07 (a1 = =00, by, < o),
(1,0,0)7 (a1 = —c0, by, = )

EBLE —a)by—0,a(t—ay), alb, — 1), a ld o) EROING, E3 LHEL I LICK
D OK DINTA—=9—FR_%215 5,

w4 o, fIRIFADHHAZEIC AT A-F LT 5,

0K = | ({ew 1 1 € T, b1} U {aw; + B} U fag; + Bea)). (11)
=1
72Ul ap=a EL, t=200DEZ o(t) = (1,0,0) T2, £ EX 0D HLIZBWTRF
A—=%% a,f>0I1CHIRT 2 &, FHIN{} NOBEAIZEL VIR L% 5.

R AN ALTATA—F % 0, > 0 1HIRL 7y £ 466 0K DREME 2 KTENY A F
ZHME) 0 THZDT, R (11) HEDIRF X —FFRE, 0K OEBEEEICHG2 2 ENTES,
%@%}f%"(, fEHADNRIA—FERRNFIFEAE—ETH 5.

RICE—XY MEOK® D (13 EAE—TER) $TR—F —FTaELD, K WD) | 1eT) D
oAU Th o7, Hlaw@) |te T, a >0} &M ((x,y,2)" |x+z=1} DU bOEEZ, Yh
D (x,y) EZ R 2, EE L7 18T 2 BER (o) | a > 0F &N E DRI w()/(1 + 1)
T, ZOD (x,y) P



()= 3l o)+ (549)
1+2°1+2) 2\1+2° 1 +22 2’
THD, IR0 ThHs, Ik Difi{ay@) |teT, a>0} 1k, =X}

#E K Dl (extreme ray) 2729 2 3025, M ETEEET 2 w(b)) & wlaja) (L)
ZHUPEmMS 0K O AT 2 2 E3ba 3 (K1 () 22R).

MBS o BRIFADHIHZEC STXA—=F LT 2,

K" = (fav) 11 € 1, ;1) U {owb)) + pycasn)}). (12)
j=1
BELam=ay £ L, t=+0 DEF ) =(0,0,1)T £F 2. 7 L (12) HRCBLTR
A=5% a,f>0 HIBT 5 &, L) WO EHEARIIHK L 7 5.

KA ILBVTY, FUTRIA—F % a,f> 0 ITHIR L 7254 L HE 0K DEIZHE 2K
TENT ARV TZHIEYOTH Y, X2 HHUDITF A =2k ->T, 0K* DIEREEIEZITHI 2 L
MTES,

3.2. E#H# {w;} DEE

COEITIIME4, 510K % 0K £ OK* D 8T A= —FRIZ K D EA w, 2 BARWICEIET 5,
DIZED w,w, FZENEFNLTDEIICHEZ SN TV
_ Vol (0K N §?)
47 ’
BB (10) £ D wy & w) PEITETENUE T2 TH .
U DICEE 4 DT X = —FR% (11) ZHCT, w, DEMARIEEEZ 2. £0) = o)/ llo®)lls-1
tlZtET

Vol (9K* N (S))

wy
i¥d

w2

{ow) 11 €lap b1, a>0)nS* = {&) | £ € [a;, b)1)
EEROING, ZOWMITHIHET 2 HE (BX) &

[

dt
{ag; +Beb)) |, f> 0} N &2

IZOWTEZS, ZtUd eb)/lle®ls1 & ¢j/lljlls- 2k SHEABRE EOIlTH 5, ko>TID
LS B

>-1

ThHsbH. R

1 Leb)), @js-

cos
(D plls-1llep -

<H5, Rk
lag; +Be(az) |, p> 0} N s>
DIERTIE
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o e pajen))s-

COS
ll;lls-lle(a s Dl
<h5, ULEED
1 & { f”f d&(1) o {p(by), @5 o {pj @)z }
wy = — ——l dt+cosT ————————— +co (13)
: 47er=:4 a I dt iz lle(B Plls-1 11l Il ll-1lle(ajs Dlls
2155,

RICAES D85 X =% —F5 (12) VT, w ODEEIEZS2 2. n() = w@)/IWOls £ B
C &, REERBROTEICLD

1 <A (% ||dn@) 1 Wby, ¥(a))s
=— 2 a 14
"I In ;{f dr I e ||w(bj)||z||lp(aj+1>||z} 1
515,
w6 () w(o)
_ ¢ _
0= ol " ok
EBLL wy,w FEREFENAK (13), (14) TE AN D, £
1 1
w3=§—w1, w0=§—w2.
4. BiESE

4.1. RAEMHEE cx OBUEETE
(5), (6) DR A1, A2, Bot, P12 & HURIIZ SRS B 72121, H) DN TD ¢ DI AHEE
B, TAbbThD K ~NDEKE Y Ty PBETH 2, ZOFiTIdZ DEMEFIC O W THHT 3,
3L D c € dK 1T B f(t;0) DNTA—=F —RIABEZ65NT VS, ZOFRELTY
THRIND,

%1 K Dliisi (extreme ray) (ZLA T DLIHAD» SR INLHTH 5.

(t_Y)z’ Y € T’
(t—b_j)(t—a_j+1), j=1,...,m—1.

INHITIAT (@A) ap > =0, by, < 00 DA, (b, — Dt —ay),
(ii) a; > —oo, b,, = co DI, t—ay, 1,
(iii) a; = —oo, by, < c0 DI, b,y —1t, 1,

(iv) a; = —o0, b, = 00 DYy, 1.

ELEAM K DR ORIZ, R 1 OZHAOHH GTLRINS, 512y =1,0", Q%
2x 2 PIEEMEITI(Q = 0) £ T2 &, BB (r—y)% y € T, | DHEREGIZFIC y1 ()T QY1 (1) DI
IKEBTES, CoBEEED, T RIESER f(0) © (URER) X7 X —YERHBEA 515,
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W87 T=Upla;,bj] FIEZER f(1;0) BROEBZFED.

m—1

F60 =0n ()T Qu (1) + ) uj(t = byt = ajn1)

j=1
um(bm - t)(t - al) (al > —00, bm < oo)’
 um(t —ar) (ay > =00, by, = ), (15)

Up(by — 1) (a; = =00, by, < o).
7220 () =1,07. Q1F2x 2 FIEEMITI, up,...,u,>0.

GEH) ETlResnTwa k91, £ 1 THEZ BSOS (15) DETHh 5. %
7z, ZIEA A5 13T LoIESEATH 5. m]

CDOFEBD 6 HFE L THESH T ek 2R 27571 E LT, ARt (symmetric cone program-
ming) & FIfEfREf# (cylindrical algebraic decomposition) 23 % . RGN HIFH IC D> THIHA
ER-D

K15 2LHT 22 LIk D, ESER f(5:0) 1 e(Q,u)Tu(t) LEDT I ENTES, 22T
e(Q,u) 1Z3RILDINIRT bILTHY, ZOHKKTIE Q DT E uw=(uy,...,up D1RXEBKTDH
%, ERGHY cr %R 2 EMEIZ, RofuElbiEcER s n s,

BHEH -d - kil
BIIRE d2lc-clll, (2 REHIFYD),
c=e(Q,u) CSiAiEoR
0>0 CEIEEMETIFY),
ULy ooyl 20 (R
CAUEFRHEETERE T H D, Z L DRIy 7 F 7 =7, #l21F SeDuMi (Sturm [9]) THMET %
LB TED,

EFlouw =07, Q% 2x 2R = () T Q = RTR LRHE, wMUL 72w HIVBEE
lc—e(Q, u)ll%,l &, v, DEEBGHA LS, ZDLE v Lo ICOWTUIHIRISEASHRS 1L
i, HlRISER L oS EREHAD Rl FE T H 2 FRERBE 0 7711 X - Tl
19 2 EMTE D, T Mathematica THEIN TV 3 ([12] 8 L O Z 05| FSCHk %2 21H).

4.2. RBRET—Y T DEIFH

2 DDWED ZNZIUTDWT 2 REEXRRIER £(1;01), f(;0) DMEINLGEGEZEZD. 2
DD EPIFHFRD IO W TIFETEDRSE Hy 13, — /M5 120 U T—RRICRANBEIR 2 HD &
I BB & IR T 2 2 L3 TE S ¢

ERED e TIZRNLT f(t;e1) — f(t;¢02) = f(t;61 — ¢2) = 0.

C O EAES & L THET L0 2 B2 T D Potthoff and Roy [6] DT —% %% H. D
BRI, ZNFNDOEITONTS, 10,12, 14 F TOHEIZ L > THRHONIZHDTH 5,

12
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TR TOIRDHOHEEM T 2 BMEIICLEITRD 272018, 11 ZF\ 74k 2 AR 1
£ 5, PO, Bislr+ 11 TOHMNZEE x LT, BUFO 2 K & 2 i ilifke 71

®EZD,
Xi = ft;0) + &y, ft;c) = co + it + o’

Z 2T gy B DT WTHALIZ, 0, 8 Cov(ey, ei) DIEMDAIZHE) b ET 5, BT
DL LT OREZNZIUCH L 2 KRR (1 0) DHTIEDERITL, 2N DEE R 7 IERIZ
DTo#hTth 5 :

Fi) =Ty + Tt + oA T=(1.968,0.310,0.053).
TOIFWATINIL T D k) ITHEE I S -

0.657 0.023 -0.015
T=10023 0019 -0.002].
~0.015 -0.002 0.003

PTCl, S 2O S & LTaE LIEMNAIITZ1T5 . BRI 3) Z e L
T, QHORSHERET S, £ELT LLT,

T=[-33], [-3,-1]1U[L,3], {-3,-1,1,3}

D3IODBPHIHFLTEZL, ZOHICBOTE, WIND T DO LETY f(,0) IFHICIEDEE &
L5DTcg=cThsb, £oT

/101 = ”’C\Knél = |H|§—l =15.613
ThH2. WIEIEIC & >, REHRE RO 0 EHHS

(wo, wi, w, w3) = (0.030,0.200,0.470,0.300) (T = [-3,3]),
= (0.029,0.198,0.471,0.302) (T = [-3,-1]U[1,3]),
= (0.027,0.198,0.473,0.302) (T = {-3,-1,1,3})
Lo ng, EEEOREICHT 2 pitildzhEn T = [-3,3] D & X 0.000615, T =[-3,-1]n
[1,3] D& % 0.000618, T ={-3,-1,1,3} D& X 0.000619 & 7%, —JT 7 %00 A1

M Hy: c=0vs. Hy : c e R3 D pfitilZ 0.0014 TH 3. Z DEAEfENTIC X b, EEIEOREIC
X2 p IR BEICNT 2 p L DIEFINS W LRI NS,
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Test for positivity in quadratic polynomial regression over
intervals

Naohiro Kato* and Satoshi Kuriki

The Graduate University for Advanced Studies
and
The Institute of Statistical Mathematics / JST, CREST

Abstract

A polynomial that is nonnegative over a given domain 7 is called a positive polynomial. We con-
sider the likelihood ratio test for the hypothesis of positivity that the estimand quadratic polynomial
regression curve is a positive polynomial when 7 is the union of intervals. We define hierarchical
hypotheses including the hypothesis of positivity, and derive their null distributions as mixtures of
chi-square distributions. According to the volume-of-tube method, the mixing probabilities are ob-
tained through the evaluation of the volumes of boundaries of the closed convex cone K consisting
of quadratic positive polynomials and its dual K*. We introduce the parameterizations of the bound-
aries of K and K*, and then provide expressions for the mixing probabilities. We demonstrate that
the symmetric cone programming is useful for obtaining numerically the test statistics.

Key words: chi-bar square distribution, moment cone, positive polynomial cone, repeated
measurements, symmetric cone programming, Tchebycheft system.
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